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Control law for wide envelope of
hypersonic vehicles applying guardian maps
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Abstract: To deal with the high nonlinearity and variable dynamic properties existing in the hypersonic vehicle model,
we apply the guardian maps to propose a method for designing the control law for the wide flight envelope of hypersonic
vehicles. Firstly, we use the gap-metric principle to build a linear parameter-varying (LPV) model for the hypersonic vehi-
cle. Then, we select the structure for the controller and calculate the controller parameters for the initial point. Furthermore,
according to the guardian maps, we analyze the interval of the parameter at the initial point for the close-loop system to
be stable, and find out a set of allowable control parameter values by adaptively using iterative operations, such that the
performance requirements are satisfied in the expected flight process. Simulation results show that the established LPV
model maintains a good accuracy, and the control law ensures the global stability throughout the wide flight envelope for
the hypersonic vehicle, making the system fulfilling the prospective performance demands.
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2 LPV (LPV
modeling of hypersonic vehicles)

2.1 (Gap-metric theory)
K Hilbert H , u1

u2 H , , H×H u1, u2 .
G(K) {u,Ku} , K ,

u ∈ D(K) = {u|u ∈ H,Ku ∈ H} ,
D(K) K .

K , G(K) H×H .
K G(K) H×H , K

[17].

1 K1 K2 Hilbert H

, ,
, [18]

δ(K1,K2) = δ(G(K1), G(K2)). (1)

:

δ(G(K1), G(K2)) =

max(δ̄12(G(K1), G(K2)), δ̄21(G(K2), G(K1))), (2)

δ̄12(G(K1), G(K2)) =

sup
u1∈D(K1)

inf
u1 �=0,u2∈D(K2)

‖u1−u2‖2+‖K1u1−K2u2‖2√
‖u1‖2+‖K1u1‖2

.

(3)

, δ̄21(G(K2), G(K1)) (3) .

, A B

C D ,
G(s)=C(sI−A)−1B+D , G ∈ gn×m, m, n

, I
. , G(s) Hilbert .

G1 G2 ,
[19]

δ(G1, G2) = max(δ12(G1, G2), δ21(G2, G1)). (4)

δ(G1, G2)

. , δ(G1, G2)

0 � δ(G1, G2) � 1. , δ(G1, G2)

0, ;
, δ(G1, G2) 1,

.

2.2 (Description of
hypersonic vehicle model)

,
, / ,

,
.

[20] NASA
Winged-cone .

, [21]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V̇ =
T cosα−Dr

m
− g sinμ,

μ̇ =
L+ T sinα

mV
− g cosμ

V
,

α̇ = q − μ̇,

q̇ =
My

Iy
,

Ḣ = V sinμ.

(5)

: m Iy ,
H,V, α, q, μ , , ,



1542 32

; , ,
My, L,Dr, T , (6):⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

My = 0.5ρV 2sc̄CM,

L = 0.5ρV 2sCL,

Dr = 0.5ρV 2sCD,

T = 0.5ρV 2sCT.

(6)

: c̄ , s
; ρ , :

ρ = 1.2266 e−H/73152.

CM, CL, CD, CT

. [22]
:

CL =−0.0236 + 0.9661α+ 0.2494ϕ−
0.240δe + 0.0061M + 0.59869αϕ+

0.0656αδe − 0.0486αM − 0.0164ϕM −
0.0012δeM + 0.1954α2 − 0.0003M 2,

CD =0.0039 + 0.0314α− 0.0478ϕ+

0.0022δe − 0.0002M − 0.021αϕ−
0.05αδe + 0.0006αM + 0.0039ϕM −
0.001δeM + 0.6802α2,

CT =0.0069− 0.0438α− 0.1409ϕ+ 0.0046δe −
0.0016M − 0.2107αϕ− 0.0266αδe +

0.0057αM + 0.0111ϕM − 0.0001δeM +

0.1287α2 + 0.0001M2,

CM =0.0273− 0.233α− 0.137ϕ+ 0.04δe −
0.0054M − 0.2505αϕ− 0.0538αδe

+0.0182αM + 0.0098ϕM − 0.0016δeM +

0.2057α2 + 0.0003M2.

: δe, ϕ ,
M ,

M = V/(8.99× 10−9H2 − 9.16× 10−4H + 996).

, V, μ, α, q,H ; δe ϕ

.

2.3 LPV (LPV modeling
based on map-metric)

2.3.1 LPV (LPV system description)
LPV ,

r(t) .
LPV{

ẋ(t) = A(r(t))x(t) +B(r(t))u(t),

y(t) = C(r(t))x(t) +D(r(t))u(t),
(7)

x(t),y(t),u(t) ,
. ,

.
[Vmin, Vmax]× [Hmin, Hmax], ,

[8]:{
δV = (2V − (Vmax + Vmin))/(Vmax − Vmin),

δH = (2H − (Hmax +Hmin))/(Hmax −Hmin).

, δV∈ [−1, 1] , δH∈ [−1, 1]. δV δH
(7), LPV{

Δẋ = A(δV, δH)Δx+B(δV, δH)Δu,

Δy = C(δV, δH)Δx+D(δV, δH)Δu.
(8)

2.3.2 LPV (LPV modeling)
Φ, [Vmin, Vmax]×

[Hmin, Hmax], Φ n ,
φi=[Vimin,Vimax]×[Himin,Himax];

,
, P1,2,··· ,n[11]; , n

, LPV
.

γ,
, V0 H0

, ⎧⎪⎨
⎪⎩

∑
H=H0

δ � γ,∑
V=V0

δ � γ.

i φi, Pi,
,

.
pa, S(Pi)

S(pa) , Pi pa
δs(Pi) ,

δs(Pi)= min
Pi∈φi

[
∑

pa∈φi

δ(S(Pi), S(pa))].

1 ,
:

1) Δv, Δh

, N ×Q ,

N = (Vmax − Vmin)/Δv + 1,

Q= (Hmax −Hmin)/Δh+ 1;

2) Taylor
, (LTI,

linear time invariant) ;

3)
, ;

4)
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;

5) γ ,
∑

H=H0

δ � γ∑
V=V0

δ � γ , V0 H0

;

6) φi

, Pi,
Pi δ̄(Pi)

δ̄(Pi) =

min
i=1,2,··· ,mi×qi

{ 1

mi × qi
[
mi×qi∑
a=1

δ(S(Pi), S(pa))]},

Ni ×Qi ;

7)
, ;

8)
LPV :

Δẋ = A(δV, δH)Δx+B(δV, δH)Δu,
Δy = C(δV, δH)Δx+D(δV, δH)Δu.

1 LPV

Fig. 1 Flow chart of LPV modeling based on gap-metric

3 (Control-
ler design based on guardian maps theory)

3.1 (Guardian maps theory)
n× n ( n

) . (9) :

S(Ω) = {A ∈ R
n×n : σ(A) ⊂ Ω}. (9)

(9) : Ω , σ(A) A

. S(Ω) ,
Ω [13].

2 v R
n×n

C .
, A ∈ S̄(Ω) , v(A) = 0, v

S(Ω), [14]

v(A) = 0⇔ A ∈ S̄(Ω). (10)

S̄ S .

[14],
( 2):

1) α

vα(A) = det(A⊗ I − αI ⊗ I) det(A− αI). (11)

2) 2θ ,

vθ(A) = det
[
A2 ⊗ I + (1− 2ξ2)A⊗A

]
det(A).

(12)

3) Schur ( ω ),

vω(A) = det(A⊗A− ω2I ⊗ I) det(A2 − ω2I).

(13)
⊗ bialtermate .

2

Fig. 2 Typical regions

, :
ϕ1, ϕ2, · · · , ϕn,

v1, v2, · · · , vn, ϕ = ϕ1 ∩ ϕ2 ∩ · · · ∩ ϕn,
ϕ v = v1 · v2 · ··· · vn[23].

3 , Ω,
3 ,

Ω � Ω(α, ξ, ω) =

{λ ∈ C : Re(λ) � α, ξ(λ) � ξ, |λ| � ωn} , (14)

: ξ(λ) λ , Re(λ) λ

, ωn . ,
1 ,

(15):

v = vα(A)vθ(A)vωn
(A). (15)
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3 Ω

Fig. 3 Stability region

1[13] {A(r): r ∈ Ψ⊂ R
k} n

, vΩ S(Ω) , :

1) ∃r0 ∈ Ψ, A(r0) ∈ S(Ω), A(r0)

;

2) ∀r ∈ Ψ, vΩ[A(r0)]vΩ[A(r)] > 0, vΩ[A(r)]

Ψ 0

, A(r) Ω .

3.2 (Controller architecture)
David Saussie [13]

C∗ ,

,

. , 4

,

, (stability

augmentation system, SAS) (control

augmentation system, CAS) .

α, q SAS, CAS PI .

k = [Kα,Kq,Kp,Ki] ,

(δV, δH),

{
Δẋcl = Acl(δV, δH,k)Δxcl +Bcl(δV, δH,k)αref ,

Δycl = Ccl(δV, δH,k)Δxcl +Dcl(δV, δH,k)αref ,
(16)

: Δẋcl = [ΔẋT ẋe]
T, ẋe = αref −Δα.

Acl =

[
A+BKαCα+BKqCq−BKpC BKi

−C 0

]
,

Bcl = [BKp 1]T, Ccl = [C 0], Dcl = [D 0].

4
Fig. 4 Controller architecture

3.3 (Adjusting algorithm)

,
3 α < −5,
ξ = 0.8, ωn < 10,
Ωt 5 .

5
Fig. 5 Target region

(11)–(13) (15) Ωt

vΩt(Acl) = vα(Acl)vθ(Acl)vωn(Acl), (17)

vα(Acl) = det(Acl ⊗ I−5 · I ⊗ I) det(Acl−5I),
vθ(Acl) = det[Acl

2 ⊗ I−0.28 ·Acl ⊗Acl] det(Acl),

vω(Acl) = det(Acl ⊗Acl−100 · I ⊗ I) ·
det(Acl

2 − 100 · I).
3.3.1 (Single-parameter adjusting

algorithm)
,

. , r

,
6 .
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6

Fig. 6 Flow chart of single-parameter adjusting algorithm

6 , :

1) : Ωt, vΩt ,
r ∈ [rmin, rmax], l=1, r0=rmin;

2) A(r,k) , A(r0,k)

, k1;

3) : A(rl,kl) Ωt

[rl, r̄l], , rl vΩt [A(r,kl)] = 0

(−∞, r̄l−1) , r̄l vΩt [A(r,kl)]

= 0 (r̄l−1,+∞) ;

4) : kl+1

A(rl+1,kl+1) Ωt , k ∈ [kj ] ∈ R
p.

:

1◦ : m = 1,km = kl, rl+1 = r̄l;

2◦ km kj ki ;

3◦ [kj , k̄j ], , kj
vΩt [A(rl+1,k

m+1)] = 0 (−∞, k̄mj )

, k̄j vΩt [A(rl+1,k
m+1)]=0 (k̄mj ,

+∞) ;

4◦ kmj ← (kj + k̄j)/2, j = j + 1;

5◦ j>p , ‖kl−km‖�εk(1+‖km‖),
, ; , m = m+ 1 1◦.

5) : rl � rmax ; ,
l← l + 1, rl = r̄l−1, 3) .

{k0 , · · · ,ki, · · · ,kl}
{[rmin, r̄0], · · · , [r i, r̄i], · · · , [r l, rmax]},

.

3.3.2 (Two-parameter adjusting
algorithm)

r , r=(r1,

r2), A(r1, r2,k),
k ∈ [kj ] ∈ R

p,
(r1, r2)∈[r1,min, r1,max]× [r2,min, r2,max].

3.3.1
, :

1) : Ωt, vΩt ,
(r1, r2)∈[r1,min, r1,max]×[r2,min,

r2,max], l = 1, r2,0 = r2,min;

2) A(r1,min, r2,min,k) Ωt ,
k1;

3) kl(r1) r2 : [9]
r2,l (r2,l, r̄2,l),

[r1,min, r1,max]× (r2,l, r̄2,l);

4) : r2 = r2,l,
3.3.1 ,

kl(r1), kl(r1) [r1,min, r1,max]

× {r2,l} ;

5) : r̄2,l � r2,max, ;
, l← l + 1, r2,l = r̄2,l−1, 3) .

{k0(r1), · · · ,ki(r1), · · · ,kl(r1)}
[r1,min, r1,max]×{[r2,min, r̄2,0), · · · , (r2,i, r̄2,i), · · · ,
(r2,m, r2,max]} Ωt ,

.

, 7 , ,
LPV

, LPV ,
, .
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7

Fig. 7 Flow chart of basic idea

4 (Simulation results)
4.1 LPV (Simulation of LPV modeling)

V ∈ [2.8, 3.4] km/s, H ∈
[28, 32] km, Δv = 50 m/s, Δh = 500 m

, 9× 13 .

2.3.2 ,
. 8 9

. 8 ,
; 9

,
.

γ 0.5 ,
,

. ,
γ = 0.45, 8, 4
,

φH1 = [28, 29] km, φH2 = [29, 30] km,

φH3 = [30, 31] km, φH4 =[31, 32] km;

9 3 ,

φV1 = [2.8, 3.0] km/s,

φV2 = [3.0, 3.2] km/s,

φV3 = [3.2, 3.4] km/s,

12 .

12
LPV .

Pi. φV2

φH2 ,

3 ( 10),

P22 = (3.10 km/s, 29.5 km).

8

Fig. 8 Gaps vary with respect to height

9

Fig. 9 Gaps vary with respect to velocity

10

Fig. 10 Display mean values of gaps

P22

, .
11 3 -- , --

-- . 11 , P22

, P22 ,
.
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11

Fig. 11 Dynamic characteristics comparison

12 , 12 ;
, LPV

,{
Δẋ = A(δV, δH)Δx+B(δV, δH)Δu,

Δy = C0Δx.
(18)

Δx = [ΔV ; Δμ; Δα; Δq; ΔH],
Δu = [Δδe; Δϕ].

A(δV, δH) =

⎡
⎢⎢⎢⎢⎢⎢⎣

a11 a12 a13 0 a15

a21 0 a23 0 a25

a31 0 a33 1 a35

a41 0 a43 0 a45

0 a52 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦
,

B(δV, δH) =

⎡
⎢⎢⎢⎢⎢⎢⎣

b11 b12

b21 b22

b31 b32

b41 b42

0 0

⎤
⎥⎥⎥⎥⎥⎥⎦
, C0 = I5×5.

aij , bij δV, δH ,
:

aij = aij0 + aij1 · δV + aij2 · δ2V + aij3 · δH +

aij4 · δ2H + aij5 · δH · δV,
bij = bij0 + bij1 · δV + bij2 · δ2V + bij3 · δH +

bij4 · δ2H + bij5 · δH · δV + bij6 · δ2V · δH +

bij7 · δV · δ2H.
12 ,

,
,

5
Ωt , Ωt

.

12

Fig. 12 Open-loop zero-pole dispersion

4.2 (Simulation of the controller
designing)

LPV , 3.2
. ,

δe , α q .

, V = 3.06 km/s, δV=−0.133,

{
Δẋcl = Acl(δH,k)Δxcl +Bcl(δH,k)αref ,

Δycl = CclΔxcl.
(19)

: ẋcl = [Δα̇,Δq̇, ẋe]
T, ẋe = αref −Δα;

Acl =

⎡
⎢⎣a33(δH) + b31(δH) · (Kα −Kp)

a43(δH) + b41(δH) · (Kα −Kp)

−1
1 + b31(δH) ·Kq b31(δH) ·Ki

b41(δH) ·Kq b41(δH) ·Ki

0 0

⎤
⎥⎦ ,

Bcl =

⎡
⎢⎣b31(δH) ·Kp

b41(δH) ·Kp

1

⎤
⎥⎦ , Ccl = I3×3.

, H=28 km δH = −1
. 12
, ,

,
,

, ,
3 [−0.01,−8.5 + 4j,

−8.5− 4j]. ,
k0=[13.829, 2.2564, –1.3163]( k = [KA,Kq,

Ki], KA = Kα −Kp), 3.3.1
k0 δH ∈ [−1,

−0.01707],
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. , δH = −0.01707, 6
k2, k2 ,

. 1
, 13

δH .

13 k δH

Fig. 13 Controller parameters vary with respect to δH

1
Table 1 Controller parameters and corresponding

stability intervals

Step n Kn
α Kn

i Kn
p δH δ̄H

1 6.9145 −1.3163 −6.9145 −1.4994 −0.01707

2 4.6010 −8.044 −7.7157 −0.97811 0.64955

3 3.73315 −4.02165 −6.84375 −0.60381 0.95234

4 4.15885 −1.7906 −5.61775 −0.49371 1.0694

1 , ,
14 ,

.

14

Fig. 14 Close-loop poles confinement

1
.

, Ω δH

. Acl(δH0) −8.5+4j −8.5−4j,
Acl(δH0) ∈ S(Ω). vΩ(δH0)vΩ(δH)

15 , , 0.
,

.

15 vΩ(δH0)vΩ(δH) δH

Fig. 15 vΩ(δH0)vΩ(δH) varies with δH

, ,
α . 5◦

, 16 .
,

, α .

16 α

Fig. 16 The responses of α at different heights

,
α 17 .

, ,
, .

,
.

18 , δe ,
19 q . ,

δe q , , δe
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9◦, q 0 (◦)/ s ,
.

, .

17

Fig. 17 Comparison of tracking performance

18 δe

Fig. 18 Control input δe responses for various heights

19 q

Fig. 19 Pitch rate q responses for various heights

,
20% 10%

, 3060 m/s, 30 km
, , 100

, 20 .
, ,

,
.

20 α

Fig. 20 The responses of α with model uncertainty

5 (Conclusions)
, LPV

. LPV
,

LPV ,
,

.

,
,

,
LPV ,

.
,

;
,

, ;
, .
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