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Trajectory tracking controller for miniature unmanned helicopters
with position and velocity constrains

ZOU Yao, HUO Weit

(The Seventh Research Division, Beihang University; Science and Technology on Aircraft Control Laboratory, Beijing 100191, China)

Abstract: A trajectory tracking controller with position and velocity constraints is developed for miniature unmanned
helicopters flying in narrow space. The helicopter model is firstly simplified to one with unmolded dynamics. Based on this
model, the constrained backstepping technique is applied to design the controller, in which the barrier Lyapunov functions,
instead of traditional pure quadratic Lyapunov functions, are introduced to the position control loop for maintaining the
position and velocity constraints. Command filters are utilized to estimate derivatives of the virtual controls during the
backstepping progress such that complex analytical calculations can be avoided. Furthermore, upper bounds of the distur-
bances due to the unmodeled dynamics and command filter errors are estimated and compensated with adaptive algorithms.
The stability analysis shows that tracking errors of the closed-loop helicopter system are ultimately uniformly bounded and
its position and velocity are restricted in the prescribed sets during the tracking progress. Simulation results validate the
effectiveness of the proposed controller.
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RO A . R 48 A 08 RO, SCHR 13158
BT TE N EFHL R AR BRER, SCHR[14]58 8% 1 1
HOK T ST R A Rz 3, SCEk 15181 1Y
JiE 3 IC AHLER Bz 28, SCHR[16]553L 7 ARAI ) &
SN ARE . AHIX e 2R SOPTEFER BB RS
TEESRBNIN RS L.

AR, ALTE N B AL B AR BB A& 2 50
FHHLEIERERERE, 5 BAE W T 2 i 06 g AT M2,
SCHR [17-181F PRSI #5 %6) A AR S A5 AT WL,
{HEESRAIN 251 25 20 e 85 K. SCHR [19-201F A4S
WX 28 SR AT TH AR AR SN AS, (Hid 2 F 4815 S it
SR 2 B STHR (2110 JE 245 BHLJE H AR SR R i) A
BBNAS, {HBH e Il AR FRR.

g b a) R, AR SR FH 2 T R ARG 2R 1 K
BRI 2 R s B v PR R T N EL LT T — Fob
A7 B R P 52 PR s ER g ) 2%, 1207 VAR R4
PEPAE X SO A I B R EGHAT A o, FRsh
I8 B BERS R @B S RER R ZE T 1AM, A
W ARG R M HTIER : BT vk (s i 28 ] SE LR IR
R ZE R A& —B0E FE, i ORAE ER BRI AR o0t B
MU BRI 11 PR 1
2 Wi 50R (Preliminaries)

eSO, | - [ FRbR R, | - | R
R LB, ey = [1 0 0]T, es = [0 1 0]"flles =
[0 0 1T HRLFR, () FIA() 77 BERI B
SRS, F47 “x” 2o — (11 o
o3| VEEH U SO FR X R R

0 —T3 To
=23 0 —x
—To X1 0
W Fo € R, 5 W E VI $tanh(z) = 2 lj_m,

XNTe =z, - x,]" € R, & XX IEY) R HU0H
FETanh(z) = diag{tanh(z,),--- ,tanh(z,)}.

313 1280 34Tz € R, W |z| < k, WA
LS . (1)
k2 — |22 k2 — |z
3132049 X T € R, U FASRRAL:
0< |z|— xtanh(%) < ke, 2)

K e > 0, kg = 027587 Lk, = e (katD),
GIE 32 T R () c RT — R, H
i CON NS R &
N WnS
$? 4 28wy, s + w%a’
FoerheMw,, 7372 e HUR SRR A0
E1 ERIELIEBBOMEIRERG =6 - GRAR

3)

F. SRR (251 A5, 7873 K wn AT AT IR fh TR L.
2 ROUER I S RO S AUk 2% (3)
AFAGTE, XA AT L S 2R AT
3 EFHYUER (Helicopter model)
3.1  EFAHLEN 1% (Dynamics of helicopter)
BN R AE R AR R { Oy z P FIHLAR A bR
F{Ovzryn2p FREL U MR T B, ik
HBRASR Z OB AAAR R, K BT N6 B HEE R
(NS DAL cprp Sl B BURG DR LY €Y i e MVARME

p=", “)
mv + mges = R(y)f, %)
R(v) = R(7)w", (©)
Tw=—-wlw+T, @)

o p = [pe, py, | TV = [0, vy, 0,750 RN
B E O ERAABR 2 A AL B B ; m3RoR
BRI E; g RanE IR, v = [¢, 0, 4] =
HLAA B BR BE A (5 1) 3 % A < IR 8 A0 T 1m0 A
w = [wy, wy, w,| TRETHLR A FEAEN UMY R T
IR, fRlT 3 R BTS2 26 J1 & I FE e
WAL bR R B3R 7 TS K SRR TE LR AL bR
AP RN, BT EAVLAIEIE ML T Oy oy 2, F
THIXSFR, #A

I=

L. 0 -1,

o I, 0 [,

_Ixz 0 Iz

R(~y) IHUARAAT 2 B HOERAL AR 2R (1) BEFE HE R -
clcyp spsfcy) — copsy copsbcyy + spsy

R(7y) = | st sgsbs) + copcy) cosbsyp — spcr)
cocl

)

—s0 soch
Hr: e(v) = cos(+), s(+) = sin(+).

A
x(north) !
K1 BTSRRI
Fig. 1 Helicopter model sketch
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il g vt 2 AV, AT E e R SE s T . IR
%35 Ry = Res, I\ (6)7] 15

R; = Re; = RwXe; = —Rejw. (]
HT || Rs|| = LIWZ1R, Ryth KA WAL 5y . 4
EXRS,%%/]\%%RS = [61 GQ]TR;),. E‘ﬂﬁ(g)%ﬂ

R; = Rw, 9)
~ | =Ry Ryl
Hi: R = [_RZ R:j W), @ = [we wy]®.
WAk, B (6) ATHE S A s B A
.so co
V= ey W (10)

F SR [181%0, 24 |0] < g i, v Flvg = [Ra, ¢]T
I RV ED. X 22| < g (9)~(10) ]
DWEA BT SIE 8 7.

3.2 A JIFIE Ji1%E (Applied force and torque)

MR e N B LT B4 BV AT, &
D1 FRE D05 T EE d e e A 13 190
[ Tmsag
f=|-Tu.sb, +T;
T..cbscas

)

Tiwhmsbs + Lpbs + Tihy + Timsas
T= |Tuly + Thnhnsas + Myag + 7, — TiSbs
i —Tl,sby — Til, + Tcaschy
Hor: T, AT 20 32 e 3R 2 Jie 3L PR HE 775 a s Flb 3
IR TR B DN MR A SR 15 77y, 207 T e 3T
JRE e B 1) S A FH 09 Ly A, 3R T I BE &
B (L, 0, hun) "L, 0, by )T 320 T2 i 32 40 2 Jie 32 1)
HUC AT B AALE O B AL B ARAE SR [9], 7 T
7 = Ci|Ti|"® + Dy, i = m,t, (11)

X C D, AR HAL
3.3 BEAfEL(Model simplification)

AT LR 3 e B B A s D AR /S, AT RAR
FH /IS ff1 BE 3 fBU3): cos(+) &~ 1, sin(+) & (+). MiT,as,
Tnbs AT, 3T f LA R 0 IR FIAR /DN, IXBE AT AR f
Mrorfih
f=Tues+ fa, (12)
T=T+A, =AM+15+ 4, (13

Y

Hrp:
T.sa
fa=| —Tusbs+T; |,
T (caschs — 1)

32 %
I Tm Tonhm + L
A= | 0 Tph+ M —1y ;
—1, 0 Tl
T, 0
M= |a,|, 8= |Tul, |,
b Tm
Tm (8as — as) + Tinhu, (sbs — bs)
A, = |7, — Ti(sbs — bs) + Tinhm(sas — ay)
Tm(cascby — 1) — Tyl (sbs — bs)

R (12) M (13) 73 HURA RIS A (7 ] 75

mv = —mges + T, Rs + Ay, (14)
I =—-wxIw+T1,+A4,, (15)
HP A = Rfa.

FE 3 USRI, K A AR
3.4 #H#l| H #5(Control objective)
25 58 B UL B RS PR PR i B A
Zoe = {Pp €ER? | Ipi] < i, i =%,y,2}, (16)
Zee ={v €R? | |t3] < By i =x,y,2}, (17)
RN E S HE NP = [Dexs Pey, Pes)” /L
1pei| < Yo < @iy |Pei|l <Y1 < Boiy, i =%x,y,2 (18)
RIS 000 Fi)e, A SCHG ERRIE, BEHH BT,
Ty, as b, 19248 HFHLH 2 :
1) OB plaZAr TALEREIES Z,. 4, HmA—
FRSABNZE L p [PIARIEA .
2) HEFvIRLA TR EIRGIEES 2, H.
3) Filla iR — BRI S A . AIAR IR
.
g IR, S EANUE @ MR
Big 1  WATIHRET, EFHLRE A o AR
FOMELIFIX I (2, 2P,
Bi%2  REBIISAFMA, RGN,

4 T (Controller design)
ARSCR 32 PR 1 3 NS e AR ] A R, g
R HE 7= T 2, e 7 A5 8 4 i 1] i v ] ey 2
£ U SR bR A Al RS A R 1 S R R S R
S M3 P PR A1
4.1 AR PR (Controller design steps)
PRI Lo, =ae — Yo(i = x,y,2), & X AL
BIREFREPe = P — Pe = [Pexs Peys Pea] ' H[pei| <
s Wps| < [peil + [Pei| < i B HN
De = U — Pe. (19)
B 2 A v K B K
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L =1 I Pe A
=- n = (20) Y
b2i5g. of -1k 0<c, < Inim(ﬁCZ Y, i=x,y,z
PRI NN (093}
e (19 FECh . ;
[P Pey Pe 5 FAE)RARCDE
= ) ) UV — Pc)-
P O[%X - pgx a%y - pgy O[‘tQ)z - pgz Lp = —cp Z pez + Z M,
(21) i= XYzabz pez = XYzabz pgz
BT REA ) (23)
ay = —CoPe + Pe, (22)  HA1w, = v — @y = [Vex, ey, Voo | LI BRI,
WEE % L
B3 : D
h @ BTE 1T |0
B | o ghy [T | | PR v
iRAIE ! | BTt y
gappmg T
_________________________________________________ : T w
2 g HE
Fig. 2 Controller structure diagram
:}f% 2 /?\Bbz = Bci — CpQp; — Yl(i =X,Y¥y, Z), J—it':'jd/f = k:qe ' Z g;. ﬁ&Lvﬁ%E
A1 |Pei| < i Bl [ves| < Bpi FIHEH 0] < Jves] + [ ap] . e 0
< Bri + cpan; + Y1 = Bei. 7€ SREME Ly < QT[_m(ge?)+dp)+TmR3+Ta'nh(;)a] +
ay = Tylal, coct]”, (24) Ls% 4 a. @7)
Hoha REERS, WEMEE mRasmrg T
Bt REAME -
mve = —mges + TRz + Af — may, (25)

Arhray = —cp(v — pe) + Pe. ABHE2, 2[Af| <
oi(l =x,y,2),0 = [axv Oy, Uz]T%ﬂifﬂﬂ‘Jﬁfﬁiﬁ
. & Lo MftiHEe AT iR %Ee = 6 — o,
%‘%%%@ﬁ

2

1 76T&7 (26)
2 i g,:y z ﬂbz - U; 295
Xy > 0, EVRRQS I FECH
. . 1 _7:
L, = QT[—m(geg +a,) +TwmR3 + Af] + ?O'TO',
f
A
o= [ Vex Vey Veyz ]T _
/Bbx _Uz ’ 6by _UZ ’ Bbz _U(ZE
[ox, 0y, 0]
H 5| 2215
0 A < Y oiloi €
1= Xy7
> [taanh( ) + kyeo;] =
1=X,y,2

gTTanh(—)o' + dt,
€

ay = —cyVe+m(ges+ap)— Tanh( )0' sg, (28)
A

2
ex

2
ex

Be —
bx

2
Oy —
cy > 0.

HHE28)MAK(2E

ng_cv Z

1=X,y,2

B, -

ex7

ﬁbz

2
bz —

ey
ey s

St :[
pey

2

ez

2

Vei

VeiPei
i_i_
O‘%i - pgi
o /
- Tanh(;)@] + d,
(29)

X+ Rs. = Ry — T—. 1 24) 7T 51, R3o 1 263

T, Yot EaE N
o = 7t[~756 + Tanh(= ) ol,
Ay, > 0. 4%—ﬁ(30)ﬁ)\ﬁ(29)ﬁ~
VeiPei

2
- Y > 5 5 +

()
1=X,y,Z i=x,y,z M — Pei

2

1=X,y,Z

2 2
Bri — v

_7r 1
Twmo'Rs. + 6 [—6
vt

(30)

v,

ng 62 ) -
bi — Vei

Twmo' Rse — 7,66 + df, (31)
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KK K De = © — ar = [Wex Wey| . WITHIERNAE:
1_q.
—6t6=-6%6+0)< —§CTT0' +-o'eo, i — R[~7eR + Tanh(R )R, (40)
PTLLL 2 2 Ky, > 0. HFRE0) AT (3915
LV ST izg,:y,z ﬁgiviivezi a %&T& N LR _CRR36R36 + R3e( Two+ Rwe) -
S P T Ry + dr, (32) WEE S
i=xy,2 Y ~ Pei —crR3,R3. — ?HRTFQ +
), Vo
Kfdy = d; (oo olo Rl (-Two + R,) + dg, (41)
E@uuwﬂ<mﬁ@®7ﬁ$£%£ﬁﬁ Refidg = ], + vnﬁﬂ
males
Tn =0 (33) B4 Exmrﬂﬁaﬁﬁr@ﬂ%wc W — . H
Hrfa, 13028 . X107
BRI BRCOTHEEHS o= Lo+ P @
a, = Ti[el es] ay. (34) AR R R AL
n 1
% Rs. = [e1 €)' R3e = Ry — a. ()T 15 - 5%’ 43)
R3C — Ro — Gy. (35) EIERE)RFEHCHN
5, IR & BRI S HCY 6, A0 by =y + L =), @
IR TR ay = ay — Gy. 2 |am| Iil(l‘ =T, .
Y), K = [kix, fiy] T ARARFIIHE LA AR E s 0 s
R = &~ RPTIIR v = gl T e~ guy) (49)
Ly = R3e R, + — 1 7Tk 36) ey > 0. F@sHHRAX@HE
29R _
b > 0, BRGSO bn= el + D, @6

. — ~ 2 re 1 .
Lr = R}, (R® — a, + ay) + —R k.
TR
[EFEHh, oI E2n#5

_ R,
R3TeaV < Y | Rseilki < Tanh( VK +df,
’l X,y
Xy = kqe Y. ki LR i
=X,y
5T 17 — o R3e
rR < R3.[Rw — ay + Tanh( ; VK| +
1
—RTE 4 df, (37)
MR
BV
R Rs.
ar = R [—cgR3. + av — Tanh(—= ; V& — Twmo),
(33)
v v
i cr>0, 0= = Y T ¥ K38
ﬁl:'j CR , O [/ng_vgx7 /Bgy_vgy] ’Id‘ ﬁ( )
RAREE
LR < CRR3eRSe + R3e( Twmo + Rwe)
1

#T[—#, — Tanh(

- “)Rae] + dy, (39)

K we, = wy, — Q.

T BS La,=[af ay]T, we =@ we]T.

(15715

Towe=—wxIw+7 + A, —Ia,. (@47)
Ha TR WA )AL F B0 a7
Rl T % Zay = ay — ay. i8¢ = A; + Ta,
= [Cx><y7Cz]T- %

G| <<i(i =x,y,2), ¢ [§Xa§y7§Z]T

FERFNHH AR A AR, E Ll THESAMG THR

726 = ¢ — ¢, B R PR AL
1 1
Lw_§ eIwe+E€ S, (43)

Ky, > 0, BIRR@EHFEN
Ly=wl(~wxTw+71,—Tay+¢)+ 1~T€.
[FIRE, H 51 B2 w43

we (< X

1=X,y,Z

w,
[weils; < wg Tanh(=—=) + d7,
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R, = ke Y <, WL

1=X,¥,2

Ly<wl[-wxIw+T, - Ia, —|—Tanh(ﬁ)c] +
€

1 1

7<T< +d, (49)
I aaEclpakE
Ty = —CuWe +w X Tw + I&v - Tanh(ﬁﬁ - S

€

(50)
Aoz ey > 0,5 = [RLR D0 #3000 A
EVEIYTE]
Lw < —cwweTwe — weTsT +
GT[;Té - Tanh(%)we] +d.. (5D
Wi Em
¢ = [V + Tanh(%)we], (52)
Ky > 0. BRGE)MRARGEHE

L, < _wa;rwe - w;fsT - ’Yngé + dfr <

S

—Cowd we — %GTG —wls, +d;, (53)

Ahd, =d) + %CTC.
eJa, BT ER(13) AR
M = [Ty as b)" = A7 (T, — 7B). (54)
Forp gzl i, B (50) i E .
4.2 FaEtE4)#Hr (Stability analysis)

EFE1 FHEHXGD-G)DMKO9)-10)Hik
MR TE N B THLRSE, 45 e B 30(16)-(1 ) E 1)
i B AR FEBR I A Zp M Zye, BLA X (18) 7 72
(1125 il p,, FEAR VLRI TR, W1 Ga fr B AN
TH P PREF IR 22 pe (0) Fllve (0) AL T 057 B AN BE IR ER 1%
ZIRHIEER Zpe = {Pe € R? | |pei| < ani, i = x,7,
DI Zoe = {ve € R? | |ves| < Bris @ = x,y,2} H,
R 2 11 20(33) A1 X (54) 2 5E 1) 428 il i A\ BA S E
T(30)(40)(52) i 5E I 2 H 1 SR AT LR {32 4%
IR R G 2 -

1) HIERMZHAG TR S

2) frE . PRI A ERER IR B B A —EA A

3) A0 B p R o G £ T BRI TR R i 4
B Zp 2.

WE B U R L, = Ly, + Ly + Ly +
Ly + Ly, H(23)(32)(41)(46)(53) A1, T i B IHHL
PRER R RGU(19)(25)(35)(47) T 4L

Laé—cp‘ Z a2, — p2
1=X,y,2 bi pel

2 2
j o V2.
el — ¢y el

2 2
i:X»y,Z Bbl - Uez

5T 2 T Yo ~T =~
crR3 . R3e — cypby — Cuowy we — 70’ o —

Ve =T~ Ts~T

—Kk K——=¢¢+d
9 9 S ¢+ a,
hd = d + dg + d-. HTIELAD
2 2 2 2
pei pei vei vei
<In , <In ,
O‘%i - pgi a%i — D2 ﬂgi - v Bgi - ”gi

Hrpi = X,V, Z. ot my DAHEH
La < —cLa +d, (55)
A
2¢, Yo Ve Vs

= min (2 2 20R, 2Cy, ——y —, —, —
C= Cp, m7 CR, Cw’j\(-[)"}/f"y}:{"}/’r .
X (55) 15
La(t) < (1) = (La(0) = D~ + L < 0. (56)
1) H3(56)F1Z=HEE 17 K BR AL, 11 LA, 2
BihRZEe, RMSEERERN. HTo, kfllch
WAH, FTUASEUS TG, & T2 RE L.

2) HF(56) FIZ= A TS R BLL o 1 5 X
2
In 2])61 5 < La(t) < (1), i =x,y,2. (57)
Ay — Py

X AN O F AT ] S R S T 5

IPei| < apiV1—e20() < oy, i =x,y,2. (58)
H ZR(58) N, 75 W1 4f A B BR B¢ 1% Zpe(0) 1L T £
B Zpet, WAL B IR ER AR ZEp IR 4L T HR B Zpe .
BESh, H Jim (1) = BB B U ep s 8
eI €Sty

2d |
{pe € R¥||pei| < abi\/:, i =X,Y,7}.

PRIV PTUER, 5 WA BRER IR 22, (0) 2T
BB Zoe T, WIEEIREAR Z v AN TR A 20,
FF HIH P BRER IR Z v e & — SIS R &

2d .
{’Ue S R3|‘Uei| < Bbima t= X7Y7Z}'

BEAb, 1585 6) RIS T 1 B8 K L 05 S
S92 < La(t) < (1), 59)
ﬁg&ﬂﬂ:gﬁﬂ%ﬁ%ﬁﬁﬁ%%%%—ﬁ

WEEIE S (e € R]||¢e|| < V2dIc}H.
3) BALEp = pe + pe, Fpcivi 2 (18), WA
il < |peil + |peil < ani + Yo = aci(i = x,y,2).
AR, HQ2)ATA, HE v =vetap, =ve—cpPet
Do, £ipe WRIN8), W |v;| < |ves| +cplpes| +[Pei] <
Bri + cpani + Y1 = Bui(i = x,y,2). B, A7 Ep
IR AN T AR IR B S Zpc 20 .
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32 4%

4 mbrE . R A R ) R A — Rl
S BATR, KSR AT AN &, 3R s R, (2
R0 < e < min(ﬂciai;yl)(i — %y, 2) BRI, IFRAEIE
x.

4.3 | HE P SEPRFE (Control algorithm flow)

5 T8 B IR IR & Z,FE IR 6 2y, 18
E S p i 2 A8 M E i lnl fi., “¥Iih
BB IREF IR ZEPe(0) € Zpo M FEFREFIR %00 (0) €
Zol, IR T

1) XA ENE ).

2) M H &N 306, M (28)43 i il A
ay, H(G33) S ERERMES T

3) IFHEEELa, = [e1, ea]ay, HHILEA
B AR HRQ) P S B ey, B EER
B 40)f5 &, NG EMI A ar.

4) RS HEH N ay.

5) HarMlayila,, 75 4N 2764 18 3
QTR H FHA A a,, B HIENMEG2)15,
B3 (50) 15 a7,

6) HRGEHFEHIAM = [T, as bs)T.

5 {jE(Simulation)

A5 44 ) FHMATLAB/Simulink 47 EL A% B
Pt 88 1A R AT IAIE. BN R RO TS N ELTHL
ZH
m = 8.2kg, Iy = 0.18kgm?, I, = 0.34 kgm?

I, = 0.28kgm?, I, = 0.05kgm?,

M, = Ly =54, I, = 0.01m, hy = 0.24m,

I =0.9m, hy = 0.08m, Cy, = 0.00452,

Dy = 0.08488, C; = 0.005066, Dy = 0.008488.

LI 1 (MERERE) B N BTN B
A JE B T3 ) Ao =5.6 m, Bei=1.2m/s(i =
X,y,2), T8 €S HPilp. = [5cos(0.1t), 5sin(0.1¢t),
5T mif K (18), LESH R Y. = Orad. LS
i, = 0.5, WA A543 B A0 3 R B 22 3 43
A ANap; = 0.6m, By; = 0.4m/s (i = x,y,z). H 4h
(AN & N S HOE T :
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