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The optimal design for interaction topology of multi-agent systems
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Abstract: Based on graph theory, matrix theory and least square theory, the relationship is studied between the group
consistency and the eigenvectors of Laplacian matrix associated with eigenvalue O for multi-agent systems. To obtain the
consensus or group consistency, a design method for unidirectional information exchange topologies is provided based on
the linear control protocol. The total energy is defined about the one-order multi-agent systems. And a optimal design is
proposed so that the system energy is minimum. Simulation results are given to illustrate the effectiveness of theoretical
results.

Key words: multi-agent systems; consensus; group consistency; interaction topology; system energy; optimal design

1 35|35 (Introduction)

LR RGN TR L, KM 8RR
Gt ST A BRI,

SCHR (11 FH %8 38 v 0 I Y Laplacian£F FRO%F
FEAR BT X5 I (AR AIE ) 753 80— B AR o R G 1) T
SCHR [2-61F 78 T — B R 388 2R Ge i) — S0 Sl 1),
BB RGIEF T — BB, @R R
HEE TN, FF R T RGP AT B R A
KIS WIGEIRAS (-P38ME. SCHR (710 I B A LA R 3
WHETE T M4 RSB R MR AR R I, R
G — Sk, SCHR [81 R AR R R 7L 1 iRdn AR
ST 4 R HAR R R B A R, 2 R AR R R G
— B S T IR B P2 A STk [91IF AT T[] i i
PSR FN RIS AR 8 TR b BN 1] 2 8 Rk R 407
17y e 10T,

KT —M A48 R4, AT 900 B R e 46
PEFEH R RS0 HE IR T 9 25 B L BRI 1E R
ik Res — 2L ARIEAS R M P R 75 3 — Bk
(26 A SR — 3 T, S el A .

Wk H 4 2015—05—29; sAH HI: 2015—11-30.
1385/ . E-mail: ywg_602@163.com.
AT 1A

AT H AR A BON A2 BN, RGEA—
T RARE T, RGURE M — Bk A3 2, (H AT AR
RHUNBEEIIG, STIR [(11-14] P A X3RS TR
YE5E.

ARSCERN R GUE IR AN AT B B A AE RO AL
BT —M B REHPIRA. SINT 288k R
il e AL JEALIE T T E— IR BB, 2
B REA R G — B BURE R M BT R BT (K B I8 R
NG
2 FELR(Main results)

R M R R 2 B RE IR R G

.’L"i = U4, (1)
Horp: BRgRPIRS 2, € RY, 6w, € RY, i =
1,2,--- ,n.
REMBEHPEA = (aij)nxn, ai; 27N RER
g 2 [ R EERERCEL. B G R RE
D - (dij)nxna
Horp



2 1

RISt LR AR RGUBE RN BT 229

n
Z Qij, 1 = 7,
Jj=1

0, i # 7,
A4 LaplacianfifEL = D — A.
AL R EAE P I, WO PR AL AR
M. SRR Ge3dPCh

ui(t) = 32 ay(x;(t) — x(t)), (2)
JEN;
Hry=1,2,--- ,n.
H(1)-(2), RG0S ORI
X(t) = ~LX(t), (3)
KHEX (1) = (21(t), 2a(t), - ,za(t))".

EX 1 W TEZEEERG RPN M,

je{1,2,--- n}, WL
lim (1) — ,(5)]| = 0,
IFR 2 REAR RGEHATIRES — B

E X2 BN ES{X|i=1,2,
TAERKG, G € {1,2,--- Kk}, 2

) X, #2,X; CX,

2) XiNX; =a,(i #7),

i=1
m‘lJ$h{Xz|7’ = 17 27 e 7k}%%é\XEgg/l\§J\%lJ

E X3 FIX|i=1,2,-- ,k}N &R &)
FIREEX I — D& 0 TS e X;, 1,€X;
(%73 € {]-a 25 e ’k}) j%/%

1) Jim [l (6) — o, (8)] = 0. § = .
2) Tim lz:(t) — (1) > 0, i # 7,
MIFRRGE(1) 72—

X T 2B BEAA RGE(3), ARZ SCERIIE RGEE I
FNORFREE BRI S5 T, BT RGN — Bk
B 2 — PR ), Bk RGUR1E $h M Laplacianff
M Fhrank(L) = n — 1. Bl RGUE(E i p s vk
& ARG ARFE— BB — BUN RTER S5 1

SR, SEPRR I, REMIBE NIRRT
SN R OK, FLl (5 P A 2 PR 1 18 B 5 i 2
TRRIAERR). ASSCHAE 2R G0 )38 A5 $h T RIAE AN E &8 1) 15
BN, B RS — B F A 20— B0k, SRR AT
b N T RFRF R G W) — B B H— B, W R
RRHIEE RS

EEH1 XNTEZEBIERREQ), & LHEER
45 1) B i Laplacianff B 1) #krank (L)=n — r (r>1),
I

O=M=X==A <A<

dij -

Lk} X

<A

DNFERE L IRFAEAR, %o PR TESSARFALE 7] 730
P1,P2, ", Pn-
2 B Befk R G0 RIFTE MR ZORES A

X (00) = Y2 (P X (0))ps. 4)

i=1
WE AR RE IS RNR NS, X R AR B 06 BE S £ 4k,
W Z G0 (3)iE A5 ¥ #MLaplacian’E B L i 5% 3 5 K% 9 A
= diag{/\l, )\27 ey, An}

WIERRE NP = (p1,pa, -+, Pn), BIRPNIE

HRE, HA
L=PAP". &)
ARG PIRSEN
X (t) = exp(—Lt) X (0). (6)
gia(o5), iF
X (t) = Pexp(—At)PTX(0). (7)
X2 (6) IR (t — o0):
X (c0) = PQP"X(0), (8)

HAHEREQ, «n, = diag{1,1,---,1,0,0,--- ,0}.

(), MR AR, WA (4).
Y e A e 1
ERBILWATRONE, T ilp, = —
Jn
T = O ERI =,
F 1 EEIAE, 2R RGN — B2
i H Laplacian k5 RE FIRFIE(E 2 BT A RHAE A &= X BT A MR8
IR ILE R E. Hr = 11, rank(L) =n — 1, I R SEiE
{EINER, RIFEN@), "TiHFEE RS TA MR — Bl si s
o = % S 24(0). B IERIR L R IIL5 1. BIE (S M4

i=1

I, Z2REAR R ) BB R VUG E B,
KRG IE(E RN A5 E T Laplacian 5 B L)
B An — 2(8r = 2). BFE IR FIIRSNE, 02 R FEL
P HRHIERR, WA = A = 0.
Rl (4) T 5 R
X (00) = Zol + (py X (0))ps. )

E2 OB, Yrank(L) = n — 28, REG M
) B3 RS AR [ Bepo Y. Hplpe = 0 ATAL po
FIJCE AT e B, Kk R G 3) A REfRFF— Bk BRIk
pa X (0) = 0). {B# po FHIF T E M AEAT k AW po =
(—1,0,1,-1,0,1, —1,—1)T), W] & Fp12, pa, pr2, 23 1
—1N—H, JTCEKpas, psa 0N 7 — 4, ps2, peotHE N —4H,
M [F) 7C K A B3, BTk = 3), ATLAROOEH, R4+
MR R ZORZS BNkl — 3, I DR HE RO 1T &
HAAMREN N E.

BT EHEL ARSI, T 2R RFEQR)
KB — Bl s o ARSI — H Y, v LE i it 2

1, NLJE



230 oWl B o 5 MM 9533 %
BREAR RGBS T NSRS s J=J + Jy (12)
PR TP BT (Lrank(L) =n—2H NERGHEEEE.
#1): . EE 2 RESH BB BB S
TE1 4p = 1, YEEDP (P NI E Spy IE NG, 2D IR4R L
S LR LA A R TC ). A= ( Tf(o))i, (13)
HE2  RUN(p1, po)(p1, poIEZE), Hofii = 3.4, n, ZERA RS KA TN
BT3P X R ‘ )
( e N ) i HEHE A TS
, s, n E R s ~
iR jf : 1p 4m‘aﬁzp o X(c0) = PAPY, 1
524, AT Hop A = diag{1,1,0,---,0}. it X, = X(0), R%
(p37p47 T apn>v E’Jzéﬁ‘é%

HAP = (p1,p2, - ,Pn).
PB4 AERAEN > 060 =3,4,---,n), %
A = diag{0,0, A3, Ag, -+ , An}
$B|S  WEL = PAPTIHEIEERIMEHE
I Laplacian/if4:.

F$B6 WIEA=D— L, {HERGEF R

gRIEE S El O T B L EE AR

RyEEH, EiR vt v ge
RARED KA IR — 2

BB IRAT AE ), A9 PR B R S Lapla-
cian®E B (114 FRFAEAE, i B 0 4 — Sk, BB,
RIS, 2 500 B E AR B B 2 A —FE. AR
(), IRTHRFALAE /NG R G S s L 1
PRAG. O 1 28 Ge bR 7y ZH WL S 21 2% AL I T AT IR,
f“i?ﬁ:)\l)i'_f EX. EE I R GR35 RE B LU A%
il AEEAR AT BE B2 B K. A TGN R RS
i ﬁEﬁ/J\%’ME?%%% O ST | WNE 2 s A S
ARG RERRIME.

EX 4 XTEZHEEERLQS), EX
=Ll (10

He| - HFjJ%EBiEI’JFAz’ﬁ'ﬁZ)jJ%é&iﬁ’]ﬁﬁﬁéi 5E X

JQ—j X (£)=X(00))" (X (1) =X (00))dt (1]

TRER G AIAME

J =3 A2 +XOTPJOOO (exp(—At)— A)2dtPTX,.
1=1

(15)
PETE Blexp(—At) 5 AR FRE, Ik
(exp(—At) — A)? =
dlag{oa 07 exp(_Q)‘St)7 exp(—2)\4t), T
exp(—2\,t)},
N[
J= fjAf + XTPAPTX,, (16)
1 1
HE RS 'é ﬁé%a@'\ ﬁ(16)%3‘zxm(z’ =3,
,n)RKF,H
aJ
o 2Xi — 2)\ o DiP; Xo, (17)
aJ o
Loy = OMITRAA3).

3 fhiE(Simulation)

RS BRI R G, HAGRIRAS

X (0)=(0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4)T,
FEHIPCR A (2). B

1
= — 15 = 0.3536 - 15, (MATLAB457).
D1 2\/5 8 8 ( )

NAGEHIRERE: E X (P2, p3, -+, ps) € N(p1)H

0.3536  0.3536 0.3536 0.3536 0.3536 0.3536 0.3536

0.8066 —0.1934 —-0.1934 -0.1934 -0.1934 -0.1934 —-0.1934
—-0.1934 0.8066 —0.1934 -0.1934 -0.1934 -0.1934 —0.1934
—0.1934 —-0.1934  0.8066 —0.1934 -0.1934 -0.1934 —0.1934
—0.1934 —-0.1934 -0.1934  0.8066 —0.1934 —0.1934 —0.1934
—0.1934 —-0.1934 —-0.1934 -0.1934 0.8066 —0.1934 —0.1934
—0.1934 —-0.1934 —-0.1934 -0.1934 -0.1934  0.8066 —0.1934
—0.1934 -0.1934 —-0.1934 -0.1934 -0.1934 -0.1934  0.8066
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0.2864  0.0484  0.0161 —0.0195 —0.0606 —0.1143 —0.1033 —0.0530
0.0484  0.4412 —0.1209 —0.1014 —0.0789 —0.0496 —0.0556 —0.0831
0.0161 —0.1209  0.3852 —0.0838 —0.0613 —0.0319 —0.0380 —0.0655
—0.0195 —0.1014 —0.0838  0.3234 —0.0418 —0.0125 —0.0185 —0.0460
—0.0606 —0.0789 —0.0613 —0.0418 0.2521  0.0100  0.0040 —0.0235
—0.1143 —0.0496 —0.0319 —0.0125 0.0100 0.1591  0.0333  0.0059
—0.1033 —0.0556 —0.0380 —0.0185  0.0040  0.0333  0.1782 —0.0002
—0.0530 —0.0831 —0.0655 —0.0460 —0.0235 0.0059 —0.0002  0.2653
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0.0 —0.0484 —-0.0161 0.0195 0.0606 0.1143 0.1033 0.0530
—0.0484 0.0 0.1209 0.1014 0.0789 0.0496 0.0556  0.0831
—0.0161  0.1209 0.0 0.0838  0.0613 0.0319 0.0380 0.0655
A 0.0195 0.1014 0.0838 0.0 0.0418 0.0125 0.0185 0.0460
0.0606  0.0789 0.0613 0.0418 0.0 —0.0100 —0.0040 0.0235
0.1143 0.0496 0.0319 0.0125 —0.0100 0.0 —0.0333 —0.0059
0.1033 0.0556  0.0380 0.0185 —0.0040 —-0.0333 0.0 0.0002
0.0530  0.0831 0.0655 0.0460 0.0235 —0.0059 0.0002 0.0
EILEEHRINT, KRGSt MEN, Brf —0.2582 0.5164 0.5164)T
AR —EURSR I aa 0 B I EAL, W 1. o i 3UELM I SC 22, M2 0 1, B Ge M
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0.0367  0.4836  0.1857  0.0367  0.4836 0.4836
—0.5911 —-0.0301 —-0.4041 —-0.5911 -0.0301 —-0.0301
0.7296 —-0.1617 —-0.2342 —-0.2704 -0.1617 —0.1617
0.0826  0.6934 —0.0471 0.0826 —0.3066 —0.3066
—0.1527 —0.2100  0.8282 —0.1527 —0.2100 —0.2100
—-0.2704 -0.1617 —-0.2342  0.7296 -0.1617 —0.1617
0.0826 —0.3066 —0.0471 0.0826 0.6934 —0.3066
0.0826 —0.3066 —0.0471 0.0826 —0.3066 0.6934

P e B2 115 R G Laplacianf B A IERFAE(E A (0.5131, 0.2154, 0.2320, 0.1659, 0.3420, 0.4481).
HRIELIRS, THHE T
0.2441 —0.0468 —0.0766 —0.0449 —0.0703 —0.0894 0.0163  0.0676
—0.0468  0.2761 —0.1679 —0.0260 —0.0100  0.0373 —0.0298 —0.0330
—0.0766 —0.1679  0.3243  0.0448 —0.0612 —0.0949  0.0244  0.0072
—0.0449 —0.0260 0.0448  0.1830 0.0019  0.0161 —0.0712 —0.1038
—0.0703 —0.0100 —0.0612  0.0019  0.2193 —0.0081 —0.0247 —0.0470
—0.0894  0.0373 —0.0949 0.0161 —0.0081  0.1649 —0.0043 —0.0215
0.0163 —0.0298  0.0244 —0.0712 —0.0247 —0.0043  0.2320 —0.1426
0.0676 —0.0330  0.0072 —0.1038 —0.0470 —0.0215 —0.1426  0.2730
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0.0 0.0468 0.0766  0.0449 0.0703 0.0894 —0.0163 —0.0676
0.0468 0.0 0.1679  0.0260 0.0100 —0.0373  0.0298  0.0330
0.0766  0.1679 0.0 —0.0448 0.0612  0.0949 —-0.0244 —-0.0072

A 0.0449  0.0260 —0.0448 0.0 —0.0019 —0.0161 0.0712  0.1038
0.0703  0.0100 0.0612 —0.0019 0.0 0.0081  0.0247  0.0470
0.0894 —0.0373  0.0949 —0.0161 0.0081 0.0 0.0043  0.0215
—0.0163  0.0298 —0.0244 0.0712  0.0247 0.0043 0.0 0.1426
—0.0676  0.0330 —0.0072 0.1038 0.0470 0.0215 0.1426 0.0
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