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Fractional-order sliding-mode guidance control for rendezvous of
unmanned aerial vehicles during air refueling

QU Yao-hong1†, YU Zi-quan1 , ZHANG You-min2

(1. School of Automation, Northwestern Polytechnical University, Xi’an Shaanxi 710072, China;
2. Department of Mechanical and Industrial Engineering, Concordia University, Montreal, QC H3G 1M8, Canada)

Abstract: A guidance law based on fractional-order sliding-mode control is developed to deal with the terminal angle
and velocity constraints of unmanned aerial vehicle (UAV) in automatic rendezvous during air refueling. This law makes
the UAV possess the ability to rendezvous with the tanker aircraft without active cooperation from the tanker aircraft.
By considering the relative motion in three-dimensional space between the UAV and the tanker aircraft, we adopt the
proportional navigation guidance (PNG) law in three-dimensional space to make the UAV fly to the desired formation point
for refueling. Then, by making use of the robustness of the sliding-mode control and the meticulous characteristics of the
fractional calculus, we develop a sliding-mode control law with fractional order to restrict the chasing angles of the UAV
based on the variable structure control theory and the Lyapunov stability theory. The obtained sliding-mode control law
with fractional order is employed to modify the PNG law, the resultant law will make the UAV possess the ability to fly to
the desired formation point with the desired terminal chasing angle. Finally, a velocity command generator is developed to
constrain the terminal velocity of the UAV. Simulations are carried out to validate the proposed guidance law; the results
show that the designed guidance law achieves good control performance and satisfies the terminal angle constraint and the
terminal velocity constraint.
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2 (Models in rendezvous)
2.1 (Spatial coordinates definition)

,
:

1) Sg: Sg; SgXg

; SgYg ; SgZg .

2) ML: ML

; MLxL ; MLzL

MLxL , MLxL ; MLyL

.

3) Mk: Mk

; Mkxk ; Mkzk

Mkxk , Mkxk ; Mkyk

.

4) Tk: Tk ;

Tkxk ; Tkzk

Tkxk , Txxk ; Tkyk

.

1 . : M , T
, θm ϕm

; θt ϕt

; θL ϕL

; r .

1

Fig. 1 Relationship between coordinate systems

2.2 (Kinematic equations for
UAV)

, ( )
, .

[11]⎧⎪⎪⎨
⎪⎪⎩
ẋM = Vm cos θM cosψM,

ẏM = Vm cos θM sinψM,

żM = Vm sin θM,

(1)

: (xM, yM, zM) ;
Vm ; θM, ψM

.

⎧⎪⎪⎨
⎪⎪⎩
V̇m = axm + gxm + wxm,

θ̇M = (aym + gym + wym)/Vm,

ψ̇M = (azm + gzm + wzm)/(Vm cos θM),

(2)

: a ; g ;
w = [wxm wym wzm]

T ,
‖w‖ � wmax, NASA ;
m ; x, y, z

.

{
θM = θm + θL, ψM = ϕm + ϕL,

θT = θt + θL, ψT = ϕt + ϕL,
(3)

θT, ψT .
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2.3 (Relationship
between UAV and tanker aircraft in three-
dimensional space)

,
,

.
, , ,

.

– [11–12]

r =
√
Δx2 +Δy2 +Δz2, (4)

ṙ =
ΔxΔVx +ΔyΔVy +ΔzΔVz√

Δx2 +Δy2 +Δz2
, (5)

ϕL = tan−1Δy

Δx
, (6)

ϕ̇L =
ΔxΔVy −ΔyΔVx√

Δx2 +Δy2
, (7)

θL = tan−1 Δz√
Δx2 +Δy2

, (8)

θ̇L =
ΔVz(Δx

2 +Δy2)

(Δx2 +Δy2 +Δz2)(
√
Δx2 +Δy2)

−
Δz(ΔxΔVx −ΔyΔVy)

(Δx2 +Δy2 +Δz2)(
√
Δx2 +Δy2)

. (9)

:

Δx = xt − xM,Δy = yt − yM,Δz = zt − zM,

Vt = [Vtx Vty Vtz]
T, VM = [VMx VMy VMz]

T,

ΔVx = Vtx − VMx,ΔVy = Vty − VMy,

ΔVz = Vtz − VMz,

(xt, yt, zt) , VM,
Vt

.

3 (Guidance law
with terminal constraint)

3.1
(Restriction of terminal chasing angle based on
fractional-order sliding-mode control)

, 3
. ,
, 3 ,

.

3

aym = NVmθ̇L cosϕm +NVmϕ̇L sin θL sinϕm,

(10)

azm = −NVmθ̇L sin θm sinϕm −

NVmϕ̇L cos θL cos θm +

NVmϕ̇L sin θL sin θm cosϕm. (11)

[13],
.

t0D
q
t1

. t0, t1 , q ,

t0D
q
t1 Dq.

Caputo
[8–9]

t0D
a
t1
f(t)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1

Γ (m−a)
� t1

t0

f (m)(τ)

(t− τ)
a−m+1dτ ,

m− 1 < a < m,

dm

dtm
f(t), a = m.

(12)

: m a , Γ (·)
Γ (q) =

� ∞

0
e−ttq−1dt,

dm

dtm
.

a > 0 , ; a < 0 ,
[t0, t1] .

1 x = 0 (13)

Dαx(t) = f(x, t), (13)

f(x, t) Lipschitz , 0 < α < 1.
Lyapunov V (t, x)

a1 ‖x‖ � V (t, x) � a2 ‖x‖ , (14)

V̇ (t, x) � −a3 ‖x‖ , (15)

a1, a2, a3 . (13)
[14].

2 {
0D

α
t x(t) = Ax(t),

x(0) = x0,
(16)

: x(t) ∈ R
n; A ∈ R

n×n; 0 < α < 1.

(17) ,

|arg (λi (A))| > απ

2
, i = 1, 2, · · · , n, (17)

(16) [8, 15], 0
t−α. (17) , arg (·) ; λi

.

,
,

Da4s = −k1sgn s, (18)

: Da4s = [Da4s1 Da4s2]
T, k1 > 0, 0 < a4 < 1,



11 : 1467

sgn s = [sgn s1 sgn s2]
T, sgn .

. Lyapunov
, (18) .

Lyapunov

V (t) =
1

2
sTs, (19)

(19) , (18),

V̇ (t) = sTṡ = sTD1−a4(−k1sgn s). (20)
[16]

sgn(D1−a4(−k1sgns)) = −k1sgn s, (21)

sgn V̇ (t) = sgn sTsgn(D1−a4(−k1sgn s)) =
−k1sgn sTsgn s = −k1, (22)

(18) .

s = k2e+Da4e, 0 < a4 < 1, (23)

: e = [θM − θT ψM − ψT]
T, s = [s1 s2]

T, k2 ∈
R

+ , θT, ψT

.

(23)

ṡ = k2

[
(aym + gym)/Vm

(aym + gym)/(Vm cos θM)

]
+

Da4+1

[
θM − θT
ψM − ψT

]
− k2

[
θ̇T
ψ̇T

]
. (24)

,⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

aym eq =(k2θ̇T −Da4+1(θM − θT))Vm/k2−
gym,

azm eq =−Da4+1(ψM − ψT)Vmcos θm/k2−
gzm + ψ̇TVmcos θm.

(25)

, (18)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

aym eq =(k2θ̇T −Da4+1(θM − θT))Vm/k2−
gym − k1D

1−a4sgn s1,

azm eq =k2ψ̇TVmcos θm/k2−
gzm − k1D

1−a4sgn s2−
Da4+1(ψM − ψT)Vmcos θm/k2.

(26)

Lyapunov

V (t) =
1

2
sTs. (27)

x = [θM ψM]
T, w1 = [wym wzm]

T,

ṡ = k2ė+Da4+1e = k2ẋ+Da4+1x =

Da4+1x+ k2w1/Vm +

k2
(−VmD

a4+1x/k2 − k1D
1−a4sgn s

)
/Vm =

−k1k2D1−a4sgn s/Vm + k2w1/Vm, (28)

(27) ,

V̇ (t) = sTṡ =

−k1k2sTD1−a4(sgn s)/Vm + sTk2w1/Vm. (29)

(21),

sgnV̇ (t) =

sgn
−k1k2sTD1−a4sgn s+ sTk2w1

Vm

=

−k1k2/Vm + k2w1(sgn s
T)/Vm �

−k1k2/Vm + k2||sgn sT||||w1||/Vm =

−k1k2/Vm +
√
2wmax/Vm =

−k2(k1 −
√
2wmax)/Vm. (30)

Lyapunov , k1 >
√
2 wmax

, s = 0.

s = 0 ,

Da4e = −k2e. (31)

2

|arg(−k2)| = π >
a4π

2
. (32)

0 < a4 < 1, k2 > 0 , (32) ,
Da4e = −k2e ,

t−a4 0 .

(26)
(10)–(11) ,

,
:

aym = NVmθ̇L cosϕm +NVmϕ̇L sin θL sinϕm −
(k2θ̇T −Da4+1(θM − θT))Vm/k2 +

gym + k1D
1−a4sgn s1, (33)

azm = NVmϕ̇Lsin θLsin θmcosϕm + gzm −
NVmθ̇Lsin θmsinϕm −
NVmϕ̇Lcos θLcos θm + k1D

1−a4sgn s2

−(k2ψ̇T −Da4+1 (ψM − ψT))Vmcos θm/k2.

(34)

, ,
,
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[16,17],

sat(si) =

⎧⎪⎨
⎪⎩
1, si > φ,

si/φ, |si| � φ,

−1, si < −φ.
(35)

, .
,

(31). a4 = 1 , ė = −k2e
,

x = e−k2tx0. (36)

0 < a4 < 1 , (31) ,
[18]

x(t) = Ea4,1(−k2ta4)x0 =
∞∑
k=0

(−k2)kta4k

Γ (a4k + 1)
x0 ≈ (−k2)−1t−a4

Γ (1− a4)
x0. (37)

Ea4,1(−k2ta4) .

(36) (37) a4 = 1

0 < a4 < 1 e−k2t

t−a4 .
, ,

.

.

3.2 (Terminal velocity cons-
traint)

, ,
.

, .

. – Rs ,
Vm max ; Rs ,

, ,
,

Vm =

⎧⎪⎨
⎪⎩
Vm max, r>Rs,

Vm max− (Vm max−Vt)
2

2Rs

t, r�Rs.
(38)

4 (Simulation and discussion)
: φ = 0.05, N = 3, a4 = 0.3, k1 = 10,

k2 = 0.6, wmax = 6, Rs = 325 m.

7500 m ,
200 m/s ,

(5 km, 7 km, 7.5 km), 0◦,
0◦. (5 km, 0 km, 6 km),

230 m/s, , 90◦,

0◦. 6.5 km∼6.8 km ,
, 5 m/s, 150 m,

0
30 m.

(33)–(34) ,

, , .
, 10 m ,

,
.

,
. 2, 3

3 . 4
.

7.1 s , 12.3 s
.

159.3 s
.

137.7 s , 159.3 s 200 m/s,
.

,
.

2 –
Fig. 2 Flight paths in automatic rendezvous of UAV and

virtual tanker aircraft without wind disturbance

3 –
Fig. 3 Flight paths in automatic rendezvous of UAV and

virtual tanker aircraft with wind disturbance
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4 –

Fig. 4 Time histories of the UAV and virtual tanker aircraft

5 (Conclusions)
( )

, ,
3 ,

. , ,

,
. , ,

.
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