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Learning Bayesian network parameters from small data set:
an adaptive method

GUO Zhi-gao, GAO Xiao-guang®, DI Ruo-hai

(School of Electronics and Information, Northwestern Polytechnical University, Xi’an Shaanxi 710129, China)

Abstract: For parameter learning of Bayesian networks from small data set, constrained maximum likelihood (CML)
method and qualitative maximum a posterior (QMAP) method are two approaches, which suit all types of existing parameter
constraints. However, those two approaches dominate each other when samples size, constraint number or true-parameter
location varies. That makes it tough to choose between those two methods. For that reason, a novel adaptive parameter
learning method is proposed in this paper. First, CML method and QMAP method are employed to learn BN parameters.
Then, sample weight, constraint weight, and parameter-location weight are defined and calculated based on rejection-
acceptance sampling and spatial maximum a posterior analysis. Finally, a new set of parameters are calculated as the
weighted values of CML and QMAP solutions. Furthermore, simulation results reveal that precision of parameters learnt

by the proposed method, in any cases, approaches and even outperforms those of CML method and QMAP method.
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Fig. 1 Lawn wet inference Bayesian network
G, O TR LLEAT 2 805 X, K P(C),
P(S|C), P(R|C) S ¥l Bl 1 .

1 A MBAEHREK
Table 1 Part of the true parameters

P(C =1) = 0.50

P(C =2) =0.50

P(S=1|C=1)=0.10, P(R=1|C=1)=0.99 P(S=1|C=2)=020, P(R=1|C =2)=0.20
P(S=2|C=1)=090, P(R=2|C=1)=001 P(S=2|C=2)=080, P(R=2|C =2)=0.80
RIa, M ZEP (WS, R) Frisi I HARLIA 286 5| H B ST 5 (0 1)@l e, A 1%, #s
ISR G HANE. Ba, W34 R SH TS, AR5 k3R,

& 2 B4 P(W|S, R) Frith Rth 2y &

Table 2 Constraints satisfied by parameter P(W | S, R)
PW=1|S=1,R=1)>P(W=2|S=1,R=1)
PW=2|S=2R=1)>P(W=1|S=2R=1), P(W=2|S=2R=2)>PW=2|S=1,R=1)
PW=2|S=1,R=2)>P(W=2|S=1,R=1), PW=2|S=2R=2)>P(W=1|5=2R=2)
PW=2|S=1,R=2)>P(W=1|S=1,R=2), P(W=2|S=2R=2)>P(W=2|S=2R=1)
PW=2|S=2R=1)>PW=2|S=1,R=1), P((W=2|S=2R=2)>P(W=2|S=1R=2)
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Table 3 Parameter index AT
e % ¥ N LCBERIE, BEAT TN SRR

O FEABCE B E AT 1352 (8] 184H.

]Jj i% - 1 : :’Z ) ﬁ - ; @ PSS HAE B I B A T
2 : TR P R 22 0 1 o 1 . 524 AR 1 4
P PW=1]S=2R=1) IO T4 B HICMLRIQMAP Jy 172
Poo PW=1]5=2F=2 MO, I RARARIES T 7
P PW=2]5=1R=1) 1 ASCRI IR IKLEGE R K B ML
Ps PW=2]|5S=1R=2) TrEENIQMAP T 27 ) 45 FHORS i . KLAE /N W] 27 ) 45
P, PW=2|S=2R=1) MR Sorh: 0,5, IR BB, 0, BT HEINBHL.
Py PW=2|§=2R=2 KLG: | 6) = 35 55 6,5n (1)
j=1k=1 ik

k4 HR¥MFAHITF IR0

Table 4 Comparison of parameter learning with 1 constraint

P Py Py Py P Ps Py Py KLIAE

HSBH O 050 020 075 078 050 0.80 025 0.22 0
CMLAH 1 072 0 1 0 028 1 0 0.33
QMAP{Hit 068 036 050 050 032 064 050 050  0.62

.5 R F AN F ] 4 RxTIL

Table 5 Comparison of parameter learning with 9 constraints

p P P34 P Ps P P Py KLEE

HYZH 077 040 030 020 023 060 070 0.80 0
CMLAfil 050 040 050 0 050 0.60 050 1 0.95

QMAPfit 074 031 032 0.2 026 069 068 0.88 0.07

E2 SRWEORREAYE RIS

(S DR, K2 > P L I S 0TT e R A B 351241, Fy R PR 0, BTN SEI W
SIHT AT CAR B AEAEAS BN B SE S 50 B A [ O LREEBE NN T 1R A5 4.

IS UL R, M2 DI, CML 77227 2] 45 S 5 @ FLELSEAE 2 AU 2 Jim W AE rT AT 3k

SRR BHG MARB Z W, QMAP VLS 2 4s AALE. TEREAR RN 1 RIS RIS T, 43 5IFIH

R INFEE HA S CMLAMQMAPJTVEHAT S 4% 2], % ] i R ke
2) FEARZEXCMLIIQMAPS 22 3 52 m IR TR,

A6 FEREAHINF ) LR

Table 6 Comparison of parameter learning when sample size is 1

Py Py Ps Py Ps Ps Py Py KLEFE 2

HEESH 093 0.80 045 040 0.07 020 055 0.60 0
CMLA%i 050 0 0 0 050 1 1 1 5.08
QMAPfiil 078 040 032 0.18 022 060 068 082  0.85
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Table 7 Comparison of parameter learning when sample size is 35

P P, P35 P Ps Ps P Py KLHH

HSBH 088 0.62 042
CMLf&#  0.86 0.86 039 0.39
QMAPfHi 078 040 032 0.18

032 0.12 038 058 0.68 0
0.14 0.14 0.61 0.61 0.07
022 060 068 0.82 0.85

LR E, AT R SR
@O FEAEEBIE N 1841,
@ LB BE NS5, AEH LS HAL T AT

I AT AT LR B AE L AR NS S i B [
MO0 T, S FEA DI, QMAP VA 2] 45 R
INAEIL IS SR AP 2 I, CML 7452

4 R INFEUT LS B
3) LS H L E X CMLAIQMAPS: $%: > 1)
AT I

W R GAL B DR, 23 AR CML 7%
FIQMAP j LTS24 2, 24 2] 45 Rnk 8 F149
Fs.

A 8 AFKRBAL T TATHE SAL BB J LRk
Table 8 Comparison of parameter learning when true parameters locate in
center of constrained region

Py Py Py Py P Ps P, Py KLIEE
EASLSHC 081 039 025 029 019 0.61 075 071 0
CML1#it 1 090 050 045 0 010 0.50 0.55 1.95

QMAPfHil 078 039 025 022 022 0.61 075 0.78 0.02

A9 AFABAE T TATRAL AL B I 5 3 4R
Table 9 Comparison of parameter learning when true parameters locate on
border of constrained region

Py Py P Py

P Ps Py Py KLEEE

HSEBH 098 1 048
CML#t 1 090 050 045

QMAPfH+ 078 039 025

0.50 0.02 0

0.52 0.50 0
0 0.10 0.50 0.55 0.12

022 022 061 075 078 2.01

G AT R] LRI A A A o A0 24 SR AH [ 1 A
N, B S HL T A AT S o0 A7 BN, QMAP
JiEey ) G R INAEIL LSS M 4B S S 4
Tl AR L LA B I, CMLJ7 2% 2] 45 SR e

B G5 LUK L CMLAIQMAP J7 i AE FE A 5
PIRE . IS E A F S OL R A ) S5 R B AT
N5, FEOTEIIMELEFE. e, AR — T
HARER AT FBN HIGN S5 X Uik
3 BNHIEMNZH(%# > J7 (BN adaptive par-

ameter learning method)

e, 45 TR CMLAEIQMAP 7 VAR Rt
3B 158 S\ VR RRE AT, SRS,
CMLAIQMAP T V£ M2 0 ZEAR AR L. ),

R FIE NS S TR,
3.1 BUEE X (Weight definitions)
3.1.1 AP (Constraint weight)

LY RBLESE VP 2 R 22 /D B R 5 55 IR AL
T, B CMLIQMAP 5 2% ) 45 S AT
FERER — N Fabs. 29 RN I 24 o ik 22 51
LI Ik, AR TR

T 56, BEMLAE BN 20 2 W S LR SRR S 4
H(Oik, Oizke, -+, Oigeke):

Oiji € (W1 NS), j=1,2,---,q, 2
Horpe 0,5 AR RS 7R H AT S
BN AR ER S EUE, 21, 2R

\

£

92]]6 € [07 1]7 .] = 1727' i (3)
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Fig. 2 Relation between constraint weight and number
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3.1.2  HEAAFE (Sample weight)

FEARRE R VA FEAR T2 D FIRE T, &5
Bt CMLAIQMAP 7 2% 2] 45 BAG AT FE () 22448
bR, FEAA FE R R AFEA B Z . iZAE T
14

5L, i ()P AR ) 2E S N ST
B/ NREACE N3, Hort: n AR B0, moh
A JRy W 2 R s R AL R4,

N3 = nQIOgnzlogn(mH). 7
R, i) THEAT BIFE AR E
ws = min{1, %;*}, ®)
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Fig. 3 Relation between sample weight and size
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FEAALE
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3.1.3 S BB E (Parameter location weight)

BB HT B ARG E VA B S S EUE B S 40T
AT P AL R -, 220 CMLAHIQMAP
TS ) S RAGAE B B3N Fahs. LSS E
AT OR 2 B B S S 400 2 T AT Sl . i+
TS B ISR, I DL LS S5 B R
WEA0.5, B

wr, = 0.5. )

R A AGETRL AR 1) 71 B AT, 3
BRI T BHOTAT I ORI T B (AR /N T
A7 H R A MR (P14, #5057 T BC A (1
(0.5 K T B 9% T ABFIC DI 1 Bt %(0.25)).
Uk, K E S BRE R E N 0.5.

ot ad pul s

A} B Ecl p

LT

K 4 FSEBHAERE TR R

Fig. 4 Analysis of true parameter location weight

3.2 SHAAAFR (Parameter optimization models)
321 HARSHMAE A (Constrained paramet-
er optimization model)
CMLJ7 V4 BNZ 4%y > In) JAN R A 2V /AL
) 8, S HRARAI 6171

no 49 7

max > > > Nijklogtijk, (10)
i=lj=1k=1
S.t. Q(@Z]k) < 0, (11)

Hor NG ARG AK A T 550 A1 s DU 5 RS
H AT SR AN A RS E AR
3.2.2 BARSEMNAIEAEL (Unconstrained param-
eter optimization model)
QMAP T £ KBNS £ 2 2] ] /AR ok Te 41 AR
A8, B H AR 9Ty

n g T

max Zl Zlkzl(Nijkz + Miji)logtijk,  (12)
i=1j=1k=
Forp M ARG S 15 U U AV RS B AT
SR kAN H ARSI R AR, KN A
Mij = A= P(X; =k, 1I(i) = j | £2), (13)
Horp AP AR L.
3.3 HiEHR (Algorithm description)
BT FIRBCEABRY, NS P BN HIE
NS E 7 S TR FARD R U T
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FB1 HITFEARREN, ), RGRYE QA3 5
AR AEAT LR S EAAAE AL RN (10) A (11);
$B®2 R T ER SR i R e
M, RIS HEO T
SB35 RAE VL B L B 2
ARQNSHP(X; = 5,11(i) = k | 2), R )5 R 4
K3 IHHAFRIZHM, 13
HEA R N M R TELR S AL
RAIRNC(12), SRS B0 N 4L
« Ny + Mg
ijk = Ty
kzl (Niji + Miji)
$BS  CKPEINAESIMATLIK, RFRLIX
4 %@%ﬁ%@%&ﬁeg%”;
P66 M)~ THELRBHE . FEA
B SHAEACE, AR (15)-(17), B33
H ﬁ@fﬁiﬂzﬁegia‘pm:

(14)

CML

el{;gaptivc =wy * 0 + wa * HngAP, (15)
9 _ _
w = OIS UL (16)
1 _
wy = + we 3ws—|—wL‘ 17
4 B IREESHT(Complexity analysis)
MLE, CML, QMAPHIA 72 J 5 A
TvLe = Ny, (18)
1
Temr = Z + Ny, (19)
TQMAP = L * Ny + Ny, (20)

Tadaptive = % + L Ng+ N +2%Ny.  (21)
E 3 RIS, BRI K222 % 10716, Ny
WA A 103 2e A, NeHUE R 10% A7, LHUE 107 247
i DNEE S F T, MLE, CML, QMAP,
ASTPER AL IR RN
Tadaptive > TemL > Touap > Tvie,  (22)
HASCHERMCML 70 R 2 AR, B
T'Adaptive = ToML- (23)
Wt TN, Lo NAINGE DT HR
(18)~(21) "\ ZIMLE, CML, QMAP, A i 5 R 5
Y NN S5
Tadaptive > Temr > Touap > Tvre.  (24)
1N 24 N NAEAEAR DN, HL * Ny, Npaz /)

‘?éﬁﬁ%ﬁﬁg%ﬁiﬁﬁﬁﬁﬁ

Tvie ~ O(1), (25)
1
Tom = O(g% (26)
1
TAdaptive ~ O(g)v (27)
Tomap =~ O(L * Ns), (28)

WA Tadaptive = ToML.-
5 {HESZH (Simulations)

SEESF 5 IMATLAB, SEHG W 4% 4 119 44, 512
B2 R A R2Z R, S5 72 IMLE, CML, QMAP,
ARICTT, HARSEANT.

5.1 FHRNESD W (Effective analysis)
5.1.1 2R BE A AL 5L K (Learning with different
constraint number)

SERG R
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2) 2 i SRS 29 4%
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R T by

SEEG A TG, TR BIR G E R AN R ki
AT LR ) S, SR 45 R KI5 (a) RIS (0) T . 88
Jo, 2 IR EOR S R T AT S0 2 S, P
s b s 5(c) s (d) .

SEE B

1) YD1, CMLA: 31k BEAL T-QMAP; £
WIRZ I, QMAP: I FEAL T-CML.

2) ASCTTER5 VRS FEAE 2 Ui 00 F LT CML
MIQMAPJ X,

51.2 FEAFEA S (Learning with different
sample size)

SRR

1) ZREBNS55.

2) FEACE 143 4 3541,

3) FLSESHAE L2 E UG BOE AE S HA]
AT I T by

SEECN AR B, TR R s E R AN R 7 vk
AT B IR 22 2] S5, 45 2 an El6(a) Fle(b) T 7. AR,
Fie HE bR S U R S AT S0 ) SR, Pk
545 T E 6(c) M6(d) .

SIS HT:

1) FEAED I, QMAPY: 2] 45 54k T-CML; #f
KL, CMLE X 855145 T-QMAP.

2) ARSI SRS A Z 5 T T CML
FIQMAP 2.
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Fig. 5 Effectiveness analysis-I
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Fig. 6 Effectiveness analysis-II

5.1.3 HESESHALEARA LR (Learning with diff-
erent true parameter location)

S A

1) AW EwAS5.
2) FEAE R 184,
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AHAESH
(¢) A (22 R)
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S S HT:

1) MILESHAL T 2 50T AT 3000 2 A7 B
CML: > 45540 T-QMAP; LIS H TS50
AT O B I, QMAP: ) 45 A T-CML.

2) ARICITVEAE SRS AR 2 B DL R L TCML

FIQMAP J7 4.
2.5
2.0
Eaﬁ 15
g 1.0
0.5kl
xf,x'\. |
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RRESESH
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Fig. 7 Effectiveness analysis-III
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Fig. 8 Effectiveness analysis-IV
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5.1.4 BEHISAHAE4L LS (Learning under any con- S AT
ditions) 1) B AT ik S g R HERURG L T

SCHGBEE: 1) LSRN O T UR19.2 1))
FENLTH B LA EX.

2) FLSESHAE AR o NS E AT 3P L
k.

3) FEAS B AL AR B T 1RI3SZ 10) I A I 4%
B LAHE.

SEEG NS G, R IR E R AR A E
4TS0S 5, 45 F w8 (a) RIS (b) T 7. 4K ),
B ) Ak, g R 8 (c) M8 (d) .

ST 1) RSO SRS AR 2 AUE L
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5.4 FEPESHT(Stability analysis)
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