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Optimal inputs design for a class of parametric linearizable
system identification

YANG Ya-jun, ZHENG Yu-xin, LIAO Ying!
(College of Aerospace Science and Engineering, National University of Defense Technology, Changsha Hunan 410073, China)

Abstract: The selection of input signals for system excitation plays an important role to the result when one estimates
the unknown parameters. Motivated by the direct collocation method, a general optimal input design approach based on the
multiple simultaneous orthogonal inputs is proposed for parametric linearizable systems in this paper. First, according to the
least square principle, the cost function is constructed as so-called Mayer form by using the normal matrix. Then, to design
multiple simultaneous orthogonal inputs, each input is assigned based on the sum of sinusoid with a unique frequency, an
equality constraint condition between amplitudes and phases are presented to make the input signals are zeros at initial
and terminal time. Third, the system states are parameterized based on direct collocation method, therefore the original
dynamic inputs optimization problem is converted into a static nonlinear programming problem. Finally, the optimization
problem is solved by using the sequential minimal optimization strategy; it can be ensure that the solution is feasible for the
original problem and convergence rate in optimal-searching is improved greatly. Simulation result show that, by comparing
with 3211 and doublet inputs, the optimal inputs which is synthesized by proposed approach can improve the convergence

rate and estimation accuracy of system identification.
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1 5|5 (Introduction)

RGN LR A DRI S B s
SR HE AT A B, Fh s vt oG, Py
RI Vv AN G B, HIMEER T S s i 2 B AL BRA
%, WASBE S0 Bt vh A A A B el i e
MNET, SAHE B =& 1B i Y, 2 SEae e vt 22
FA R P B I . e i A\ BTt (optimal input design,
OID), HIfE—E KL, SHRA8E R G FORS 2 5

Wk HY1: 2015—06—08; 3% Hl: 2016—04—25.
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AITHATHZE: RN

—PEREFEFRIA B A i A S, R A e
W2 Fisher? 1) %25, (HAATTIE A& 23 IALevinBU B K
ARG HAE H OIDME 244 .

OIDHH T — AN T L Py 25k nAn] 52wy 1 252 1 [)
BRGNS EUI R, RERG UG HAHETTS
B H 5 77 R (ordinary differential equation) 5 5
A% 77 #£(differential algebraic equation)f Ik & J7
T2, FAE20TH 20704 AR, ff iz ) @ i A S0 AR Ak

TR R A R0 H (SAST201251), Kl ERRHS G55 5 %),
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BIEW, EEAFEH A —jE K FH Fisher {5 AR (fish-
er information matrix, FIM)/F A4k & P5, — & K H
AL HI R 1 7L HROIDIM R, N 245 H, M2
OID ) 55 e ] FH 51O SR 38 75X — JEAH, Morelli® 1
ST AT AU IS B v, g T —FRIRES
H ALK BT 7%, %0712 DRIV RE [ R e
NI ARPERERR PR (BT A-HEI), K H BRI JT 15K ik
Bl 1) . Jauberthie 25 A\ OV KL Rl b ] % 4
AR EON eI IS shfa 2 AT, 3500 T BR BV
1D U8, 3RA5 T AL N5 5. Han YongsuZs A [10)
WG T CHLZ A [ SR 1 DL, i R S
5t A 1E %A B S I T A, RO T IE 5L R
P IREAS S IE R NE A HIEAT, SERUOMLIN £
NG5 58 L A0K. By T UFIMAE b din ob,
YT RS HOT LI R SE, 18 v] LIS R A5
[ (regression matrix)ff: A PALAKYE, XITVEH W T
MIEE NSRRI 12 8 1 R AT I )
NG T, UESL I REE A AR &5, B
VLR B () S A5 D AR A pR 2, R 3 e Ul
B — Qs AR S BN B L S — AT SR R
FH T IR B A bR A e R A N e P BB 4, TR s
DA B ECER LEAT OB R 3, tHEEARK,
N 5 A R LA S BT

AR RTIAE TTE BB R, BT — RS H T 2k
T RGEHER I S U AN BV ) R, 1 5EXTOID ) )
— A B AT R IR, FEh T B il R )
ANV ARG HEH T —Flog ROL AR ), % ) my LA
VE IS S B AR W] R RS ) FE SR hs, 2 5 RS
BR [1OTP)28A |, SR AR w25 T4, fE2 4k
G SAH AT RIRTHE R, B ML R A A
ZFN 250 I 2N b % B, T HRR A g
T —FPRAFOID ) U 15 5%, 1% 5 1A RE LR D
IS TR SRAF N 5 S EACAAR; B, K fE
RSB RE, N TN 1a] 0 2% ) S 42 W A 6
HHSHHR N, 4 T B AR, i
B AR NAT S Uil T RS AT L, E
WK A SO A NS 5 B I B 2 2L
T SIOH FE RURS P
2 [ (Problem statement)

HIEI T AR R
t= f(t,z,0
{ x f( 7$, ’U’)’ (1)
y = h(t,z,0,u) +e(t),

Ht e RYE R 2 € ROPIREL H; y € R!
HEE S 0 € REARISEG w € R AFIANGS;
e(t) € RN 75 i A i 30 23 A1 BISME RN 2% o
B f () FIR(-) gk CLn.

ZHCHER B S AR S 5w () F A
Sy ()R RIMSEOUAT MBS N ¥ 1T (OID)
AL B AT NAR S () AT RE T, (8 S5 RS

J5E RIS P A 34 =
Rig1  He(t) = O, RG(D) A G RHKT AR
SO MNE TR TE
80(757%5579,“)77(9) :V(taj:)x7y7u)7 (2)
s o € ROVDXP R ] Y40 B8 R K, 4T B
BRI 2 RP s RONRAIZHI Lt R L i
B, oM R EATAE HME—; v € R"MHEt € [0, 4+00) -
N
ik RS EHHRIOID ) J AT LA IR Ay : et
AR (), ﬁ?%?fu(t)i%ib??ﬁ?*ﬁ%%éﬁ{@ﬁj
y(t)ﬁéLJB?/JW’EWHE‘E%%E?%?E%H%%&GE‘J1Ei+TE0, ]
min ||0 — 0|, FF AL A FLIHR
T1b g T g Luby
Yb <Y < Yuby Ub S U K Uyh,s
R NMRIbFlub 2 AR R )~ s B
3 mALEIA I J75(OID approach)
3.1 EMtHAMERETE R (Cost function of OID)
S FSGET I € [to, to) FMBBIA BN — 1
ANFIX ]
t0:t1<t2<"'<t]v:tf. (3)
XIAGEEAL = t; —t;, i < j, &
i = @(t;, &(t:), v(t;), y(t:), u(ts)),
vy = V(tn i:(ti)ax(ti)>y(ti)7u(ti))'
F a5/ e 5, R ANSHn (0,) Ak A

N N 1 N
=2 erer) (X ervi). 4)
k=1 k=1
AL — O, @ HEN

i= (e @ea) ([ T
(&)

a(t) = [ (e,

DHIFTE “VEAERE” , HAMHC cond(D) € [1, 4+-00).

HABAEFE ST U T 411, cond (O) AR T1, 4t
(A2 R BT A DK IR/, B S 800hHTE 75 1
BB, A5 V(A s T B T BLSAE . PRI, W7 LA
Kt cond (D) VE AT ik SN VIR BE AR,

FERCENG A I e SRR, 510

b, = p(i,5), i <j, j=1,2,---,N, (6)

Horha, Mo (i, )55 M 2 5 BEO R 0T o) 54T
RVl

D, I HPRA, W R AR X =[27,
By, e, Do) T ANV Vi) T LA A 490
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min & = L(X(t), 1), (7 ur(t) = sin(TR g ),
st. X = F(X(t), u(t), t), (7b) kot
WX (to) o, X (E), ) = 0, (70) up(t) = sin(—7— + 1),
g(X (1), y(t), u(t), t) <O, (7d) HorPky # k. ug Mlug KRR (uy, ua) W2
(X (), u(t), t) =0, (7e) (ui(t), uz(t)) =~

Xk e RERBMMERRIRIR, IZ R L(-) W KT
cond (D) (1) FY B Y pRIEL, IXHLE SCh
L(X (t¢),ts) = lg(cond [P(t¢)]) .
(7o) Ay el il et RPAR A TR IR, 9 4R TT
F() = [fT(), ¢, )], i<j<p.

T (7e) APIRAPLE L AT AR, VAR A
@, ;(to) = 0, BEEu(-) e Xl

p() = [(@(to) — 20)T, (2(te) — 2)T, 1 5(k0)]
b My 73 ) 2 7 “BH B 07 R 25 0 F0 28 {A.

(TN ATEXL, i AT 5 5 AR
L N ARARAEAT R

9() = [(a(t) =)™, (= u())"]"
(Te) WaERLH, ARG PN FEIE: ()
=y(t) = h().

XTI R B D i T e, AROME AR 732K
PP A, 30 SR AL A AR Lt R 1) A T B A K
fift, XA RE 1 S S B B NS I 2 L,
RRRsm A AR B ] — 4 SRR R R,

3.2 ¥ MH 15 5 (Inputs parametrization)

KHIEL R I E S N2 R () BEAT 254K, 2%
R RN A AN TR AR 1 1 5% 5 R R L 2% R
iy AR Y, AR & HE LA S M L IEAL,
KA H bt e e A TR, A TS
HUHERREL. M Sun Mo XA [ty ] WIEAZ
e LA

(u, uz) = j: un (B)us (£)dt = 0,

e (g, ug ) BRI E 5 I B
TERGHENRE T, NG 5 B s, X R4
R AN 58 1 s P e, DRI A ST AR 5
B MY BERS 7 5 RGBSR, 1 H AR
BUHT . BEE R Rt N AR 1) 1 5% pR B LA T R AR
o, SRR, (6 I TS Oy
w(t) = 3 Apsin(ZF L), )

kES; T
e Sy M) i, 1) TE 5% 58 B EUIR R BN G T
=t — to RN AN FELLIN [A]; Ap A2 5 AN IE 5% R 3L
(IR A ; i 2 S RN IE 5L BRI AR AR 25 IR TR 1 20(8)

]:__01 sin 2”;1’5” +4by) sin 2”;?“ ) =
]:01 sin(27;\];1i ) sin(27;€2i ) =
% T_ol - (27r(k1N— )i

% I:ZZ_%: Cos(zﬂ(klz\—; ha)i + 1Py 4+ 1b2).

R, ESHES eI H T = AEaEa B, TR
BV AT ), A7 (ua (t), uz(t)) = 0, EIA IE5Z
S R B IIR RIS, Z N5 5 240 B 1E
S R, BRSNS N
S1=42,24+m,2+42m,---},
Sy =1{3,3+m,3+2m, -},

: 9
S, =
{m+1),(m+1)+m,(m+1)+2m, -},

Ak, AR ] DU SO B AR e Ay, O S EUE

TR, Z BRI T 1 LRERT SEI M, 75 52 AE L Rty

I Z 4 N\ AZ 540, 28 17 S AR T ] s ) 2 50 L

Y

S A siney = 0. (10)

kES;
3.3 SHALIRE (State variables parametrization)
A B S S, v DR Wos AR A B 4y 25
L (T), BFTIE B A ROV SR AR, AR T 24
AR IEAC P BAE R PIRAS L, THE R,
PRI AR S 5 N G f 002 AR, XPIRAS I kT2
Ak
WG, K iy NS R DR Oy B, BF B
PR A g mUOPR A 1 A (node) e 9 AR I IR R A AR
%J{Xl, Xz, te ,XN}, Xﬁﬁﬂ‘["ﬂﬁ%ﬁx#%%%ﬁ\, TB
S Ak i), X HUR 45 4 7 AL XA L, tq] B
PRAAE R X (¢) F = Y Hermiteddi {1 2 TR,
il
X(8) = co+ 15+ c28% + c38°,
T, =ty —t;, i=1,2,--- N, (11)
s=(t—1t,)/T;, s €0, 1].

AR RAL T 0] F N AL T I 251

X(0) = X, (12a)
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d)(i(S) = X; = F(X;, u, i), (12b) RIS A ZR.
x 18 S;(O n 3.4 ALK (Strategy of optimization)
1 )((()S)_ A (120 S RAAE AL R IS HL, AR SS
ds = Xi+1 = F(Xz+17 Uit15 z+1) (12d) iﬁ{Ai,kia ¢z,k1}(lz 1,2,--- ,m, ]{31 € SZ)}D—%‘)?ALI‘E@
s=1 NN N
RABRLX,, Xy, -, Xy OV B R, &
AR T4, TR A5 Hermite £ T P I R 50 B{X, X N RN ETAEHL, B
Z:(XF7X;7XE/7A1/€17A21€27'”7Amkm7
co =X, co =—3X; — 2Xi +3Xi1 — Xi+1a ’ 7 7
CIZXiy c3:2Xi+Xi_2Xi+1+Xi+1- wlkukazv'” 7¢mkm) (15)
APy YR
P s — .50 W i collocation), 7T LI m. PRI PSR A
A AR RRAS min k£ = L(Xy), (16a)
X — Xz -+ X,‘+1 + E(Xi—i-l - Xl) s.t. /J’(XhXN) = 07 (16b)
2 S8 9(z) <0, (16¢)
Xc)i _ 3(X; ;‘TXiJrl) B X; ‘|’4Xi+1. (13) v(z) = 0,
' ‘ d(z) = 0, 16d
R 2 TS ) £ A, AT AL ) (164
RS TTREVHAF RN FPR S 5 55 Ay, sinyy,, = 0.
X 20(16)3% 24 iy 4 1 26 M R Kl in) 85t ] DR

XEOM i =F(Xeiu(te), tei)
15 2 T SRAFAPIRA AR B SR, MISE, B4 S
d’:XEOMi_XciZO (14)
d;#x A Defect]n] &, 2 (13) R 725 LY R (Tb) A8 h

WIS A R B AGG)

HAEAA 5y 2%
SRAREZEAHIE
X, X, X

PRAG A R B (OSG)

NLPjﬁﬁ” 2.&

F PR RI(SQP) IR BEAT KA, SQPIHLIE A 8l g 2

BEE AL A UGAE II{E (initial guess, 1G). A T HiLRILIL
2 GLIE R S AL W) - g, FF45 G, K Je k]
ATHR PR SRACAAA I ER AT DA SR, ] 1 oS,
s NLP
ik DL A 25
7N H bR E ok
ATAT iR
IAEfR e BN
A JEI’JM
flﬁﬂ)b%%)\fa
b i ot A5 2 e B
DR | it o
{Ai kq/}ik} {%ilﬁﬁ?bl’\w\?&%@

K1 It A KA S
Fig. 1 The strategy for solving the OID problem

5%, BENLAE B AL S S EME, 2 xSRIk
ATTFETO)IRAFIRE I SR 5, BUR D 19 R 3L,
ﬁu%?ﬁﬁl}% i) 1) 2 ATk H *Tuiﬁlﬁﬁ?k
fitk, BRAFI L 55 L AR AT ik IX 25 R A )

it 2 1% 2% (initial guess generator, IGG). Z Ji7, R it
IGGUHHAF BRI AT A, AAEIRAF 5 25 5, AR
YA WME, THEFRSUUL R (16), SRAFMAGE S

2R Bea, B E NS 5 S EBEACIRES
Ji FE(TO) AT HUEAR 73, T b g5 SR 2 5 by de
P e R PRI, A St A ANV RE b 2 1515 21 4
. XD A FR LA A A2 B #S (optimal solution
generator, OSG).

IGG 5 OSGHL Ry, 1 A H I OID U5 2%, 5]
NOIDIN S 5, B4 5 GE IR AR 51 2 Hohl vF SR



%57 W

RS RSN R R A B 893

K27,
u(®) x=f(t,%,u,0)
oD { y=h(t,x,u,0)+Ay }

y(®

)

SRR ST

ETHE )

2 BATOIDM M ZH iR
Fig. 2 Parameters estimation procedure with OID

S EAHE SR AR, I Z LR R &
G MBS T u () H TS RGE AT, (7]
FE LI SCIE AR A HERE R I Aa I 1E, 5 RS
R Ny () — AN HFREE, THEAF S50 AL
THES.

4 PiEEH|(Simulation example)
4.1 HPHIFAI(Mathematical model)

h T BAEASCR AR B T VR S5
FERE 3 e ) SRR, B AN R
[ B2 AN SR AL T ), L3050y TN

Jo+w Jw=r, (17)

KX J = diag{Jy, Jo, Js} R EIE S w =
[w1,w2,w3]T7‘JWMZI§%5$§95%; T = [Tl,Tg,Tg}Tj‘J
BN IR Z R G RIR S AR N 5 5 0 ok
w T, AR5 A T4 RE T LU R sl &, D)% H AR
Hw .

KA SEE AR FRIE, f7

W1 —Wwowsg waows

o(t,,r) = | wiws Wy —wiws |,

—Wiwy wWiwz W3
n=1[Ji,Jo, 3], v(t)=[r,72,m5]"
WG TS HUN B SAE RSB 73 )R
n = [200, 400, 300] T kg x m?,
no = [100, 200, 150]T kg x m,
By NFFEEI T = 60s, i A7 € [—4,4] N, 1IE5%
FERRBOIE SR R
T1:k=2, 5,8, 12,
m:k=3,6,9, 13,
T3 k=4, 7,10, 14.
42 BRI B4R (Result of OID)
TEMATLAB2012b 055 1 4 5 1 A SCHEHY 1 e

DL AN TRV, A HIMATLABARAL T
B4 b fmincon B A0 FH 1 SQPELYZE, IGGHY BLHTY
MECR10, OSGRT BT /R 60. JLEAT 10K AL
b, BER T A FEIT435.96 5. 1R HH TN
55 ZHINVIEEAGV) R JG 45 R (0S V), 7
AT VLR PR 1) 25 A HUCR 6.0696, LAk 5 1 4%
H%001.7365.

&1 BINE SRS RAERT
Table 1 Input parameters of IGV and OSV

comparison
IGV oSV
LTIPN
Ak UV Ak Pk

0.5573 1.7201 0.0786  2.7262
- 0.6459 -1.0283  0.5585 -3.0685
' 0.4987 09094  0.0824 -3.0249
0.7974 -0.7317 0.6178 3.1375
0.2256  2.2065  0.8780 -3.1270
. 0.5514  2.1998  0.9364 -3.1243
2 0.3594 -1.5282 0.1869  2.8878
0.1418  0.6611 0.8676  3.0590
0.4365 03720  0.0009 -3.1313
. 0.3213  0.1414  0.0015 -3.1237
° 0.3594 24337 0.0245  3.1406
0.6538 —-1.4927 0.7566 -3.0446

cond(P) 6.0696 1.7365

BRI AR 73 AR FLSE R G AY, 1)y
TS B R G NE 5 RS L W B3 . A
Kl a] LUA H, TS S T IE 52k ek 4L,
ARBTG5 20 5 L i Ik 2 U B, BV R SeAE
WU &5 R ¥ 0 BT ERARAS, XM BT/ kAT S B
WIS I AR AR ). AN, N )R I
2150 %, AR T EEPATHM R BLAE 5.

4.3 ZEHFRSE RS H(Result of parameters iden-
tification)

h T BAEAL S BRI 5 e ER M S BRI
R BE, 5INPT =2 M R A i (R R i A
—doublet 7 55321 15— L SL RSk
RIBEAT IR, PR 5 PRI Ta] PR ROR S i 21 /4] 4
P, 55 B3 EE AT I, 3K R A\ PRI (R RIR 2 i
N RN N

SRR ) eI R IR 2 D8 s,
] AR AR IS EAE IR G I 2 RS
JrRE, LIRS 5 S HUR Ak T, A U
Bs BN 7340705 25 K 1e-3 rad/s )il g, S
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g - e 1N
5 - 1/ ,’ \\ AY \ 1 W\ ’ \ : 1
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T‘f’
el - ~
S == “="Xf" N il - s ~
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§ | 1 1 1 1 ]
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T‘.’J
- . '\ —\
< 4 ~ A\ ’ N0
= W/ N ’ N ’
~N 4 \ X /l S
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o o> “\
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SN 1 1 1 1 ]
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K 3 Y S AR A ARSI

Fig. 3 Histories of state and input variables use IGV and

OSV input parameters

7,/ Nm

sr
Z
o 0
=
=5
0
t/s
===3211 —— doublet
w04k L
Bo02f T T T
< ool ~
8] 0.0 | L [l I R |
0 10 20 30 40 50 60
t/s
v 01 e
3 0.0 f=rmmsim = - [ T ——— -
s/ -0.1
§ -0.2 1 1 | 1 |ll""""”i
0 10 20 30 40 50 60
t/s
002 R
T 000 [ 7 S
< 002 st
% ’ 1 1 g et 1 |
0 10 20 30 40 50 60
t/s
----- doublet wnew3211

Kl 4 1§ #3211 F1doubletfi ASRAF PR EL 54 A\ Sk

Fig. 4 Histories of state and input variables use 3211 and

doublet inputs

G [T
X Lk e e T S T ——
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=
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L, e P A T |t L etk ] kT e
o0 300 (AL ,7“""
< .
(E 200 B e 1 L 1 1 1 |
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): T
X
o0 R s ————
= mmmmmmt T
‘%ﬁ 1 | | i
30 40 50 60
t/s
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so0r- (200 kg x m? ); FRHLALIR KA 5 OSV)iE

g ok (IR, Jof S0 I 9] T S A ¢

= 2000 T J, HARALE A (OSV)RIWIRE A G V)i
= 0 e ARG LA 300 kg x m?).

3 N\ e IR EEEEEet WSS IR 2 | AJ]| IR, BRALHA

N —— O U TR T

0 10 20 30 40 50 00 LML T, > 20 S HILELIAS ke x

t/s

—OSsvV. == IGV  ---doublet 3211

5 SRR S IS5 i i

Fig. 5 Paramters estimation histories use difference inputs

LA, B T doublet R4y A4k, Ho A 3% 4 A
15 S T A T Ty 38 B AR DR S5 2 9 Al

m?, FFORFFRE.

A E— 2D LEAN RV A Sl T 1 2 8pl o
KGR, X SRR R AT T 2 RS RIg i A,
LASRAS Z 5 v ORI T 22, 10000 4R i)
TR RIS Hh T AT ZZ 42 51, W] LA
F i, IRIEASO B S A A SR B3
T RGO

2 TEAE TR T W5 FAE T A, 7 EAntasTii £

Table 2 Mean, variation and error of estimation use difference inputs

A £ FRUEZE (FHAR ZE %)

INCEES
J1 Jo J3
(O 202.721949£0.171982(1.361%)  389.812335+1.441511(2.547%) 301.020173+0.453521(0.340%)
IGV 201.095667 £0.647204(0.548%)  384.861888=1.782874(3.785%) 304.132288+0.617003(1.377%)
doublet 240.172067 £0.005689(20.086%)  434.623422+0.231552(8.656%) 239.491251+0.003016(20.170%)
3211 200.190018 £0.001222(0.095%)  370.154939+0.011852(7.461%)  163.6215951+0.000747(45.459%)

5 458 (Conclusions)

BB H A T3S R RN
HEFIUERE.

ASCEE N — RS HT e AE et R 4, 18
TR RO SR A N LT T 1%
T AR 3 AL SE M FIMAK I R B R S
WA, R e/ e S AR A A A A, M Re e
Fx BRI 5 2 I 2 (VR R AT 5%, kR T OID IR
LR TR AR R BV T ST AR

Ak, SR IE 5% 06 BUE ) 5k S N5 5 IR
RREY, A0 I M (AN A A 29 A DR AT R IS 2 A
N2, 1] DA 2 I 2R PUZE [RI B YT aa fr
HHE, b RGPS SIS AE TR SR H
FERC A2 B RS AR &, Bevh I AT LA SRS AV
TRAE T FR AR MR 7] 8 ) A A SR S A Ak ) i
RS2 NG LTI o = R 3B T B U i M TR N
2 WIS B R RS, U T A SR R
T3, TR, v DOl T SIOE L,
G G R R )
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