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Abstract: In order to solve the problems of difficulty in evaluation indexes values determination and the difficulty of

ranking interval numbers during the optimal selection of mining method in multiple attribute decision making, the interval-

number-weights of evaluation indexes determination method based on the statistics of experts’ experiences was proposed

after numerous mining experts evaluation indexes and their values were counted and analyzed. The target interval number

was defined during ranking finite interval numbers, and two-dimensional relations between interval numbers and the target

interval number were analyzed which based on interval numbers be indicated in the Gauss-Krueger plane rectangular

coordinate system. On the basic of these, the advantage degree function of interval numbers which can rank finite interval

numbers and interval numbers with equal symmetry axis was defined based on the principles of geometry and limits,

then the applying procedures of ranking interval numbers in multiple attribute decision making based on two-dimensional

information were given. At last, the feasibility and effectiveness of this method were verified through a mining method

optimal selection multiple attribute decision making example.
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2 (Preliminaries of interval

numbers)
2.1 (Basic definitions of interval

numbers)
1 [15, 20] ã = [aL, aU] = {a|aL�a�aU,

aL, aU∈R} , aL aU ã

. , aL = aU , ã .

2 [5, 12] ã=[aL, aU] b̃=[bL, bU],

ã+ b̃ = [aL + bL, aU + bU]; aL, bL>0, ã, b̃

, ã
⊗

b̃ = [aL · bL, aU · bU].
3 [18, 21] ã=[aL, aU], l+(ã)=(aL

+ aU)/2 ã , l−(ã) = aU − aL

ã .

4 [15, 22] ã = [aL, aU] b̃ = [bL,

bU], P (ã � b̃) ã b̃ P (ã � b̃) ∈
[0, 1], P (ã � b̃)+P (b̃� ã)=1. P (ã� b̃) >

0.5, ã � b̃; P (ã � b̃)=0.5, ã= b̃; P (ã � b̃)

x < 0.5, b̃ � ã.

5 [12, 17] ã = [aL, aU] b̃ = [bL,

bU], aL � bU, P (ã � b̃) = 1, P (b̃ � ã) = 0.

2.2 (The target interval numbers)
ã1, ã2, · · · , ãn , ãm

, aU
m = max(aU

1 , a
U
2 , · · · , aU

n ), ãm = [aL
m,

aU
m] ; max(aU

1 , a
U
2 , · · · , aU

n )=aU
c =

aU
d = · · · = aU

k , a
L
i = max(aL

c , a
L
d , · · · , aL

k),

ãi, ,

,

.

, ,

.

2.3
(Two-dimensional relations of interval nu-

mbers analysis in Gauss-Krueger plane rectan-

gular coordinate system)
,

, ,

, ã = [aL, aU] = {a|aL � a�aU,

aL < aU, aL, aU ∈ R
+}.

1, 1 .

1)

x y .

2) ã = [aL, aU]
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, ã∗ (aL
∗ , a

U
∗ )

3 y = aU, x = 0 y = x

.

3) 4 y= aL, x= aL, y = −x+ 2l+(ã)

y = x+ l−(ã) 5 , 4

.

4) y = aL ( )

,

; x = aL ( )

,

; ,

5) y = −x+ 2l+(ã) ( )

, ;

y = x+ l−(ã) ( )

, .

3 (Ranking method of inter-

val numbers)
3.1 (The advantage degree fun-

ction of interval numbers)
1 , ã∗ = [aL

∗ , a
U
∗ ]

(aL
∗ , a

U
∗ ) y = −x+

2l+(ã) , ã∗ ã ,

l+(ã∗) = l+(ã), y = −x+ 2l+(ã)

. , y = x+ l−(ã) .

1

Fig. 1 Interval numbers in the Gauss-Krueger plane

rectangular coordinate system

,

y =

−x+2l+(ã) y = x+ l−(ã)

, ,

.

( ) ã

y = −x+ 2l+(ã) y = x+

l−(ã) (0, aL), (aU, aU), (ai,

ai) (0, aU), (ai, ai) y=x(aL < x < aU)

. ã∗ l−(ã∗) l+(ã∗)

.

y = −x+ 2l+(ã) (0, aL)

(aU, aU)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d−1max =
|0 + aL − 2l+(ã)|√

12 + 12
=

aU

√
2
,

d+1max =
|aU + aU − 2l+(ã)|√

12 + 12
=

l−(ã)√
2

.

y = x+ l−(ã) (ai, ai)

(0, aU)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d−2max =
|ai − ai + l−(ã)|√

12 + (−1)2
=

l−(ã)√
2

,

d−2max =
|0− aU + l−(ã)|√

12 + (−1)2
=

aL

√
2
.

y = −x+ 2l+(ã) ( )

(aL
∗ , a

U
∗ ),

d−1∗ =
|aL

∗ + aU
∗ − 2l+(ã)|√
12 + 12

=
2l+(ã)− 2l+(ã∗)√

2
.

y = −x+ 2l+(ã) ( )

(aL
∗ , a

U
∗ ),

d+1∗ =
|aL

∗ + aU
∗ − 2l+(ã)|√
12 + 12

=
2l+(ã∗)− 2l+(ã)√

2
.

y = −x+ 2l+(ã) (aL
∗ , a

U
∗ ),

0.

y = −x+ 2l+(ã) , ã∗
ã , 0.5,

l+(ã∗) l+(ã) 0.5.

lim
l+(ã∗)→l+(ã)−

(
d−1∗

d−1max

· x1 + x2) = 0.5 =⇒

lim
l+(ã∗)→l+(ã)−

2l+(ã)− 2l+(ã∗)
aU

· x1 + x2 =

0 + x2 = 0.5,

lim
l+(ã∗)→l+(ã)+

(
d+1∗

d+1max

· x3 + x4) = 0.5 =⇒

lim
l+(ã∗)→l+(ã)+

2l+(ã∗)− 2l+(ã)

l−(ã)
· x3 + x4 =

0 + x4 = 0.5.
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y = −x+ 2l+(ã)

(0, aL) , ã∗
, (0, aL) 0,

lim
l+(ã∗)→aL/2

(
d−1∗

d−1max

· x1 + x2) = 0 =⇒

lim
l+(ã∗)→aL/2

2l+(ã)− 2l+(ã∗)
aU

· x1 + x2 =

x1 + x2 = 0.

y = −x+ 2l+(ã)

(aU, aU) , ã∗
, (aU, aU)

1,

lim
l+(ã∗)→aU

(
d+1∗

d+1max

· x3 + x4) = 1 =⇒

lim
l+(ã∗)→aU

2l+(ã∗)− 2l+(ã)

l−(ã)
· x3 + x4 =

x3 + x4 = 1.

x1, x2, x3 x4 −0.5, 0.5, 0.5

0.5. (1),

, .

, S1

S2 :

S1(ã∗ � ã) =⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0.5− (l+(ã)− l+(ã∗))/aU, l+(ã∗) < l+(ã),

0.5, l+(ã∗) = l+(ã),

(l+(ã∗)−l+(ã))/l−(ã)+0.5, l+(ã∗) > l+(ã),

aU
∗ > aL,

(1)

S2(ã∗ � ã) =⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(l−(ã)− l−(ã∗))/2l−(ã) + 0.5 , l−(ã∗) < l−(ã),
0.5, l−(ã∗) = l−(ã),
0.5− (l−(ã∗)− l−(ã))/2aL, l−(ã∗) > l−(ã),
aU
∗ > aL,

(2)

P (ã∗ � ã) =⎧⎪⎨
⎪⎩
S1(ã∗ � ã), aU

∗ > aL, l+(ã∗) �= l+(ã),

S2(ã∗ � ã), aU
∗ > aL, l+(ã∗) = l+(ã),

0, aU
∗ � aL,

(3)

, ,

, ;

, ,

. ,

, .

3.2 (Procedures of ranking inter-

val numbers)
1) ,

ã.

2) ã∗ ã

, aU
∗ � aL,

P (ã∗ � ã) = 0; aU
∗ > aL, (1)

S1,

. ,

(2)

S2, S2 .

3) P (ã∗ � ã) = 0,

1) 2), ,

.

2.

2

Fig. 2 Procedures of ranking interval numbers

3.3 (Effects verification of

ranking interval numbers)
.

ã1 = [2, 8], ã2 = [4, 6], ã3 =

[0.5, 7], ã4 = [1, 2], ã5 = [1, 4], ã6 = [4, 7] ã7 =

[0.5, 1.5], .

1) aU
1 = max(aU

1 , a
U
2 , · · · , aU

7 ) = 8,

ã1.

2) aU
4 � aL

1 , a
U
7 � aL

1 , P (ã4 � ã1)=0=

P (ã7 � ã1).

(1) ã2, ã3, ã5 ã6 ã1

S1(ã2 � ã1) = 1/2 = S1(ã1 � ã1),
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S1(ã3 � ã1) = 11/32, S1(ã5 � ã1) = 3/16,

S1(ã6 � ã1) = 7/12,

P (ã6 � ã1) > 0.5 > P (ã5 � ã1) > P (ã3 � ã1),

ã6 � ã1 � ã5 � ã3. S1(ã2 � ã1) = S1(ã1 �
ã1) = 1/2, ã2 ã1 , (2)

ã2 ã1

S2(ã2 � ã1) = 5/6,

P (ã2 � ã1)>0.5, ã2� ã1. , 5

ã6 � ã2 � ã1 � ã5 � ã3.

3) P (ã4� ã1)=P (ã7� ã1)=0,

, ã4 ã7 . .

ã4,

S1(ã7 � ã4) = 1/4, P (ã7 � ã4) < 0.5,

ã4 � ã7, ,

ã6 � ã2 � ã1 � ã5 � ã3 � ã4 � ã7.

, ã1 ã2 ,

, .

,

.

4
(Mining method optimal selection model

based on ranking interval numbers)
4.1 (Establishment of decision-

making model)
A = A1, A2, · · · , An n

, X = x1, x2, · · · , xm m

, W = w̃1, w̃2, · · · , w̃m

, W̃j = [wL
j , w

U
j ] xj

. Ai xj ãij=

[aL
ij, aU

ij] (i = 1, 2, · · · , n; j = 1, 2, · · · ,m), Ã =

(ãij)n×m .

4.2
[23](Interval-number-weights of evalua-

tion indexes determination method based on the

statistics of experts experiences)
,

100 .

100

. ,

10 14 ,

, 3.

3

Fig. 3 Times of evaluation indexes were selected

X = x1, x2, · · · , x14,

3 , x1 , x2 ,

· · · , x14 .

K = k1, k2, · · · , k14, kj j

, W ∗=w∗
1, w

∗
2 ,

· · · , w∗
14, w∗

j j .

xj ws
j

wq
j (4)

(5). w̃j = [wL
j , w

U
j ]

wL
j wU

j (6).

1.

1

Table 1 The interval-number-weights of evaluation indexes

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14

kj 92 91 89 84 69 66 64 35 29 27 24 22 17 17

w∗
j 0.139 0.130 0.130 0.107 0.124 0.163 0.142 0.098 0.079 0.103 0.071 0.093 0.110 0.077

ws
j 0.127 0.125 0.123 0.116 0.095 0.091 0.088 0.048 0.040 0.037 0.033 0.030 0.023 0.023

wq
j 0.144 0.133 0.130 0.101 0.096 0.121 0.102 0.038 0.026 0.031 0.019 0.023 0.021 0.015

[0.127, [0.125, [0.123, [0.101, [0.095, [0.091, [0.088, [0.038, [0.026, [0.031, [0.019, [0.023, [0.021, [0.015,w̃j
0.144] 0.133] 0.130] 0.116] 0.096] 0.121] 0.102] 0.048] 0.040] 0.037] 0.033] 0.030] 0.023] 0.023]

, , , .
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ws
j = kj /

m∑
j=1

kj , (4)

wq
j = (kj · w∗

j )/
m∑
j=1

(kj · w∗
j ), (5)

{
wL
j = min(ws

j , w
q
j ),

wU
j = max(ws

j , w
q
j ).

(6)

4.3 (Standardization of evaluation

indexes)

,

,

. L ={ , ,

, }, 2.

2

Table 2 The interval-number-values of evaluation

linguistic terms

[9,10] [8,9] [7,8] [6,7]

( )

( ), ,

.

, [23]

Ã = (ãij)n×m

R̃ = (r̃ij)n×m, r̃ij = [rLij , r
U
ij ]. r

L
ij rUij

(7) (8):

,

{
rLij = aLij /max(aUij),

rUij = aUij /max(aUij),
(7)

,

{
rLij = min(aLij)/a

U
ij ,

rUij = min(aLij)/a
L
ij ,

(8)

4.4 (Calculation and

ranking comprehensive values of evaluation in-

dexes)

2, (9) Ai

z̃i. z̃i

, , .

z̃i =
m∑
j=1

w̃j · r̃ij , i = 1, 2, · · · , n. (9)

4.5 (Procedures of mining

method optimal selection)

4.

4

Fig. 4 Procedures of mining method optimal selection

5 (Application

example of mining method optimal selection)
– ,

8◦∼30◦, 352∼870 m,

92∼236 m, 1.83∼
5.54 m, 5∼11 m. ,

, .

,

(A1)

(A2) (A3)

(A4) (A5)

(A6)

(A7). 1 14 :

(x1) (x2) · · · (x14) .

(x7) (x8) (x9)

(x10) (x12) (x13)

(x14) , ;

(x1) (x2) (x4)

(x6) (x11) ,

.

1,

3. (7) (8)

4, (9) z̃i

5.
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3

Table 3 The original interval-number-values of evaluation indexes of each program

x1/% x2/% x3/(t · d−1) x4/(m · kt−1) x5/(t · h−1) x6/( ·t−1) x7 x8 x9 x10 x11/(kg ·m−3) x12 x13 x14

A1 [8, 13] [8, 17] [40, 80] [15, 18] [5, 10] [60, 80] [0.4, 0.6]

A2 [16.6, 19] [8, 17] [110, 200] [11, 14] [9, 12] [80, 90] [0.4, 0.6]

A3 [3, 5] [4, 8] [30, 50] [13, 16] [4, 6] [70, 80] [0.4, 0.6]

A4 [6, 10] [6, 10] [200, 300] [8, 12] [10, 14] [60, 80] [0.4, 0.6]

A5 [15, 18] [13, 17] [50, 70] [10, 13] [5, 8] [50, 70] [0.5, 0.7]

A6 [4, 6] [4, 8] [30, 50] [14, 17] [4, 6] [70, 80] [0.4, 0.6]

A7 [10, 15] [6, 10] [150, 200] [15, 18] [8, 10] [60, 80] [0.4, 0.6]

4

Table 4 The standard interval-number-values of evaluation indexes of each program

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14

[0.231, [0.235, [0.133, [0.444, [0.357, [0.625, [0.600, [0.700, [0.800, [0.778, [0.667, [0.778, [0.667, [0.667,A1
0.375] 0.500] 0.267] 0.533] 0.714] 0.833] 0.700] 0.800] 0.900] 0.889] 1.000] 0.889] 0.778] 0.778]

[0.158, [0.235, [0.367, [0.571, [0.643, [0.556, [0.600, [0.900, [0.700, [0.889, [0.667, [0.667, [0.778, [0.778,A2
0.181] 0.500] 0.667] 0.727] 0.857] 0.625] 0.700] 1.000] 0.800] 1.000] 1.000] 1.000] 0.889] 0.889]

[0.600, [0.500, [0.100, [0.500, [0.286, [0.625, [0.900, [0.700, [0.800, [0.889, [0.667, [0.667, [0.667, [0.667,A3
1.000] 1.000] 0.167] 0.615] 0.429] 0.714] 1.000] 0.800] 0.900] 1.000] 1.000] 1.000] 0.778] 0.778]

[0.300, [0.400, [0.667, [0.667, [0.714, [0.625, [0.800, [0.700, [0.700, [0.889, [0.667, [0.778, [0.667, [0.667,A4
0.500] 0.667] 1.000] 1.000] 1.000] 0.833] 0.900] 0.800] 0.800] 1.000] 1.000] 0.889] 1.000] 1.000]

[0.167, [0.235, [0.167, [0.615, [0.357, [0.714, [0.600, [0.600, [0.900, [0.667, [0.571, [0.667, [0.667, [0.667,A5
0.200] 0.308] 0.233] 0.800] 0.571] 1.000] 0.700] 0.700] 1.000] 0.778] 0.800] 0.778] 0.778] 0.778]

[0.500, [0.500, [0.100, [0.471, [0.286, [0.625, [0.900, [0.700, [0.800, [0.889, [0.667, [0.667, [0.667, [0.667,A6
0.750] 1.000] 0.167] 0.571] 0.429] 0.714] 1.000] 0.800] 0.900] 1.000] 1.000] 1.000] 0.778] 0.778]

[0.200, [0.400, [0.500, [0.444, [0.571, [0.625, [0.700, [0.700, [0.700, [0.667, [0.667, [0.778, [0.778, [0.778,A7
0.300] 0.667] 0.667] 0.533] 0.714] 0.833] 0.800] 0.800] 0.800] 0.778] 1.000] 0.889] 0.889] 0.889]

5

Table 5 The comprehensive interval-number-values of evaluation indexes of each program

A1 A2 A3 A4 A5 A6 A7

z̃i [0.390, 0.661] [0.317, 0.493] [0.365, 0.600] [0.433, 0.695] [0.285, 0.440] [0.349, 0.559] [0.355, 0.531]

, :

1) zU4 = max(zU1 , z
U
2 , z

U
3 , z

U
4 , z

U
5 , z

U
6 , z

U
7 ) =

0.695, z̃4.

2) zUi > zL4 , (1) z̃1, z̃2, z̃3, z̃5,

z̃6 z̃7 z̃4

S1(z̃1 � z̃4) = 0.444, S1(z̃2 � z̃4) = 0.271,

S1(z̃3 � z̃4) = 0.382, S1(z̃5 � z̃4) = 0.210,

S1(z̃6 � z̃4) = 0.342, S1(z̃7 � z̃4) = 0.326,

(3), z̃1, z̃2, z̃3, z̃5, z̃6 z̃7 z̃4
0.5 > P (z̃1 � z̃4)>P (z̃3 � z̃4)>P (z̃6 � z̃4)>

P (z̃7 � z̃4) > P (z̃2 � z̃4) > P (z̃5 � z̃4),

z̃4 � z̃1 � z̃3 � z̃6 � z̃7 � z̃2 � z̃5,

A4 � A1 � A3 � A6 � A7�A2 � A5,

(A4).

6 (Conclusions)

, ,

.

3 :

1)

, ,

, ,

;

2)
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, ,

,

,

;

3)

, ,

,

,

,

.

,

,

. ,

,

; ,

.

,

,

.
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