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Abstract: This paper focuses on the problem of gain-scheduled H∞/H2 output feedback controller synthesis for

continuous-time linear parameter varying (LPV) systems with parameter uncertainty and external disturbance simulta-

neously. First, the mathematical formulation and control objectives, including the H∞/H2 performance and regional pole

placement, of gain-scheduled mixed-objective robust dynamic output feedback controller for continuous-time LPV sys-

tems are presented. Second, in order to further reduce the conservatism of this algorithm, several slack variables and

parameter-dependent Lyapunov functions are employed to the well-established performance conditions. Then the desired

gain-scheduled mixed-objective robust dynamic output feedback controllers are reformulated as efficiently tractable finite-

dimensional convex optimization problem in terms of linear matrix inequalities (LMIs). Finally, numerical examples of a

quarter car model with an active suspension are given to illustrate the effectiveness of the proposed methods.
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2 (Problem statement)
LPV S:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) = A(θ(t))x(t) +B1(θ(t))w(t)+

B2(θ(t))u(t),

z∞(t) =C1(θ(t))x(t) +D11(θ(t))w(t)+

D12(θ(t))u(t),

z2(t) = C2(θ(t))x(t) +D22(θ(t))u(t),

y(t) = C3(θ(t))x(t),

(1)

: x(t) ∈ R
n, w(t) ∈ R

l, u(t) ∈ R
m y(t) ∈ R

n3

S

; z∞(t) ∈ R
n1 z2(t) ∈ R

n2 H∞ H2

. (1)

, A(θ(t)), B1(θ(t)), B2(θ(t)), C1(θ(t)),

C2(θ(t)), C3(θ(t)), D11(θ(t)), D12(θ(t)) D22(θ(t))

θ(t) = [θ1(t) θ2(t) · · · θr(t)]
T,

θ(t) ∈ R
r , θ(t) .

[9–10] LPV

, LPV S LPV

:

Ω(θ)
Δ
= (A(θ(t)), B1(θ(t)), B2(θ(t)),

C1(θ(t)), D11(θ(t)), D12(θ(t)),

C2(θ(t)), D22(θ(t)), C3(θ(t))) ∈ � Δ
=

{
N∑
i=1

αi(t)Ωi : αi(t) � 0,
N∑
i=1

αi(t) = 1},
(2)

: � S

, Ωi = (Ai, B1i, B2i, C1i, D11i, D12i, C2i, D22i,

C3i) S i , i = 1, 2, · · · , N .

LPV (1) LPV

KDOF :

KDOF : ẋK(t) = AK(θ)xK(t) +BK(θ)y(t),

u(t) = CK(θ)xK(t) +DK(θ)y(t),
(3)

: xK(t) ∈ R
n , AK(θ), BK(θ),

CK(θ) DK(θ)

, u(t) . (3)

KDOF LPV (1), LPV

CDOF:

CDOF : ẋcl(t) = Acl(θ)xcl(t) +Bcl(θ)w(t),

z∞(t) = C1cl(θ)xcl(t) +D1cl(θ)w(t),

z2(t) = C2cl(θ)xcl(t),

(4)

xcl(t) = [xT(t) xT
K(t)]

T. CDOF

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Acl(θ) =

[
Acl11(θ) B2(θ)CK(θ)

BK(θ)C3(θ) AK(θ)

]
,

Bcl(θ) = [BT
1 (θ) 0], D1cl(θ) = D11(θ),

C1cl(θ) =

[
CT

1 (θ) + CT
3 (θ)D

T
K(θ)D

T
12(θ)

CT
K(θ)D

T
12(θ)

]T

,

C2cl(θ) =

[
CT

2 (θ) + CT
3 (θ)D

T
K(θ)D

T
22(θ)

CT
K(θ)D

T
22(θ)

]T

,

(5)

Acl11(θ) = A(θ) +B2(θ)DK(θ)C3(θ). ,

(1)–(2) LPV LPV

: (3)

KDOF, (4)–(5)

LPV CDOF

θ(t), :

1) : CDOF

;

2) H∞ : w(t),
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γ > 0, w(t) z∞(t)

Tz∞w(s) H∞ ‖Tz∞w(s)‖∞ < γ;

3) H2 :

w(t), η > 0, w(t)

z2(t) Tz2w(s) H2 :

‖Tz2w(s)‖2 < η.

3 (Gain-

scheduled mixed-objective dynamic output

feedback controller synthesis)
3.1 (Relevant lemmas and corol-

larys)
1 LPV (4), γ > 0,

[17–18]:

1) , ‖Tz∞w(s)‖∞ < γ;

2) X∞(θ),

:⎡
⎢⎣M1(θ)Bcl(θ) X∞(θ)CT

1cl(θ)

∗ −γI DT
1cl(θ)

∗ ∗ −γI

⎤
⎥⎦ < 0, (6)

M1(θ) = Acl(θ)X∞(θ) +X∞(θ)AT
cl(θ).

2 LPV (4),

‖Tzw(s)‖2 < η, η > 0 :

X2(θ) Q(θ)

G1(θ), G2(θ) G3(θ) LMI [19]:⎡
⎢⎣M2(θ) M3(θ) Bcl(θ)

∗ −GT
2 (θ)−G2(θ) 0

∗ ∗ −I

⎤
⎥⎦ < 0, (7)

[
Q(θ) C2cl(θ)G3(θ)

∗ G3(θ) +GT
3 (θ)−X2(θ)

]
> 0, (8)

tr(Q(θ)) < η2, (9)

:

M2(θ) = Acl(θ)G1(θ) +GT
1 (θ)A

T
cl(θ),

M3(θ) = X2(θ)−GT
1 (θ) +Acl(θ)G2(θ).

3 LPV (4),

XD(θ), (10) LMI ,

LPV D(q, r) [11, 18, 20].[
−rXD(θ) qXD(θ) +Acl(θ)XD(θ)

∗ −rXD(θ)

]
< 0, (10)

D(q, r) r, (−q, 0)

LMI .

1 LPV H∞/H2

, 1–3 . ,

X∞(θ) = X2(θ) = XD(θ) = P ,

Lyapunov P ,

. ,

Lyapunov ,

Lyapunov , .

4 M , N

I , [17, 21]:

1)

[
I

N

]T

M

[
I

N

]
< 0,

2) G

M +

[
NT

−I

]
GT +G[N − I] < 0

.

1 LPV (4),

X∞(θ) G1(θ) G2(θ),

LMI :⎡
⎢⎢⎢⎣
M3(θ)M4(θ) Bcl(θ) M5(θ)

−γI D1cl(θ) C1cl(θ)G2(θ)

∗ −γI 0

∗ ∗ −G2(θ)−GT
2 (θ)

⎤
⎥⎥⎥⎦ < 0,

(11)

:

M3(θ) = Acl(θ)G1(θ) +GT
1 (θ)A

T
cl(θ),

M4(θ) = GT
1 (θ)C

T
1cl(θ),

M5(θ) = X∞(θ) +Acl(θ)G2(θ)−GT
1 (θ).

1 , LPV (4)

H∞ γ (6).

[I 0 0; 0 0 I; 0 I 0]

(6), (12). , (12)

(13).

4, GT = [G1(θ) 0 0 G2(θ)],

(13) (11). .

2 1 , 4,

3 , 2 .⎡
⎢⎣Acl(θ)X∞(θ) +X∞(θ)AT

cl(θ)

∗
∗

X∞(θ)CT
1cl(θ) Bcl(θ)

−γI D1cl(θ)

∗ −γI

⎤
⎥⎦ < 0, (12)

⎡
⎢⎢⎢⎣

I 0 0

0 I 0

0 0 I

AT
cl(θ) CT

1cl(θ) 0

⎤
⎥⎥⎥⎦

T

︸ ︷︷ ︸
[I;N ]T

⎡
⎢⎢⎢⎣
0 0 Bcl(θ) X∞(θ)

−γI D1cl(θ) 0

∗ ∗ −γI 0

∗ ∗ ∗ 0

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
M
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⎢⎢⎢⎣

I 0 0

0 I 0

0 0 I

AT
cl(θ) CT

1cl(θ) 0

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
[I;N ]

< 0, (13)

2 LPV (4) D(q, r)

, XD(θ),

G1(θ) G2(θ), LMI :⎡
⎢⎢⎣
−rXD(θ) M6(θ) XD(θ)−GT

1 (θ)

∗ −rXD(θ) Acl(θ)G2(θ)

∗ ∗ −G2(θ)−GT
2 (θ)

⎤
⎥⎥⎦ < 0,

(14)

M6(θ) = qXD(θ) +GT
1 (θ)A

T
cl(θ).

3.2 (Mixed

objective robust dynamic output feedback con-

troller)
LPV

, ,

.

LPV

.

1 LPV (4),

Q(θ)

P̃ (θ)
Δ
=

[
P11(θ)P12(θ)

∗ P22(θ)

]
,

X(θ), Y (θ), U(θ), Ã(θ),

B̃(θ), C̃(θ) D̃(θ), LMI :

Φ(θ) =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ1 Ξ2 Γ1 B1(θ) Ξ3 Ξ4

∗ Ξ5 Γ2 Y T(θ)B1(θ) Ξ6 Ξ7

∗ ∗ −γI D11(θ) Γ3 Γ4

∗ ∗ ∗ −γI 0 0

∗ ∗ ∗ ∗ Ξ8 Ξ9

∗ ∗ ∗ ∗ ∗ Ξ10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0, (15)

Ψ(θ) =

⎡
⎢⎢⎢⎢⎢⎣
Ξ1 Ξ2 Ξ3 Ξ4 B1(θ)

∗ Ξ5 Ξ6 Ξ7 Y T(θ)B1(θ)

∗ ∗ Ξ8 Ξ9 0

∗ ∗ ∗ Ξ10 0

∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎦ < 0,

(16)

Λ(θ) =

⎡
⎢⎣Q(θ) Π1 Π2

Π3 Π4

∗ ∗ Π5

⎤
⎥⎦ > 0, (17)

tr(Q(θ)) < η2, (18)

Θ(θ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Υ1 Υ2 Υ3 Υ4 Υ5 Υ6

∗ Υ7 Υ8 Υ9 Υ10 Υ11

∗ ∗ Υ1 Υ2 Υ12 Υ13

∗ ∗ ∗ Υ7 Υ14 Υ15

∗ ∗ ∗ ∗ Ξ8 Ξ9

∗ ∗ ∗ ∗ ∗ Ξ10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0, (19)

:

Π1 = C2(θ)X(θ) +D22(θ)C̃(θ),

Π2 = C2(θ) +D22(θ)D̃(θ)C3(θ),

Π3 = X(θ) +XT(θ)− P11(θ),

Π4 = I + U(θ)− P12(θ),

Π5 = Y (θ) + Y T(θ)− P22(θ),

Ξ1 = {A(θ)X(θ) +B2(θ)C̃(θ)}+ {∗}T,
Ξ2 = A(θ) + ÃT(θ) +B2(θ)D̃(θ)C3(θ),

Ξ3 = P11(θ) +A(θ)X(θ) +B2(θ)C̃(θ)−XT(θ),

Ξ4 = P12(θ) +A(θ) +B2(θ)D̃(θ)C3(θ)− U(θ),

Ξ5 = {Y T(θ)A(θ) + B̃(θ)C3(θ)}+ {∗}T,
Ξ6 = PT

12(θ) + Ã(θ)− I,

Ξ7 = P22(θ)− Y (θ) + Y T(θ)A(θ) + B̃(θ)C3(θ),

Ξ8 = −X(θ)−XT(θ), Ξ9 = −U(θ)− I,

Ξ10 = −Y (θ)− Y T(θ),

Γ1 = XT(θ)CT
1 (θ) + C̃T(θ)DT

12(θ),

Γ2 = CT
1 (θ) + CT

3 (θ)D̃
T(θ)DT

12(θ),

Γ3 = C1(θ)X(θ) +D12(θ)C̃(θ),

Γ4 = C1(θ) +D12(θ)D̃(θ)C3(θ),

Υ1 = −rP11(θ), Υ2 = −rP12(θ),

Υ3 = qP11(θ) +XT(θ)AT(θ) + C̃T(θ)BT
2 (θ),

Υ4 = qP12(θ) + ÃT(θ),

Υ5 = P11(θ)−XT(θ),

Υ6 = P12(θ)− U(θ), Υ7 = −rP22(θ),

Υ8 = qPT
12(θ) +AT(θ) + CT

3 (θ)D̃
T(θ)BT

2 (θ),

Υ9 = qP22(θ) +AT(θ)Y (θ) + CT
3 (θ)B̃

T(θ),

Υ10 = PT
12(θ)− I,

Υ11 = P22(θ)− Y (θ),

Υ12 = A(θ)X(θ) +B2(θ)C̃(θ),

Υ13 = A(θ) +B2(θ)D̃(θ)C3(θ),

Υ14 = Ã(θ), Υ15 = Y T(θ)A(θ) + B̃(θ)C3(θ),

(3) LPV

(20) , , X4(θ)

Y4(θ)

XT
4 (θ)Y4(θ) = U(θ)−XT(θ)Y (θ)

.⎧⎪⎪⎪⎨
⎪⎪⎪⎩
AK(θ) = Y −T

4 (θ)M7(θ)X
−1
4 (θ),

BK(θ) = Y −T
4 (θ)M8(θ),

CK(θ) =M9(θ)X
−1
4 (θ),

DK(θ) = D̃(θ),

(20)
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:

M7(θ) = Ã(θ)− Y T(θ)A(θ)X(θ)− Y T(θ)×
B2(θ)C̃(θ)− B̃(θ)C3(θ)X(θ)+

Y T(θ)B2(θ)D̃(θ)C3(θ)X(θ),

M8(θ) = B̃(θ)− Y T(θ)B2(θ)D̃(θ),

M9(θ) = C̃(θ)− D̃(θ)C3(θ)X(θ).

, 1 (18) (9) ,

1 (15)–(17) (19) .

2 1 2 , (3) ,

LPV (4)

(7)–(9)(11) (14) LMI ,

H∞/H2 .

1.

3 1

θ ,

, . ,

Q(θ) = Q, P̃ (θ) = P̃ ,

X(θ) = X, Y (θ) = Y,

U(θ) = U, Ã(θ) = Ã, B̃(θ) = B̃,

C̃(θ) = C̃, D̃(θ) = D̃,

. , .

3 LPV (4),

Q(θ) = Q > 0,

P̃ (θ) = P̃ =

[
P11 P12

P22

]
,

X , Y , U , Ã, B̃, C̃ D̃, LMI :

Φi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ1 Ξ2 Γ1 B1i Ξ3 Ξ4

∗ Ξ5 Γ2 Y TB1i Ξ6 Ξ7

∗ ∗ −γI D11i Γ3 Γ4

∗ ∗ ∗ −γI 0 0

∗ ∗ ∗ ∗ Ξ8 Ξ9

∗ ∗ ∗ ∗ ∗ Ξ10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0, (21)

Ψi =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ξ1 Ξ2 Ξ3 Ξ4 B1i

∗ Ξ5 Ξ6 Ξ7 Y TB1i

∗ ∗ Ξ8 Ξ9 0

∗ ∗ ∗ Ξ10 0

∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎥⎦ < 0, (22)

Λi =

⎡
⎢⎣Q Π1 Π2

∗ Π3 Π4

∗ ∗ Π5

⎤
⎥⎦ > 0, (23)

tr(Q) < η2, (24)

Θi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Υ1 Υ2 Υ3 Υ4 Υ5 Υ6

∗ Υ7 Υ8 Υ9 Υ10 Υ11

∗ ∗ Υ1 Υ2 Υ12 Υ13

∗ ∗ ∗ Υ7 Υ14 Υ15

∗ ∗ ∗ ∗ Ξ8 Ξ9

∗ ∗ ∗ ∗ ∗ Ξ10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0, (25)

:

Π1 = C2iX +D22iC̃, Π2 = C2i +D22iD̃C3i,

Π3 = X +XT − P11, Π4 = I + U − P12,

Π5 = Y + Y T − P22, Ξ6 = PT
12 + Ã− I,

Ξ1 = {AiX +B2iC̃}+ {∗}T,
Ξ2 = Ai + ÃT +B2iD̃C3i,

Ξ3 = P11 +AiX +B2iC̃ −XT,

Ξ4 = P12 +Ai +B2iD̃C3i − U,

Ξ5 = {Y TAi + B̃C3i}+ {∗}T,
Ξ7 = P22 − Y + Y TAi + B̃C3i,

Ξ8 = −X −XT, Ξ9 = −U − I,

Ξ10 = −Y − Y T,

Γ1 = XTCT
1i + C̃TDT

12i,

Γ2 = CT
1i + CT

3iD̃
TDT

12i,

Γ3 = C1iX +D12iC̃, Γ4 = C1i +D12iD̃C3i,

Υ1 = −rP11, Υ2 = −rP12,

Υ3 = qP11 +XTAT
i + C̃TBT

2i, Υ4 = qP12 + ÃT,

Υ5 = P11 −XT, Υ6 = P12 − U,

Υ7 = −rP22, Υ8 = qPT
12 +AT

i + CT
3iD̃

TBT
2i,

Υ9 = qP22 +AT
i Y + CT

3iB̃
T, Υ10 = PT

12 − I,

Υ11 = P22 − Y, Υ12 = AiX +B2iC̃,

Υ13 = Ai +B2iD̃C3i, Υ14 = Ã,

Υ15 = Y TAi + B̃C3i,

(3) LPV

(26) . ,

X4 Y4 XT
4 Y4 = U −XTY

.⎧⎪⎪⎪⎨
⎪⎪⎪⎩

AK(θ) = Y −T
4 M10(θ)X

−1
4 ,

BK(θ) = Y −T
4 (B̃ − Y TB2(θ)D̃),

CK(θ) = (C̃ − D̃C3(θ)X)X−1
4 ,

DK(θ) = D̃,

(26)

M10(θ) = Ã− Y TA(θ)X − Y TB2(θ)C̃−
B̃C3(θ)X + Y TB2(θ)D̃C3(θ)X.

4 3 (3)

LPV KDOF LMI ,

Lyapunov ,

.

, [9] [22] ,
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, LPV Ω(θ) ,

1 LMI LMI.

2 LPV (4),

Qi > 0,

P̃i =

[
P11i P12i

∗ P22i

]
,

Xi, Yi, Ui, Ãi, B̃i, C̃i, D̃i, Δij , Υij , κij , νij

LMI(27)–(35) :

Φij + Φji −Δij −ΔT
ij < 0, 1 � i < j � N, (27)

Ψij + Ψji − Υij − ΥT
ij < 0, 1 � i < j � N, (28)

Λij + Λji − κij − κTij > 0, 1 � i < j � N, (29)

Θij +Θji − νij − νTij < 0, 1 � i < j � N, (30)

tr(Qi) < η2, i = 1, 2, · · · , N, (31)

Σ1 =

⎡
⎢⎢⎢⎢⎣
Φ11 Δ12 · · · Δ1N

∗ Φ22 · · · Δ2N

∗ ∗ ...
...

∗ ∗ · · · ΦNN

⎤
⎥⎥⎥⎥⎦ < 0, (32)

Σ2 =

⎡
⎢⎢⎢⎢⎣
Ψ11 Υ12 · · · Υ1N

∗ Ψ22 · · · Υ2N

∗ ∗ ...
...

∗ ∗ · · · ΨNN

⎤
⎥⎥⎥⎥⎦ < 0, (33)

Σ3 =

⎡
⎢⎢⎢⎢⎣
Λ11 κ12 · · · κ1N

∗ Λ22 · · · κ2N

∗ ∗ ...
...

∗ ∗ · · · ΛNN

⎤
⎥⎥⎥⎥⎦ > 0, (34)

Σ4 =

⎡
⎢⎢⎢⎢⎣
Θ11 ν12 · · · ν1N

∗ Θ22 · · · ν2N

∗ ∗ ...
...

∗ ∗ · · · ΘNN

⎤
⎥⎥⎥⎥⎦ < 0, (35)

:

Φij =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ1 Ξ2 Γ1 B1j Ξ3 Ξ4

∗ Ξ5 Γ2 Y T
i B1j Ξ6 Ξ7

∗ ∗ −γI D11j Γ3 Γ4

∗ ∗ ∗ −γI 0 0

∗ ∗ ∗ ∗ Ξ8 Ξ9

∗ ∗ ∗ ∗ ∗ Ξ10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Ψij =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ξ1 Ξ2 Ξ3 Ξ4 B1j

∗ Ξ5 Ξ6 Ξ7 Y T
i B1j

∗ ∗ Ξ8 Ξ9 0

∗ ∗ ∗ Ξ10 0

∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

Λij =

⎡
⎢⎣Qi Π1 Π2

∗ Π3 Π4

∗ ∗ Π5

⎤
⎥⎦ ,

Θij =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Υ1 Υ2 Υ3 Υ4 Υ5 Υ6

∗ Υ7 Υ8 Υ9 Υ10 Υ11

∗ ∗ Υ1 Υ2 Υ12 Υ13

∗ ∗ ∗ Υ7 Υ14 Υ15

∗ ∗ ∗ ∗ Ξ8 Ξ9

∗ ∗ ∗ ∗ ∗ Ξ10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Π1 = C2jXi +D22jC̃i, Π2 = C2j +D22jD̃iC3j ,

Π3 = Xi +XT
i − P11i, Π4 = I + Ui − P12i,

Π5 = Yi + Y T
i − P22i,

Ξ1 = {AjXi +B2jC̃i}+ {∗}T,
Ξ2 = Aj + ÃT

i +B2jD̃iC3j ,

Ξ3 = P11i +AjXi +B2jC̃i −XT
i ,

Ξ4 = P12i +Aj +B2jD̃iC3j − Ui,

Ξ5={Y T
i Aj+B̃iC3j}+{∗}T, Ξ6 = PT

12i+Ãi−I,

Ξ7 = P22i − Yi + Y T
i Aj + B̃iC3j , Ξ8 = −Xi−XT

i ,

Ξ9 = −Ui − I, Ξ10 = −Yi − Y T
i ,

Γ1 = XT
i C

T
1j + C̃T

i D
T
12j , Γ2 = CT

1j + CT
3jD̃

T
i D

T
12j ,

Γ3 = C1jXi +D12jC̃i, Γ4 = C1j +D12jD̃iC3j ,

Υ1 = −rP11i, Υ2 = −rP12i,

Υ3 = qP11i +XT
i A

T
j + C̃T

i B
T
2j ,

Υ4 = qP12i + ÃT
i , Υ5 = P11i−XT

i , Υ6 = P12i−Ui,

Υ7 = −rP22i, Υ8 = qPT
12i +AT

j + CT
3jD̃

T
i B

T
2j ,

Υ9 = qP22i +AT
j Yi + CT

3jB̃
T
i , Υ10 = PT

12i − I,

Υ11 = P22i − Yi, Υ12 = AjXi +B2jC̃i,

Υ13 = Aj +B2jD̃iC3j , Υ14 = Ãi,

Υ15 = Y T
i Aj + B̃iC3j ,

(3) LPV

(20) . :

X(θ) =
N∑
i=1

αiXi, Y (θ) =
N∑
i=1

αiYi,

U(θ) =
N∑
i=1

αiUi, Ã(θ) =
N∑
i=1

αiÃi,

B̃(θ)=
N∑
i=1

αiB̃i, C̃(θ)=
N∑
i=1

αiC̃i, D̃(θ)=
N∑
i=1

αiD̃i,

X4(θ) Y4(θ) XT
4 (θ)Y4(θ) = U(θ)

− XT(θ)Y (θ) . 2.
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5 2 , Lyapunov

P (θ) P (θ) =
N∑
i=1

αiPi, . ,

3 ,

, , 2

.

6 2 ,

. 2

, γ η . ,

γ η . ,

γ η , ,

J = αγ + βη, α β . 2

min J s.t. to (27)− (35),

over Qi > 0, P̃i > 0, Xi, Yi, Ui, Ãi, B̃i, C̃i,

D̃i,Δij , Υij , κij , νij , γ, η. (36)

4 (Simulation and analysis)
, 1

[25].

, ,

,

. 1 ms (

), mu ( ); ks cs

, ku ,

, zu zs

; zr ,

; u .

msz̈s(t) + cs[żs(t)− żu(t)]+

ks[zs(t)− zu(t)] = u(t), (37)

muz̈u(t) + cs[żu(t)− żs(t)] + ks[zu(t)−
zs(t)] + ku[zu(t)− zr(t)] = −u(t). (38)

1 ,

zr,

żr = 2πq0
√

G0V ω(t), (39)

: G0 , V ,

q0 , ω(t)

. , ms

( ) . ,

m1 � ms � m2. :

x(t) = [x1(t) x2(t) x3(t) x4(t)]
T,

x1(t) = zs(t)− zu(t), x2(t) = zu(t)− zr(t),

x3(t) = żs(t), x4(t) = żu(t)

, ,

.

, z̈s(t)

;

, .

1

Fig. 1 Quarter-car model with an active suspension

: 1) z̈s(t) ,

; 2)

, ,

ku(zu − zr) � (ms +mu) g; 3)

,

,

|zs − zu| � Zmax; 4)

, , |u| � umax.

, 4 , 3

, 1 ,

. ,

z∞(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

zs(t)− zu(t)

Zmax

ku(zu(t)− zr(t))

(ms +mu)g

u(t)

umax

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

z2(t) = z̈s(t). (40)

, żs(t)

, zs(t) −
zu(t) .

y(t) = [żs(t)
T (zs(t)− zu(t))

T]T. ,
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(37)–(38)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ẋ(t) = A(�)x(t) +B1(�)ω(t) +B2(�)u(t),

z∞(t)=C1(�)x(t)+D11(�)ω(t)+D12(�)u(t),

z2(t) = C2(�)x(t) +D22(�)u(t),

y(t) = C3(�)x(t),
(41)

: � ms, :

A(ms) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 1 −1

0 0 0 1

− ks
ms

0 − cs
ms

cs
ms

ks
mu

− ku
mu

cs
mu

− cs
mu

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

B1(ms)=

⎡
⎢⎢⎢⎣

0

−2πq0
√
G0V

0

0

⎤
⎥⎥⎥⎦ , B2(ms)=

⎡
⎢⎢⎢⎢⎢⎢⎣

0

0
1

ms

− 1

mu

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

C1(ms) =

⎡
⎢⎢⎢⎢⎣

1

Zmax
0 0 0

0
ku

(ms +mu)g
0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

D11(ms) = 0, D12(ms) = [0 0
1

umax
]T,

C2(ms) = [− ks
ms

0 − cs
ms

cs
ms

],

D22(ms) =
1

ms
, C3(ms) =

[
0 0 1 0

1 0 0 0

]
,

, (41)

ms

(A(ms), B2(ms), C1(ms), C2(ms), D22(ms)) =

2∑
i=1

αi(Ai, B2i, C1i, C2i, D22i), (42)

:

α1 = (
1

ms
− 1

m2
)/(

1

m1
− 1

m2
),

α2 = (
1

m1
− 1

ms
)/(

1

m1
− 1

m2
),

(Ai, B2i, C1i, C2i, D22i) =

(A(ms), B2(ms), C1(ms), C2(ms), D22(ms)),

ms = m1(i = 1) ms = m2(i = 2).

[25], 1

1 .

1

Table 1 Parameters of the quarter-car model

ms/kg ks/(N·m−1) cs/(N·s·m−1) ku/(N·m−1) mu/kg

300 17000 1300 20000 50

1 ,

ms=(300 + λ) kg, |λ| � λ̄. λ̄ = 60 kg(

20%),

Zmax = 0.03 m,

umax = 1000 N, G0 =

64× 10−8 m3, q0 = 0.1 m−1,

V = 30 m/s. ,

q = 5, r = 5, α = β = 0.5, 2

MATLAB LMI ,

, . 2–5

.

2

Fig. 2 Vertical body acceleration

3

Fig. 3 Suspension defection

4

Fig. 4 Dynamic tire load
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5

Fig. 5 Active control force

, H2/H∞
,

,

.

0.01238 0.00516,

58.3%, . ,

, ,

100 N , .

5 (Conclusion)

, H∞ H2

, ,

LPV

; ,

Lyapunov ,

Lyapunov

; ,

. ,

, .
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1 1 (Appendix 1 Proof of Theorem
1)

X∞(θ) = X2(θ) = XD(θ) = P (θ), G1(θ) =

G2(θ) = G3(θ) = G(θ). 2 3 , XD(θ) > 0

G3(θ) +GT
3 (θ)−X2(θ) > 0, G(θ) > 0, G(θ)

. W (θ) = G−1(θ), G(θ) W (θ)

G(θ) =

[
X(θ) X1(θ)

X4(θ)X3(θ)

]
, W (θ) =

[
Y (θ) Y1(θ)

Y4(θ) Y3(θ)

]
. (A1)

, X4(θ) Y4(θ)(

, X4(θ) Y4(θ)

ΔX4(θ) ΔY4(θ), X4(θ)+ΔX4(θ) Y4(θ)+

ΔsY4(θ)
[9]),

Ψ(θ) =

[
X(θ) I

X4(θ) 0

]
, Λ(θ) =

[
I Y (θ)

0 Y4(θ)

]
. (A2)

:

{
W (θ)Ψ(θ) = Λ(θ), G(θ)Λ(θ) = Ψ(θ),

X(θ)Y (θ) +X1(θ)Y4(θ) = I.
(A3)

(5) (7)–(8) (11)–(12) , diag{Λ(θ),
I, I, Λ(θ)}, diag{Λ(θ), Λ(θ), I}, diag{I, Λ(θ)}, diag{Λ(θ),
Λ(θ), Λ(θ)} (7)–(8)(11)(14) ,

⎡
⎣Δ1 Δ2 ΛT(θ)Bcl(θ)

∗ Δ3 0

∗ ∗ −I

⎤
⎦ < 0, (A4)

[
Q(θ) C2cl(θ)G(θ)Λ(θ)

∗ Δ4

]
> 0, (A5)

⎡
⎢⎢⎣
Δ5 Δ6 ΛT(θ)Bcl(θ) Δ7

∗ −γI D1cl(θ) C1cl(θ)G(θ)Λ(θ)

∗ ∗ −γI 0

∗ ∗ ∗ Δ3

⎤
⎥⎥⎦ < 0, (A6)

⎡
⎣−rΛT(θ)P (θ)Λ(θ) Δ8 Δ9

∗ −rΛT(θ)P (θ)Λ(θ) Δ10

∗ ∗ Δ3

⎤
⎦ < 0,

(A7)

:

Δ1 = ΛT(θ)Acl(θ)G(θ)Λ(θ) + {∗}T,
Δ2 = ΛT(θ)P (θ)Λ(θ)− ΛT(θ)GT(θ)Λ(θ)+

ΛT(θ)Acl(θ)G(θ)Λ(θ),

Δ3 = −ΛT(θ)GT(θ)Λ(θ)− {∗}T,

Δ4 = ΛT(θ)G(θ)Λ(θ) + ΛT(θ)GT(θ)Λ(θ)−
ΛT(θ)P (θ)Λ(θ),

Δ5 = ΛT(θ)Acl(θ)G(θ)Λ(θ) + {∗}T,
Δ6 = ΛT(θ)GT(θ)CT

1cl(θ),

Δ7 = ΛT(θ)P (θ)Λ(θ) + ΛT(θ)Acl(θ)G(θ)Λ(θ)−
ΛT(θ)GT(θ)Λ(θ),

Δ8 = qΛT(θ)P (θ)Λ(θ) + ΛT(θ)GT(θ)AT
cl(θ)Λ(θ),

Δ9 = ΛT(θ)P (θ)Λ(θ)− ΛT(θ)GT(θ)Λ(θ),

Δ10 = ΛT(θ)Acl(θ)G(θ)Λ(θ).

, (5)(A1)–(A3) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

BT
cl(θ)Λ =

[
BT
1 (θ) BT

1 (θ)Y (θ)
]
,

ΛT(θ)G(θ)Λ(θ) =

[
X(θ) I

Δ11 Y T(θ)

]
,

C1cl(θ)G(θ)Λ(θ) =
[
Δ12 Δ13

]
,

C2cl(θ)G(θ)Λ(θ) =
[
Δ14 Δ15

]
,

ΛT(θ)Acl(θ)G(θ)Λ(θ) =

[
Δ16 Δ17

Δ18 Δ19

]
,

(A8)

:

Δ11 = Y T(θ)X(θ) + Y T
4 (θ)X4(θ),

Δ12 = C1(θ)X(θ) +D12(θ)DK(θ)C3(θ)X(θ)+

D12(θ)CK(θ)X4(θ),

Δ13 = C1(θ) +D12(θ)DK(θ)C3(θ),

Δ14 = C2(θ)X(θ) +D22(θ)DK(θ)C3(θ)X(θ)+

D22(θ)CK(θ)X4(θ),

Δ15 = C2(θ) +D22(θ)DK(θ)C3(θ),

Δ16 = A(θ)X(θ) +B2(θ)DK(θ)C3(θ)X(θ)+

B2(θ)CK(θ)X4(θ),

Δ17 = A(θ) +B2(θ)DK(θ)C3(θ),

Δ18 = Y T(θ)(A(θ)X(θ) +B2(θ)DK(θ)C3(θ)X(θ))+

Y T(θ)B2(θ)CK(θ)X4(θ)+

Y T
4 (θ)(BK(θ)C3(θ)X(θ) +AK(θ)X4(θ)),

Δ19 = Y T(θ)A(θ) + Y T(θ)B2(θ)DK(θ)C3(θ)+

Y T
4 (θ)BK(θ)C3(θ).

, :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΛT(θ)P (θ)Λ(θ) = P̃ (θ) =

[
P11(θ) P12(θ)

∗ P22(θ)

]
,

U(θ) =XT(θ)Y (θ) +XT
4 (θ)Y4(θ),

Ã(θ) = Y T(θ)(A(θ)X(θ) +B2(θ)DK(θ)C3(θ)X(θ))+

Y T(θ)B2(θ)CK(θ)X4(θ)+

Y T
4 (θ)(BK(θ)C3(θ)X(θ) +AK(θ)X4(θ)),

B̃(θ) = Y T(θ)B2(θ)DK(θ) + Y T
4 (θ)BK(θ),

C̃(θ) = DK(θ)C3(θ)X(θ) + CK(θ)X4(θ),

D̃(θ) = DK(θ).
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(A8)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΛT(θ)G(θ)Λ(θ) =

[
X(θ) I

UT(θ) Y T(θ)

]
,

C1cl(θ)G(θ)Λ(θ) =
[
Δ20 Δ21

]
,

C2cl(θ)G(θ)Λ(θ) =
[
Δ22 Δ23

]
,

ΛT(θ)Acl(θ)G(θ)Λ(θ) =

[
Δ24 Δ25,

Ã(θ) Δ26

]
,

(A9)

:

Δ20 = C1(θ)X(θ) +D12(θ)C̃(θ),

Δ21 = C1(θ) +D12(θ)D̃(θ)C3(θ),

Δ22 = C2(θ)X(θ) +D22(θ)C̃(θ),

Δ23 = C2(θ) +D22(θ)D̃(θ)C3(θ),

Δ24 = A(θ)X(θ) +B2(θ)C̃(θ),

Δ25 = A(θ) +B2(θ)D̃(θ)C3(θ),

Δ26 = Y T(θ)A(θ) + B̃(θ)C3(θ).

(A9), (A4)–(A7) 1

(16)–(19). 1 2 2

, LPV (4) KDOF

, H∞ H2 ,

LMI . .

2 2 (Appendix 2 Proof of The-
orem 2)

1 , (3)

KDOF Q(θ) > 0, P̃ (θ)

> 0, X(θ), Y (θ), U(θ), Ã(θ), B̃(θ), C̃(θ) D̃(θ) (9)–

(15). :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P̃ (θ) =
N∑
i=1

αiP̃i =
N∑
i=1

αi

[
P11i P12i

∗ P22i

]
,

Q(θ) =
N∑
i=1

αiQi, X(θ) =
N∑
i=1

αiXi,

Y (θ) =
N∑
i=1

αiYi, U(θ) =
N∑
i=1

αiUi,

Ã(θ) =
N∑
i=1

αiÃi, B̃(θ) =
N∑
i=1

αiB̃i,

C̃(θ) =
N∑
i=1

αiC̃i, D̃(θ) =
N∑
i=1

αiD̃i,

(A10)

, (27)–(30)(32)–(35) (A10), :

Φ(θ) =
N∑
j=1

N∑
i=1

αiαjΦij =

N∑
i=1

α2
iΦii +

N−1∑
i=1

N∑
j=i+1

αiαj(Φij + Φji) <

N∑
i=1

α2
iΦii +

N−1∑
i=1

N∑
j=i+1

αiαj(Δij +ΔT
ij) =

ϕTΣ1ϕ, (A11)

Ψ(θ) =
N∑
j=1

N∑
i=1

αiαjΨij =

N∑
i=1

α2
iΨii +

N−1∑
i=1

N∑
j=i+1

αiαj(Ψij + Ψji) <

N∑
i=1

α2
iΨii +

N−1∑
i=1

N∑
j=i+1

αiαj(Υij + ΥT
ij ) =

ϕTΣ2ϕ, (A12)

Λ(θ) =
N∑
j=1

N∑
i=1

αiαjΛij =

N∑
i=1

α2
iΛii +

N−1∑
i=1

N∑
j=i+1

αiαj(Λij + Λji) <

N∑
i=1

α2
iΛii +

N−1∑
i=1

N∑
j=i+1

αiαj(κij + κTij) =

ϕTΣ3ϕ, (A13)

Θ(θ) =
N∑
j=1

N∑
i=1

αiαjΘij =

N∑
i=1

α2
iΘii +

N−1∑
i=1

N∑
j=i+1

αiαj(Θij +Θji) <

N∑
i=1

α2
iΘii +

N−1∑
i=1

N∑
j=i+1

αiαj(νij + νTij) =

ϕTΣ4ϕ, (A14)

ϕ
Δ
= [α1I α2I · · · αN I]T.

, (32)–(35) Φ(θ) < 0, Ψ(θ) < 0, Λ(θ)

> 0 Θ(θ) < 0 . , Q(θ) =
N∑
i=1

αiQi

tr(Q(θ)) =
N∑
i=1

αitr(Qi) , (31) ,

(18) . (A10) (20),

. .
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