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Application of the nonlinear filtering algorithm with
a correlation noise in the dynamic positioning
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Abstract: In view of the situation that the state estimates have correlated noise in practice, the state estimation of

nonlinear system under correlation noise is studied. Firstly, the new Bayesian estimation with correlated noise is obtained

based on the Bayesian theory. Secondly, the third-degree-spherical-radial rule is used to solve the nonlinear integral, if the

noise is correlated then the Jacobi matrix of the state matrix and the observation matrix are computed respectively and the

cubature Kalman filtering with one-step auto-correlated and two-step cross-correlated noise (CKF–CCN) is obtained; if the

noise is uncorrelated then the cubature Kalman filtering (CKF) algorithm and its square root form (SCKF) are obtained.

Finally, through the simulation experiment of dynamic positioning and the results illustrate that the estimation accuracy of

proposed CKF–CCN algorithm is higher than the SCKF algorithm and the squared root cubature Kalman filtering algorithm

which only considering one-step cross-correlated noise (SCKF–CN).
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(extended Kalman filter, EKF),

,

EKF ,

(second order extended Kalman filter,

SOEKF) [6]; [7],

,

(unscented Kalman filter, UKF),

(Jacobi) ,

, . 2009 , Arasa-

ratnam (spherical-

radial)

, (cubature Kalman filter, CKF)

, , UKF

2n+ 1 2 ,

,

(SCKF)[8].

, .

, ,

,

, ,

. [9]

,

(GASF) . [10–

11]

. [9] ,

. [12]

.

[13]

. [14]

,

. ,

[9–10, 12, 14], , ,

. [15] ,

, ,

,

,

Kalman .

, ,

,

.

,

.

.

: 2

; 3 ,

; 4

,

,

(Jacobi) ,

(CKF–CCN); 5

,

(SCKF)

(SCKF–CN) ,

.

2 (Model description)
,

[2] :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ′ = u cosψ − v sinψ + ω1,

ẏ′ = u sinψ + v cosψ + ω2,

ψ̇ = r + ω3,

u̇ = ω4,

v̇ = ω5,

ṙ = ω6,

(1)

: x′, y′ ψ ,

; u, v r ,

.

, (1)

, (2):

xn+1 =

[
I3×3 B

03×3 I3×3

]
xn + Γωn, (2)

zn = hn (xn) +Ξυn. (3)

: xn+1 = [x′, y′, ψ, u, v, r],
I3×3 03×3 ,

B

B =

⎡
⎢⎣T cosψn −T sinψn 0

T sinψn T cosψn 0

0 0 T

⎤
⎥⎦ ,

T . ωn , Γ

. zn , hn

, Ξ , υn

,

. ,

:

xn = fn−1(xn−1) + un + ωn−1, (4)

zn = hn(xn) + υn, (5)

: xn ∈ R
n tn , x0
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, E[x0] = μ0, Rn n

. P0 , P0 =

E[(x0 − μ0)(x0 − μ0)
T]. fn−1 ,

tn−1 tn . un

. zn ∈ R
m tn , hn

, ωn ∈ R
n υn ∈ R

m

, :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E{ωn} = 0, E{υn} = 0,

E{ωtω
T
m} = Q(t)δt−m +Q(t,m)δt−m+1+

Q(t,m)δt−m−1,

E{υtυ
T
m} = R(t)δt−m +R(t,m)δt−m+1+

R(t,m)δt−m−1,

E{ωtυ
T
m} = S(t)δt−m + S(t,m)δt−m+1+

S(t,m)δt−m+2,

(6)

: E , T ,

δt−m Kronecker ,

δt−m =

⎧⎨
⎩0, t �= m,

1, t = m.

, :

1 ωn ∈ R
n υn ∈ R

m

,

(6). Q(t) , Q(t, t−1)

=Q(t, t+ 1) . R(t)

, R(t, t− 1) =R(t, t+ 1)

.

: Q(t) =QT(t) R(t) =RT(t), S(t)

ωn υn , S(t, t− 1) = S(t, t+ 1)

, S(t, t− 2) = S(t, t+ 2)

.

1 ,

(4) (5) .

3
(Recursive Bayesian estimation algorithm

with correlated noise)
, xn

1 n− 1 ,

x̂n|n−1 = E[xn|z1:n−1] =�
Rnx

xnP (xn|z1:n−1)dxn. (7)

, , :

Pn|n−1 =E[(xn−x̂n|n−1)(xn−x̂n|n−1)
T|z1:n−1] =�

nx

(xn − x̂n|n−1)(xn − x̂n|n−1)
T×

P(xn|z1:n−1)dxn, (8)

z1:n = {zi}ni=1 i = 1 i = n

. ωn

υn 1,

, ,

, ,

3 :

a) :

1) :

x̂n|n−1 =
�
Rnx

fn−1(xn−1)×
P (xn−1|z1:n−1)dxn−1 + un+�

Rnx
ωnP (xn−1|z1:n−1)dxn−1. (9)

2) :

P xx
n|n−1 =

�
Rnx

[fn−1(xn−1) + un−
x̂n|n−1][fn−1(xn−1) + un−
x̂n|n−1]

TP (xn−1|z1:n−1)dxn−1+�
Rnx

[fn−1(xn−1) + un − x̂n|n−1]×
ωT

nP (xn−1|z1:n−1)dxn−1+�
Rnx

ωn[fn−1(xn−1) + un−
x̂n|n−1]

TP (xn−1|z1:n−1)dxn−1+�
Rnx

ωnω
T
nP (xn−1|z1:n−1)dxn−1. (10)

b) :

1) :

ẑn|n−1 = E[zn|xn, z1:n−1] =�
Rnx

hn(xn)× P (xn|z1:n−1)dxn+�
Rnx

υnP (xn|z1:n−1)dxn. (11)

2) :

P zz
n|n−1 =�
Rnx

[hn(xn)− ẑn|n−1]×
[hn(xn)− ẑn|n−1]

TP (xn|z1:n−1)dxn+�
Rnx

[hn(xn)− ẑn|n−1]υ
T
n×

P (xn|z1:n−1)dxn +
�
Rnx

υn[hn(xn)−
ẑn|n−1]

TP (xn|z1:n−1)dxn+�
Rnx

υnυ
T
nP (xn|z1:n−1)dxn. (12)

3) :

P xz
n|n−1 =

�
Rnx

[fn−1(xn−1) + un−
x̂n|n−1][hn(xn)− ẑn|n−1]

T×
P (xn|z1:n−1)dxn+
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Rnx

[fn−1(xn−1) + un − x̂n|n−1]×
υT
nP (xn|z1:n−1)dxn +

�
Rnx

ωn×
[hn(xn)− ẑn|n−1]

TP (xn|z1:n−1)dxn+�
Rnx

ωnυ
T
nP (xn|z1:n−1)dxn. (13)

c) :

Kn :

Kn = P xz
n|n−1(P

zz
n|n−1)

−1. (14)

x̂n|n :

x̂n|n = x̂n|n−1 +Kn(zn − ẑn|n−1). (15)

P xx
n|n :

P xx
n|n = P xx

n|n−1 −KnP
zz
n|n−1K

T
n . (16)

(7)–(8) , (9)–(13) ,

[5]

,

(14)–(16) . (9)–(16)

.

ωn υn ,

(10) (12) (13),

, ,

3 , 3

:

1) :

P xx
n|n−1 =

�
Rnx

[fn−1(xn−1) + un−
x̂n|n−1][fn−1(xn−1) + un−
x̂n|n−1]

TP (xn−1|z1:n−1)×
dxn−1 +Q(t). (17)

2) :

P zz
n|n−1 =

�
Rnx

[hn(xn)− ẑn|n−1]

[hn(xn)− ẑn|n−1]
TP (xn|z1:n−1)×

dxn +R(t). (18)

3) :

P xz
n|n−1 =

�
Rnx

[fn−1(xn−1) + un−
x̂n|n−1][hn(xn)− ẑn|n−1]

T×
P (xn|z1:n−1)dxn, (19)

Q(t) R(t)

, :

Q(t) =
�
Rnx

ωnω
T
nP (xn−1|z1:n−1)dxn, (20)

R(t) =
�
nx

υnυ
T
nP (xn|z1:n−1)dxn. (21)

, , (10) (12)–

(13) (17)–(19),
[3] .

4 (Nonlinear

filtering algorithm with correlated noise)
,

, fn−1(xn−1) = Fn−1xn−1, hn(xn) =

Hnxn, Fn−1 Hn ,

, .

,

. 1 , [8]

.

:

IN (f) =
�
Rn

f(x)N (x;0, I) dx ≈
M∑
i=1

wif (ξi),

(22)

: N (x;0, I) 0, I .

wi = 1/M, i = 1, 2, · · ·M = 2n .

ξi =

√
M

2
[1]i,

[1]i . (9)–

(13) (CKF–CCN)

.

4.1 (Cubature

Kalman filtering algorithm with cross-correlat-

ed noise)
,

(CKF–CCN),

:

a) :

1) :

P xx
n−1|n−1 = Sn−1|n−1S

T
n−1|n−1. (23)

2) :

χi,n−1|n−1 = Sn−1|n−1ξi + x̂n−1|n−1,

i = 1, 2 · · ·M = 2n, ξi =

√
M

2
[1]i. (24)

3) :

χ∗
i,n|n−1 = f(χi,n−1|n−1,un). (25)

4) :

x̂n|n−1 =
1

M

M∑
i=1

χ∗
i,n|n−1. (26)

5) :

P xx
n|n−1 =

1

M

M∑
i=1

χ∗
i,n−1|n−1χ

∗T
i,n−1|n−1−
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x̂n|n−1x̂
T
n|n−1 + Fn−1Q(n− 1, n)+

[Fn−1Q(n− 1, n)]
T
+Q(t). (27)

b) .

1) :

P xx
n|n−1 = Sn|n−1S

T
n|n−1. (28)

2) :

χi,n|n−1 = Sn|n−1ξi + x̂n|n−1. (29)

3) :

Zi,n|n−1 = h(χi,n|n−1). (30)

4)

ẑn|n−1 =
1

M

M∑
i=1

Zi,n|n−1. (31)

5) :

P zz
n|n−1 =

E[(zn − ẑn|n−1)(zn − ẑn|n−1)
T|xn, z1:n−1] =

1

M

M∑
i=1

Zi,n−1|n−1Z
T
i,n−1|n−1 − ẑn|n−1ẑ

T
n|n−1+

R(t) +Hn[Fn−1Fn−2S(n− 2, n)+

Fn−1S(n− 1, n) + S(n, n)]+

{Hn[Fn−1Fn−2S(n− 2, n)+

Fn−1S(n− 1, n) + S(n, n)]}T. (32)

6) :

P xz
n|n−1 =

E[(xn − x̂n|n−1)(zn − ẑn|n−1)
T|z1:n−1] =

1

M

M∑
i=1

χi,n|n−1Z
T
i,n|n−1 − x̂n|n−1ẑn|n−1+

S(n, n) + Fn−1S(n− 1, n)+

Fn−1Fn−2S(n− 2, n). (33)

, (23)–

(26) (28)–(31) ,

(27), (32)

(33) .

1 , ,

, .

(10) (12)–(13)

,�
Rnx

hn(xn)ω
T
nP (xn|z1:n−1)dxn�

Rnx
[hn(xn)]υ

T
nP (xn|z1:n−1)dxn�

Rnx
[fn−1(xn−1)]ω

T
nP (xn−1|z1:n−1)dxn−1�

Rnx
[fn−1(xn−1)]υ

T
nP (xn|z1:n−1)dxn. (34)

, ,

.

xn ,

, ,

hn(xn) fn(xn) , ,

:

hn(xn) ≈ Hnxn, fn−1(xn−1) ≈ Fn−1xn−1,

Hn, Fn Jacobi , :

Hn =
δh(xn)

δxn

|xn=x̂n|n−1
,

Fn =
δf(xn)

δxn

|xn=x̂n|n .

,

, :

E[x̂n|n−1υ
T
n ] = 0, E[x̂n|n−1ω

T
n−1] = 0,

E[ẑn|n−1υ
T
n ] = 0, E[ωn−1ẑ

T
n|n−1] = 0.

(10) (12)–(13)

:

E[hn(xn)υ
T
n ] = (E[υnh

T
n(xn)])

T =

HnE[xnυ
T
n ] = Hn[Fn−1Fn−2 × S(n− 2, n)+

Fn−1S(n− 1, n) + S(n, n)], (35)

E[hn(xn)ω
T
n ] = HnE[xnω

T
n ] =

HnFn−1Q(n− 1, n) +HnQ(n, n), (36)

E[fn−1(xn−1)ω
T
n ] =

(
E[ωnf

T
n−1(xn−1)]

)T
=

Fn−1Q(n− 1, n), (37)

E[fn−1(xn−1)υ
T
n ] =(

E[υnf
T
n−1(xn−1)]

)T
= Fn−1E[xn−1υ

T
n ] =

Fn−1Fn−2×S(n−2, n)+Fn−1S(n−1, n). (38)

(10)(12)–(13)

, (27)(32)–(33) .

.

, (23)–(33) (14)–

(16 ) (CKF–

CCN) . 1 .

1

Table 1 Cubature Kalman Filtering algorithm with

cross-correlated noise

1) x̂n|n−1: (23)–(26);

2) P xx
n|n−1: (27);

3) ẑn|n−1: (28)–(31);

4) P zz
n|n−1: (32);

5) P xz
n|n−1: (33);

6) Kalman : (14)–(16).
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4.2
(Square root cubature Kalman filtering

with one-step cross-correlated noise)
, (CKF)

, (SCKF)

(SCKF

–CN) ,

, CKF–CCN

.

,

, (27)(32)–(33)

P xx
n|n−1 =

E[(xn − x̂n|n−1)(xn − x̂n|n−1)
T|z1:n−1] =

1

M

M∑
i=1

χ∗
i,n−1|n−1χ

∗T
i,n−1|n−1−

x̂n|n−1x̂
T
n|n−1 +Q(t), (39)

P zz
n|n−1 =

E[(zn − ẑn|n−1)(zn − ẑn|n−1)
T|xn, z1:n−1] =

1

M

M∑
i=1

Zi,n−1|n−1Z
T
i,n−1|n−1−

ẑn|n−1ẑ
T
n|n−1 +R(t), (40)

P xz
n|n−1 =

E[(xn − x̂n|n−1)(zn − ẑn|n−1)
T|z1:n−1] =

1

M

M∑
i=1

χi,n|n−1Z
T
i,n|n−1 − x̂n|n−1ẑn|n−1. (41)

, ,

(CKF)[8].

(SCKF) CKF

, CKF ,

,

,

, [8, 16], CKF SCKF

, 2 SCKF .

2

Table 2 Square root cubature Kalman filtering

1) ;

2) ;

3) ;

4) ;

5) ;

6) Kalman ;

7) ;

8) .

,

2 4)

,

P zz
n|n−1 =

E[(zn − ẑn|n−1)(zn − ẑn|n−1)
T|xn, z1:n−1] =

1

M

M∑
i=1

Zi,n−1|n−1×ZT
i,n−1|n−1−

ẑn|n−1ẑ
T
n|n−1 +R(t) +HnS(n, n)+

[HnS(n, n)]
T. (42)

, [14].

, ,

(CKF–CCN) , ,

(CKF) .

,

(SCKF) .

,

(SCKF–CN) .

(27)(32)–(33)

(39)–(41)

(42) , 1

,

. SCKF

(34), SCKF–CN (42),

, CKF–CCN

.

CKF–CCN

.

5 (Numerical simulations)
(2) (3)

, ,

, ,

. ,

T = 1 s; Γωn ,

, ωn , 1

. Γ

,

Γ = diag{var1, var2, var3, var4, var5, var6}.
,

Γ = diag{10, 10, 10, 2, 2, 2};
υn 0, 1 ,

υn = cωn−1, c = 0.8,

. Ξυn . Ξ
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,

Ξ = diag{var′1, var′2, var′3, var′4, var′5, var′6}.
,

Ξ = diag{2, 2, 2, 2, 2, 2}; x0 =

[10, 20, 10, 1, 1.5, 0.1], P0 = [1, 1,

1, 1.5, 1.5, 0.5].

,

:

RMSE : x̃i
n|n =

√
1

N

N∑
j=1

[x̃i
n|n(j)]

2
, (43)

: j , x̃i
n|n(j) i

j n , x̃i
n|n

i n .

,

(SCKF) 1;

[14] (SCKF–

CN) 2;

(CKF–CCN) 3; 200

(Monte Carlo) .

1–3 3 ,

. 4–6

3 ,

.

1

Fig. 1 RMSE of north position estimation

2

Fig. 2 RMSE of east position estimation

3

Fig. 3 RMSE of heading position estimation

4

Fig. 4 RMSE of north velocity estimation

5

Fig. 5 RMSE of east velocity estimation

6

Fig. 6 RMSE of heading velocity estimation
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1–6 , ,

/ , , /

, 1, 2, 3 . 3

3 , 3

, 3 6

, 1, 2, 3 ,

, .

3 3 RMSE

Table 3 RMSE mean of three algorithms

1RMSE 2RMSE 3RMSE

x′ 0.7582 0.4473 0.0965

y′ 0.7587 0.4469 0.0977

ψ′ 0.7676 0.4185 0.1335

u 0.3652 0.2291 0.1984

v 0.3644 0.2312 0.1980

r 0.3787 0.1946 0.0889

, ,

CKF–CNN

.

, .

CKF–CCN SCKF–CN ,

CKF SCKF . , 1(SCKF)

, , .

[14]

2(SCKF–CN),

, , 1,

,

3.

6 (Conclusions)

,

(CKF)

(CKF–CCN). CKF SCKF,

SCKF–CN ,

.

, SCKF,

SCKF–CN CKF–CCN

, CKF–CCN

. SCKF–CN

, .

CKF–CCN ,

SCKF ,

.
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