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Identification of closed-loop system by partial least absolute deviation

XU Bao-chang†, LIN Zhong-hua, XIAO Yu-yue

(Department of Automation, China University of Petroleum (Beijing), Beijing 102249, China)

Abstract: Based on approximate least absolute deviation criterion and principal component analysis, a recursive partial

approximate least absolute deviation (PALAD) identification algorithm is deduced for closed-loop system whose model

order of feedback channel is lower than that of the forward channel and there is no noise in the feedback channel. To

solve the non-differentiable problem of the least absolute deviation, a deterministic derivable function is established to

approximate the absolute value under certain situations in this paper. The proposed method can overcome the disadvantage

of large square residual of least square criterion when the identification data is disturbed by the impulse noise which obeys

symmetrical alpha stable distribution(SαS). By adopting principal component analysis to eliminate the linear correlation

among the elements of data vector, the unique solution of model parameters can be easily acquired by the proposed method.

The simulation experiments show that the proposed method can be directly used to identify closed-loop system whose

model order of feedback channel is lower than that of the forward channel. Moreover, the proposed algorithm can restrain

the impact of impulse noise effectively, has strong robustness and can be better applied to closed-loop identification..

Key words: partial least absolute deviation; closed-loop systems; principal component analysis; correlation; impulse

noise
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.

( ) ,
[11].

(partial least squares, PLS)
[12−15],

,

. ,

:
[16]

,

; Antoine [17]

(vector autoregressive moving

average, VARMA) ,

; Laur [18]

PLS (autoregress-

ive exogenous, ARX) .

, PLS

. ,

, SαS ( α

) , ,

,
[19−20], .

,

, ,

. ,
[21], .

, ,
[22−23], .

,

,

, ,

.

,

,

,

(partial approximate

least absolute deviation, PALAD).

,

. ,

,

,

,

, , ,

.

2 (Model formulation of

closed-loop system)
1 ,

.

1 : Gs(z
−1) ;

Gc(z
−1) ; Np(z

−1)

Nζ(z
−1) v(k)

ζ(k) ; Np(z
−1) p(k) ;

z−1 , z−1v(k) = v(k − 1); v(k) ζ(k)

0 σ2
v σ2

ζ ;

p(k) ; r(k) ; y(k) .

1

Fig. 1 Model structure of closed-loop system

Gs(z
−1) =

B(z−1)

A(z−1)
z−d, Gc(z

−1) =
Q(z−1)

P (z−1)
,

Nv(z
−1) =

D(z−1)

A(z−1)
, Nζ(z

−1) =
F (z−1)

P (z−1)
,

Np(z
−1) =

E(z−1)

P (z−1)
,

:
A(z−1) = 1 + a1z

−1 + · · ·+ ana
z−na ,

B(z−1) = b1z
−1 + · · ·+ bnb

z−nb ,

D(z−1) = 1 + d1z
−1 + · · ·+ dnd

z−nd ,

P (z−1) = 1 + p1z
−1 + · · ·+ pnp

z−np ,

Q(z−1) = q0 + q1z
−1 + · · ·+ qnq

z−nq ,

F (z−1) = 1 + f1z
−1 + · · ·+ fnf

z−nf ,

E(z−1) = 1 + e1z
−1 + · · ·+ ene

z−ne .

r(k) = 0, p(k) = 0,

d = 0, D(z−1) = 1,

v(k) ,

θ = [a1 a2 · · · ana
b1 b2 · · · bnb

]T. (1)

ϕ(k) = [−y(k − 1) − y(k − 2) · · · − y(k − na)

u(k − 1) u(k − 2) · · · u(k − nb)]
T.

(2)

P (z−1) = 1, Gc(z
−1) =

Q(z−1)

P (z−1)
= q0 +

q1z
−1 + · · ·+ qnq

z−nq .

{
y(k) = ϕT(k)θ + v(k),

u(k) = Gc(z
−1)y(k).

(3)
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, ζ(k) = 0,

,

ϕ(k) u(k − 1)

y(k − 1), y(k − 2), · · · , y(k − na)

, ,

. ϕ(k) ,

.

3
(Identification method of closed-loop sys-

tem based on partial approximate least abso-

lute deviation)
Φ =

[ϕ(1) ϕ(2) · · · ϕ(l)]
T

ω

t, Φ Ψ , Φ Ψ

, Φ Ψ ,

. ,

,

, ,

,

. Φ

Ψ ,

, ,

.

3.1 (Principal component analysis)

, Φ

, Φ

Ψ .

,

,
[24]:

J = min
‖ω=1‖

n∑
k=1

[‖ϕ(k)−ωωTϕ(k)‖2 +
‖y(k)− ωTϕ(k)‖2], (4)

: ϕ(k) , y(k) , ω

, n .

:

1) y x :

x = y.

2) Φ ω:

ω = xTΦ/(xTx). (5)

3) ω:

ωT
new = ωT/

∥∥ωT
∥∥ . (6)

4) Φ :

t = Φωnew/(ωT
newωnew). (7)

5) y :

cT = tTy/(tTt). (8)

6) c:

cTnew = cT/
∥∥cT∥∥ . (9)

7) y :

x = ycnew/(cTnewcnew). (10)

4) tki
tk−1
i ,

tki , 8) ,

ti+1 ; 2) , ω, c, t, x

k + 1 .

8) Φ t :

ψT = tTΦ/(tTt). (11)

9) y x :

hT = xTy/(xTx). (12)

10) x t :

β = xTt/(tTt) = tTx/(tTt). (13)

11) K f :{
K = Φ− tψT,

f = y − βthT.
(14)

Φ = K,y = f , ,

, Φ 0, ,

Φ Ψ = [ψ1 ψ2 · · · ψs], s =

rank(Φ). Φ Ψ [25]:

1 Φ n×m(m = na +nb) ,

rank(Φ) = s � m, s ts ,

Ks = 0 ∈ R
n×s. ti

, T TT = I ,

ΦTΦ = (TsΨ
T +Ks)

TΨT +Ks) = ΨΨT,

:

T = [t1 t2 · · · ts ts+1 · · · tm] ∈ R
n×m,

Ts = [t1 t2 · · · ts] ∈ R
n×s,

Ψ = [ψ1 ψ2 · · · ψs] ∈ R
m×s.

3.2 (Approximate least abso-

lute deviation criterion)

,

(L1– ),

:
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J(w) = η ln[cosh
w

η
]. (15)

(15) : η , J(w) η

. η , η ln[cosh
w

η
] ≈

|w|, J(w) ≈ |w|, .

η = 0.01, .

(3) ,

, (16)

:

J(θ) =
m∑

k=1

η ln cosh[
y(k)−ϕT(k)θ

η
], (16)

η , ,

.

3.3 (Algorithm derivation)
(3) ,

(16), Gauss-Newton

,

θ(m) = θ(m− 1) + τΔθ(m), (17)

: τ , Δθ(m) Gauss-Newton

,

Δθ(m) = −[Hm]−1g(m), (18)

: g J(θ) θ , H J(θ) Hessian

.

Jm = Jm−1 + η ln[cosh
e(m)

η
], (19)

e(m) = y(m)−ϕT(m)θ(m− 1),

Jm = Jm−1 + η ln[cosh
e(m)

η
], (20)

g(m) =
∂Jm

∂θ
|θ=θ(m−1) =

∂Jm−1

∂θ
|θ=θ(m−1) −ϕ(m) tanh[

e(m)

η
] =

g(m− 1)−ϕ(m) tanh[
e(m)

η
], (21)

Hm =
∂2Jm

∂θ2
=

1

η

m∑
k=1

ϕ(k)ϕT(k)[1− tanh2 e(k)

η
]. (22)

, Hessian , ,

,

.

Hm =
∂2Jm

∂θ2
= Hm−1 +

1

η
ϕ(m)ϕT(m)[1−

tanh2 e(m)

η
], (23)

λ(m) =
1

η
(1− tanh2 e(m)

η
),

Hm =
∂2Jm

∂θ2
= Hm−1 + λ(m)ϕ(m)ϕT(m) =

Hm−1 +
√
λ(m)ϕ(m)(

√
λ(m)ϕ(m))T. (24)

1, Φ(m) Ψ (m)

:

Ψ (m)ΨT(m) = ΦT(m)Φ(m) =

ΦT(m− 1)Φ(m− 1) +ϕ(m)ϕT(m) =

Ψ (m− 1)ΨT(m− 1) + ϕ(m)ϕT(m), (25)

Φ(m) =

[
Φ(m− 1)

ϕT(m)

]
.

(24) (25), Hm :

Hm = Ψ̄ (m)Ψ̄T(m) =

Ψ̄ (m− 1)Ψ̄T(m− 1) +√
λ(m)ϕ(m)(

√
λ(m)ϕ(m))T =

Ψ̄ (m− 1)Ψ̄T(m− 1) + ϕ̄(m)ϕ̄T(m). (26)

(21) : ϕ̄(m) =
√
λ(m)ϕ(m), Ψ̄ (m)

√
λ(m)

Φ(m) , .

Δθ(m) = −[Hm]−1g(m) =

− [
Ψ̄ (m− 1)Ψ̄T(m− 1) + ϕ̄(m)ϕ̄T(m)

]−1 ·
{g(m− 1)−ϕ(m) tanh[

e(m)

η
]}. (27)

(17) θ(m) = θ(m− 1) + τΔθ(m).

, .

, τ , θ(0) Δθ(0)

, . ,

θ , .

4 (Simulations)

, ,

,

,

,

. PALAD ,

,

,

.

,

, PALAD ,

(partial least squares, PLS)
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(least absolute deviation, LAD)

(partial least absolute deviation, PLAD) .

y(k) = −1.4y(k − 1)− 0.2y(k − 2) +

0.35u(k − 1) + 0.11u(k − 2) + v(k).

u(k) = 0.2y(k)− 3y(k − 1),

: u(k) σ2
u = 1

; v(k) σ2
v

= 1 . ,

MATLAB ,

. ,

100 L = 3000

, δ .

SαS [26],

α , SαS

fα(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1

πx

∞∑
k=1

(−1)k−1

k!
Γ (αk + 1)|x|−αk · · ·

sin(kαπ/2), 0 < α < 1;
1

πx

∞∑
k=1

(−1)k
2k!

Γ [(2k + 1)/α]x2k,

1 < α � 2,

: Γ (·) , α , α ,

SαS

, .

SαS
[27]: V

(
−π

2
,
π

2

)
, W 1 , V

W ,

Y =
sin(αV )

(cosV )1/α
(
cos((1− α)V )

W
)(1−α)/α

SαS .

4.1 (Forward channel

with white noise only)

, PALAD

PLS LAD PLAD 1

, , N δ<5% ,

. ,

LAD , PLAD

,

, PALAD

PLS [28], , PALAD PLS

, 2 .

1

Table 1 The identification results when forward channel is disturbed by white noise only

a1 a2 b1 b2 δ / % / N t / s

PALAD −1.4384 −0.2125 0.3499 0.1113 2.3405 405 0.9236

PLS −1.3832 −0.2068 0.3420 0.1026 1.4875 190 0.7315

LAD −1.3324 −1.0767 0.0509 0.1015 63.5722 2.5728

PLAD −1.3779 −0.2055 0.3409 0.1017 1.6815 2.3763

−1.4000 −0.2000 0.3500 0.1100 0.0000

2

Fig. 2 Relative error curves when forward channel is

disturbed by white noise only

1 , a1, a2, b1, b2 . 1

,

, LAD

, ,

,

, ,

, LAD .

PALAD PLAD PLS

,

, PLAD PALAD

PLS . 2, PALAD PLS

,

, PLS 5%

N PALAD ,

. , , PLS

LAD PALAD
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PLAD .

4.2 (Forward

channel with impulse noise only)
,

,

, .

,

,

α = 1.5, α = 1.2 α = 0.9 , α

, .

PALAD PLS PLAD

2–4 , 3–5 .

2 α = 1.5
Table 2 The identification results when α = 1.5

a1 a2 b1 b2 δ / % / N t / s

PALAD −1.4115 −0.2093 0.3504 0.1134 1.0460 174 0.9242

PLS −1.4153 −0.2119 0.3529 0.1040 1.4033 122 0.7322

PLAD −1.3967 −0.2087 0.3467 0.1097 0.6741 2.4815

−1.4000 −0.2000 0.3500 0.1100 0.0000

3 α = 1.2
Table 3 The identification results when α = 1.2

a1 a2 b1 b2 δ / % / N t / s

PALAD −1.3875 −0.2062 0.3425 0.1061 1.1273 100 0.9301

PLS −1.3821 −0.2057 0.3408 0.1023 1.5322 95 0.7501

PLAD −1.4038 −0.2092 0.3467 0.1088 0.7198 2.5458

−1.4000 −0.2000 0.3500 0.1100 0.0000

4 α = 0.9
Table 4 The identification results when α = 0.9

a1 a2 b1 b2 δ / % / N t / s

PALAD −1.4206 −0.2145 0.3525 0.1196 1.3156 57 0.8908

PLS −1.3832 −0.2068 0.3420 0.1026 1.3950 88 0.7229

PLAD −1.3900 −0.2073 0.3438 0.1070 0.9690 2.7507

−1.4000 −0.2000 0.3500 0.1100 0.0000

2–4 ,

, PALAD PLS PLAD

, ,

. , PLAD ,

,

. ,

, PALAD PLS

5% , PALAD

43%, PLS . α = 1.5 , NPALAD >

NPLS, PLS PALAD ;

α = 1.2 , NPALAD NPLS , PLS

PALAD ; α=0.9 , NPALAD<

NPLS, PLS PALAD .

, PALAD

, PLS .

3–5 , ,

PALAD PLS . ,

PLS , α

, PLS , PALAD

, , ,

PALAD .

, ,

PALAD ,

, α , PALAD

.

3 α = 1.5

Fig. 3 Relative error curves when α = 1.5
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4 α = 1.2 5 α = 0.9

Fig. 4 Relative error curves when α = 1.2 Fig. 5 Relative error curves when α = 0.9

4.3
(Forward channel with white noise and impulse

noise)
,

σ2
v = 1, α =

0.9 , PALAD PLS PLAD

, 5 , , 6

.

5

Table 5 The identification results when forward channel is disturbed by white noise and impulse noise

a1 a2 b1 b2 δ /% / N t / s

PALAD −1.4206 −0.2139 0.3525 0.1196 1.8391 62 0.9149

PLS −1.3827 −0.2184 0.3398 0.1005 1.9677 113 0.7357

PLAD −1.3831 −0.2064 0.3426 0.1031 1.4201 2.5575

−1.4000 −0.2000 0.3500 0.1100 0.0000

6

Fig. 6 Relative error curves when forward channel is

disturbed by white noise and impulse noise

4–5 6,

, PALAD PLAD

,

; PLS ,

PALAD . , PALAD

5% PLS

, .

[19–20] , ,

,

PLS , .

, ,

,

, , PLS

. PALAD PLS

,

, ,

, . ,

α = 1.5, α=1.2 α=0.9 , PALAD

PLS 7 .

7(a) α = 1.5

Fig. 7(a) Relative error curves when α = 1.5
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7(b) α = 1.2

Fig. 7(b) Relative error curves when α = 1.2

7(c) α = 0.9

Fig. 7(c) Relative error curves when α = 0.9

7(d) PALAD α

Fig. 7(d) Relative error curves of PALAD with different α

7(a)–7(c) , α = 1.5 ,

, , PLS

, 3 , PLS

; α ,

, PLS ,

. , PALAD

,

, , 7(d)

, α , PALAD

, , PALAD

. , ,

PALAD ,

.

4.4 (Analysis of identification re-

sults)
, :

1)

;

2)

, ,

,

, ;

3) , PLS

, ,

PALAD PLAD ;

4) , PLS

, ,

, ; PALAD PLAD

,

, ,

, , PALAD

, ,

; PLAD

, PALAD

, .

5 (Conclusions)

,

, ,

, ,

,

,

. ,

,

, ,

. , SαS

,

.
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