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Abstract: This paper proposes a new continuous higher-order sliding mode control scheme for a class of MIMO nonlin-

ear uncertain system. After implemented state feedback control, higher-order sliding mode control problem of the original

uncertain nonlinear system is equivalently transformed into finite time stability problem of multivariable uncertain integror

chains. A finite time continuous control law is firstly employed to guarantee rapid convergence of system states and finite

time stabilization of nominal integral chain system, then multivariable non-coupling super-twisting algorithm is designed to

overcome system uncertainties and achieve robustness. Finally, the whole control effect is continuous and high frequency

chattering phenomenon of sliding mode is greatly weakened. Finite time stability of the closed loop system is proved strict-

ly based on quadratic Lyapunov function. Examples concerning finite-time stabilization of a third order uncertain system

and the hovercraft circular trajectory tracking are simulated respectively to verify the effectiveness and the robustness of

the proposed approach.

Key words: continuous high-order sliding mode; multiple-input multiple-output uncertain system; multivariable super-

twisting; hovercraft
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input single output, SISO) [11–16], ,

ri � 2 MIMO
[17–20], ,

MIMO [21–22].

, 2

. Levant [23–24]

MIMO , ,

,

. [25]

,

,

,

,

. [26] MIMO ,

,

,

. [26] , , [27]

, ,

, , ,

.

,

, [28–31] SISO

.

MIMO ,

,

.

, ,

,

, .

Lyapunov . ,

, ,

.

2 (System description)
MIMO⎧⎪⎨

⎪⎩
ẋ = f(x) +

m∑
i=1

gi(x)ui,

y = s(x),
(1)

: x ∈ R
n , f(x), g(x) = [g1(x)

· · · gm(x)]
T , u = [u1

· · · um]
T∈R

m , m>1, n>1, s(x)

= [s1(x) · · · sm(x)]
T ∈ R

m ,

, f(x) g(x)

. ,

s s(x), .

r = [r1 · · · rm]
T

, .

: ,

s = ṡ = · · · =
s(r−1) = 0, r .

si ri

[s
(r1)
1 · · · s(rm)

m ]T = A(x) +B(x)u, (2)

:

A(x) = [Lr1
f s1 · · · Lrm

f sm]
T
,

B(x) =

⎡
⎢⎢⎣
Lg1L

r1−1
f s1 · · · LgmL

r1−1
f s1

...
...

...

Lg1L
rm−1
f sm · · · LgmL

rm−1
f sm

⎤
⎥⎥⎦ .

1 A(x), B(x) Ā,

B̄ ΔA, ΔB, B̄ ,⎧⎨
⎩A(x) = Ā+ΔA,

B(x) = B̄ +ΔB.
(3)

3 (Continuous

higher-order sliding mode controller design)
(2), :

u = B̄−1
[−Ā+ ν

]
, (4)

ν = [ν1 · · · νm]
T ∈ R

m .

, , (2)

[s
(r1)
1 · · · s(rm)

m ]T = [Im +ΔBB̄−1]v −
ΔBB̄−1Ā+ΔA, (5)

Im m×m .

(1) s

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ż1,i = z2,i,

...

zri−1,i = zri,i,

∀i = 1, · · · ,m,

[żr1,1 żr2,2 · · · żrm,m]
T
=

[
Im +ΔBB̄−1

]
ν−

ΔBB̄−1Ā+ΔA,
(6)

: 1 � i � m, zj,i = s
(j−1)
i , 1 � j � ri, zi = [z1,i

z2,i · · · zri,i]
T, z = [zT1 · · · zTm]

T.

(6), ν ,

ΔA ΔB ,

νftc ;

, νsup .

νftc νsup
.
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3.1 νftc(Finite time contin-

uous control law)

ΔA ΔB , (6) m

SISO ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ż1,i = z2,i,
...

żri−1,i = zri,i,

żri,i = vftc,i.

(7)

r ,

[32] .

1[32] a1,i, · · · , ari,i, b1,i,

· · · , bri,i, pri + ari,ip
ri−1 + · · · + a2,ip + a1,i,

pri + bri,ip
ri−1 + · · · + b2,ip + b1,i

, ci ∈ (0, 1), qi ∈ (1− ci, 1),

(8) (7) .

νftc,i(zi) =− a1,isgn z1,i |z1,i|q1,i − · · · −
ari,isgn zri,i |zri,i|qri,i − b1,iz1,i−
· · · − bri,izri,i, (8)

: qj−1,i=
qj,iqj+1,i

2qj+1,i − qj,i
, j∈{2, · · ·, ri}, qri+1,i=

1, qri,i = qi.

|zji| > 1 , (7) , −b1,iz1,i
− · · · − bri,izri,i , ,

, |zji| < 1 ,

−a1,isgn z1,i|z1,i|q1,i − · · · − ari,i sgn zri,i
|zri,i|qri,i ,

.

3.2 (System robustness realiza-

tion)

, ΔA ΔB,

νftc (6) ,

νsup
.

σ(z) = [zr1,1 zr2,2 · · · zrm,m]
T −

� t

0
νftcdt, (9)

σ̇(z) = [żr1,1 żr2,2 · · · żrm,m]
T − νftc. (10)

(6) (10) ν = νftc + νsup,

σ̇ = [Im +ΔBB̄−1]νsup −ΔBB̄−1Ā+

ΔA+ΔBB̄−1νftc =

νsup + ψ̂, (11)

ψ̂ = −ΔBB̄−1Ā+ΔA+ΔBB̄−1νftc+ΔBB̄−1

νsup, ψ̂

‖ψ̂‖ � ς1‖σ‖, (12)

ς1 > 0.

(11) ,

, u . νsup

νsup = −λ1

σ

‖σ‖ 1
2

− λ2σ + vv, (13)

v̇v = −λ3

σ

‖σ‖ − λ4σ. (14)

(13) (11) ,

σ̇ = −λ1

σ

‖σ‖ 1
2

+ vv − λ2σ + ψ̂. (15)

1 (1),

,

u = B̄−1[−Ā+ νftc + νsup], (16)

vftc, vsup (8)(13)–(14) ,

s .

Lyapunov

V (σ, vv)=
1

2
νT
supνsup+

1

2
vTv vv+2λ1‖σ‖+ λ2σ

Tσ.

(17)

Θ = {(σ, vv) ∈ R
2m : σ = 0}, (18)

, Θ , V (σ, vv) .

V (σ, vv) ,

V̇ (σ, vv) =

(λ2
2 + 2λ4)σ

Tσ̇ + (
1

2
λ2
1 + 2λ3)

σTσ̇

‖σ‖+
3

2
λ1λ2

σTσ̇

‖σ‖ 1
2

+2vTv v̇ − λ2(σ
Tv̇+σ̇Tvv)−

λ1(
(v̇Tv σ + vTv σ̇)

‖σ‖ 1
2

− (σTσ̇)(vTv σ)

2‖σ‖ 5
2

). (19)

(14)–(15) (19), (σ, vv) /∈ Θ

V̇ (σ, vv) = − (λ2λ4 + λ3
2)‖σ‖2 − (λ1λ4+

5

2
λ1λ

2
2)‖σ‖

3
2 − (λ2λ3 + 2λ2

1λ2)‖σ‖−

(λ1λ3 +
1

2
λ3
1)‖σ‖

1
2 +

λ1(σ
Tvv)(v

T
v σ)

2‖σ‖ 5
2

+

λ2
1

σTvv
‖σ‖ + 3λ1λ2

σTvv

‖σ‖ 1
2

− λ1

vTv vv

‖σ‖ 1
2

+

2λ2
2σ

Tvv − λ2‖vv‖2 + 3

2
λ1λ2

σTψ̂

‖σ‖ 1
2

+
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λ1σ
Tψ̂vTv σ

2‖σ‖ 5
2

+ (
1

2
λ2
1 + 2λ3)

σTψ̂

‖σ‖ −

λ1

vTv ψ̂

‖σ‖ 1
2

+ (λ2
2 + 2λ4)σ

Tψ̂ − λ2ψ̂
Tvv,

(20)

,

V̇ (σ, vv) �
− (λ2λ4 + λ3

2)‖σ‖2 − (λ1λ4+

5

2
λ1λ

2
2)‖σ‖

3
2 − (λ2λ3 + 2λ2

1λ2)‖σ‖−

(λ1λ3 +
1

2
λ3
1)‖σ‖

1
2 +

λ1|σTvv|2
2‖σ‖ 5

2

+

λ2
1

|σTvv|
‖σ‖ + 3λ1λ2

|σTvv|
‖σ‖ 1

2

+ 2λ2
2|σTvv|−

λ2‖vv‖2 + 3

2
λ1λ2

|σTψ̂|
‖σ‖ 1

2

+

λ1|σTψ̂‖vTv σ|
2‖σ‖ 5

2

+ (
1

2
λ2
1 + 2λ3)

|σTψ̂|
‖σ‖ +

λ1

|vTv ψ̂|
‖σ‖ 1

2

+ (λ2
2 + 2λ4)|σTψ̂|+ λ2|ψ̂Tvv|. (21)

– (12),

V̇ (σ, vv) �
− (λ2λ4 + λ3

2)‖σ‖2 − (λ1λ4+

5

2
λ1λ

2
2)‖σ‖

3
2 − (λ2λ3 + 2λ2

1λ2)‖σ‖−

(λ1λ3 +
1

2
λ3
1)‖σ‖

1
2 + λ2

1‖vv‖+
2λ2

2‖σ‖‖vv‖+ 3λ1λ2‖σ‖ 1
2 ‖vv‖−

λ2‖vv‖2 + λ1‖vv‖2
2‖σ‖ 1

2

+ (
1

2
λ2
1 + 2λ3)ς1·

‖σ‖+ 3

2
λ1λ2ς1‖σ‖ 3

2 + (λ2
2 + 2λ4)ς1·

‖σ‖2 + λ2ς1‖σ‖‖vv‖+ 3

2
λ1ς1‖σ‖ 1

2 ‖vv‖. (22)

x̃ = (‖σ‖ 1
2 , ‖σ‖, ‖vv‖)T, (22)

V̇ � − 1

‖σ‖ 1
2

x̃TΠx̃− x̃TΛx̃, (23)

:

Π =

⎡
⎢⎢⎢⎢⎢⎣
Π11 0 −λ2

1

2

0 Π22 −3λ1λ2

2

−λ2
1

2
−3λ1λ2

2

λ1

2

⎤
⎥⎥⎥⎥⎥⎦ ,

Π11 =
λ3
1

2
+ λ1λ3,

Π22 = λ1λ4 +
5

2
λ1λ

2
2 −

3

2
λ1λ2ς1,

Λ =

⎡
⎢⎢⎢⎢⎣

Λ11 0 −3

4
λ1ς1

0 Λ22 Λ23

−3

4
λ1ς1 Λ32 λ2

⎤
⎥⎥⎥⎥⎦ ,

Λ11 = λ2λ3 + 2λ2
1λ2 − (

1

2
λ2
1 + 2λ3)ς1,

Λ22 = λ2λ4 + λ3
2 − (λ2

2 + 2λ4)ς1,

Λ23 = −λ2
2 −

1

2
λ2ς1, Λ32 = Λ23.

λ1 > 0, λ2 > 0, λ3 > 0, λ4 >
9λ2

1λ
2
2

4λ3

+ 2λ2
2

+
3

2
λ2ς1 , Π > 0.

, λ1 > 0, λ2 > 2ς1, λ3 > λΛ
3 , λ4 > λΛ

4

,

λΛ
1 =

(9/16)(λ1ς1)
2

λ2(λ2 − 2ς1)
+

(1/2)λ2
1ς1 − 2λ2

1λ2

λ2 − 2ς1
, (24)

λΛ
2 =

k1
k2(λ2 − 2ς1)

+
2λ2

2ς1 +
1
4
λ2ς

2
1

λ2 − 2ς1
, (25)

k1 =
9

16
(λ1ς1)

2(λ2 +
1

2
ς1)

2/λ2
2.

k2 = λ2(λ3 + 2λ2
1)− (2λ3 +

1

2
λ2
1)ς1−

9

16
(λ1ς1)

2/λ2.

Λ > 0.

Π > 0, Λ > 0, λ1, λ2λ3, λ4⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

λ1 > 0,

λ2 > 2ς1,

λ3 > λΛ
3 ,

λ4 > max(
9λ2

1λ
2
2

4λ3

+ 2λ2
2 +

3λ2ς1
2

, λΛ
4 ).

(26)

, (26) λmin(Π)‖x̃‖2 � x̃TΠx̃ � λmax(Π)

‖x̃‖2

V̇ � − 1

‖σ‖ 1
2

x̃TΠx̃ � − 1

‖σ‖ 1
2

λmin(Π)‖x̃‖2. (27)

X̃ = (
σ

‖σ‖ 1
2

, σ, vv)
T, σ, vv

‖X̃‖ = ‖x̃‖, (27)

V̇ � − 1

‖σ‖ 1
2

λmin(Π)‖X̃‖2. (28)

[33] ,

P ∈ R
3m×3m, (17) V = X̃TPX̃ ,

V � λmax(P )‖X̃‖2, , (28)

V̇ � − 1

‖σ‖ 1
2

λmin(Π)

λmax(P )
V. (29)
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V
1
2 >

√
λmin(P )‖σ‖ 1

2 , (σ, vv)

/∈ Θ,

V̇ � −τ1V
1
2 , (30)

τ1 =
λmin(Π)

√
λmin(P )

λmax(P )
.

(14)–(15)

Θ\{0}, , σ = vv = 0 , Θ

. , t0, (σ(t0), vv(t0)) ∈
Θ\{0}, σ(t0) = 0, (σ(t0), z(t0)) ∈ Θ\
{0}, (18), σ̇(t)|t=t0 = vv(t0) �= 0. , vvi(t)

vv(t0) �= 0, t0 T0

⊂ R, σi(t) .

(14)–(15) , (30) ,

V (t) , ,

Lyapunov , ,

(σ, vv) = 0 . σ = vv = 0 (15)

, ψ̂(0) = 0, σ̇ = 0, , σ

= σ̇ = 0.

Im +ΔBB̄−1 , , vsup
veqsup, σ̇ = 0, (11)

veqsup =
[
Im +ΔBB̄−1

]−1
(ΔBB̄−1Ā−

ΔA−ΔBB̄−1vftc). (31)

v = vftc + veqsup (6), (7)

, vftc 1 ,

, ,

s r .

1 1 , λ1, λ2, λ3, λ4

(26), s
[11] .

4 (Simulation verification)

4.1 (Third-order uncertain inte-

grator chain)

⎧⎪⎪⎨
⎪⎪⎩
ż1,i = z2,i,

ż2,i = z3,i,

ż3,i = νi + sin(10z1,i).

(32)

, [26]

(32)

. ,

νftc,i = −sgn z1,i|z1,i| 12 − 1.5sgn z2,i ·
|z2,i| 35 − 1.5sgn z3,i|z3,i| 34 . (33)

νi = νftc,i + 1.1sgn(z3,i + zaux),

żaux = −νftc,i. (34)

(8) (26), b3,i=1.0, b2,i=1.0, b1,i =

0.5, λ1 = 0.01, λ2 = 1.1, λ3 = 0.01, λ4 = 2.0.

[26] ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

νi = νnom,i + νs,i,

νnom,i=−sgn z1,i|z1,i| 12 −1.5sgn z2,i|z2,i| 35−
1.5sgn z3,i|z3,i| 34 −0.5z1,i−z2,i−z3,i,

żaux = −νnom,i,

νs,i = −1.1
z3,i + zaux

‖z3,i + zaux‖
1
2

+ ωi−

0.01(z3,i + zaux),

ω̇i = −2
z3,i + zaux
‖z3,i + zaux‖ − 0.01(z3,i + zaux).

(35)

Simulink 0.0006, 1 z1,i,

z2,i, z3,i 3 , 2

. , ,

, ;

[26]

, , ;

, (32)

sin(10z1,i) (35)

νs,i , ,

(35) νnom,i ,

(35) ,

, .

1

Fig. 1 States response
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, ,

ω̇i, ,

, (14) λ3λ4 , λ3λ4 ,

, λ3 = 0.02, λ4 = 7,

3 , , λ3λ4 ,

, [26]( 2) ,

.

2

Fig. 2 Control input

3 λ3 = 0.02, λ4 = 7

Fig. 3 States response and control input under the proposed al-

gorithm when λ3 = 0.02 and λ4 = 7

(8)νnom,i a1,

a2, a3, b1, b2, b3 ,

, a1, a2, a3, b1, b2, b3 ,

. 1 νnom,i a1 = 1,

a2 = 1.5, a3 = 1.5, b1 = 0.5, b2 = 1, b3 = 1,

a1 = 1.1, a2 = 1.7, a3 = 1.7, b1 = 0.7, b2
= 1.2, b3 = 1.1, 4, 1 4 ,

(35) a1, a2,

a3, b1, b2, b3 ,

, ,

.

4

Fig. 4 States response when control parameters becomes big-

ger

4.2 (Circular trajectory tra-

cking for hovercraft)

( 5) ,

,

, ,

, ,

, ,

.

5

Fig. 5 Hovercraft

,

, ,

, ,

,

,

,

.

,

, ,

. [22]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = η cosφ− ε sinφ,

ẏ = η sinφ+ ε cosφ,

φ̇ = ω,

η̇ = εω + uη,

ε̇ = −ηω − ρε+Δε(x),

ω̇ = uω +Δω(t),

(36)
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: x, y , φ , η, ε, ω

, uη, uω

.

, ,

Δω(t) , 0, 0.2

,

Δε(x) = 0.15 sin(10x) + 0.2 cos(10x).

ρη + uη � χ > 0 ,

10 m ⎧⎪⎨
⎪⎩
xs(t) = 10 cos

πt

6
,

ys(t) = 10 sin
πt

6
.

(37)

.

s =

[
s1
s2

]
=

[
x− xs

y − ys

]
,

(36) s

. s 4 :

s(4) = Ā+ΔA+ (B̄ +ΔB)

[
üη

uω

]
, (38)

:

B̄ =

[
cosϕ cosϕ(ρε)− sinϕ(ργ + uη)

sinϕ sinϕ(ρε) + cosϕ(ργ + uη)

]
,

ΔB =

[
0−Δε cosφ

0 −Δε sinφ

]
,

Ā =

⎡
⎢⎢⎢⎣
(−x(4)

s − ω cosφ(ω(2ρη + uη) + 2ρ2ε)+

sinφ(ρ3ε+ ω(ρ2η − 2u̇η − ρuη)− 2ω2ρε)

(−y(4)
s − ω sinφ(ω(2ρη + uη) + 2ρ2ε)−

cosφ(ρ3ε+ ω(ρ2η − 2u̇η − ρuη)− 2ω2ρε)

⎤
⎥⎥⎥⎦ ,

ΔA =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

((Δεω
2 + Δ̇ερ− Δ̈ε −Δωuη −Δερ

2−
Δωρη) sinφ+ (2Δερω+

Δωρε− 2Δ̇εω −ΔεΔω) cosφ)

((Δωuη +Δερ
2 − Δ̇ερ−Δεω

2−
Δ̈ε +Δωρη) cosφ+

(2Δερω +Δωρε− 2Δ̇εω −ΔεΔω) sinφ)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Ā, B̄ , ΔAΔB Δε, Δω

. B̄ ,[
üη

uω

]
= B̄−1(ν − Ā). (39)

(38)

s(4) = [I +ΔBB̄−1]ν +ΔA−ΔBB̄−1Ā. (40)

⎧⎨
⎩ν = νftc + νsup,

żaux = −νftc,
(41)

:

νftc = −24

[
sgn s1|s1| 37
sgn s2|s2| 37

]
− 50

[
sgn ṡ1|ṡ1| 12
sgn ṡ2|ṡ2| 12

]
−

35

[
sgn s̈1|s̈1| 35
sgn s̈2|s̈2| 35

]
− 10

[
sgn s1|s1| 34
sgn s2|s2| 34

]
−

2

[
s1
s2

]
− 4

[
ṡ1
ṡ2

]
− 6

[
s̈1
s̈2

]
− 2

[
s1
s2

]
,

σ =

[
σ1

σ2

]
=

[
s1
s2

]
+ zaux,

νsup = −0.3
σ

‖σ‖ 1
2

+ vv − 0.1σ,

v̇v = −0.3
σ

‖σ‖ − 0.1σ.

, [26]

νftc = −24

[
sgn s1|s1| 37
sgn s2|s2| 37

]
− 50

[
sgn ṡ1|ṡ1| 12
sgn ṡ2|ṡ2| 12

]
−

35

[
sgn s̈1|s̈1| 35
sgn s̈2|s̈2| 35

]
− 10

[
sgn s1|s1| 34
sgn s2|s2| 34

]
,

νsup = (−0.3‖νftc‖+ 11)sgnσ.

s :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂0 = s, ∂i = �i−1 = s(i), i = 1, 2, 3,

∂̇0 = �0,

�0 = −27.39|∂0 − s| 34 sgn(∂0 − s) + ∂1,

∂̇1 = �1,

�1 = 28.97|∂1 − �0| 23 sgn(∂1 − �0) + ∂2,

∂̇2 = �2,

�2 = 45|∂2 − �1| 12 sgn(∂2 − �1) + ∂3,

∂̇3 = �3,

�3 = −980sgn(∂3 − �2),

(42)

: ∂1, ∂2, ∂3 ṡ, s̈, s .

ρ = 1.2, 0.006 s,

6–7 x, y

,

, ,

.
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6

Fig. 6 Hovercraft trajectory

7 x, y

Fig. 7 Hovercraft trajectory of x, y

8 , 2

,

uη , .

uω, 9 , [26] ,

uω ,

, uω , .

8

Fig. 8 Control force of hovercraft

9

Fig. 9 Control torque of hovercraft

5 (Conclusions)

MIMO

. MIMO

,

,

, .

,

, .

,

.

MIMO ,

,

.
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