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Abstract: A nonlinear generalized minimum variance (NGMV) optimal controller is designed for the tracking control

problem of osprey fixed wing unmanned aerial vehicle (UAV) where the system model includes uncertainties and non-

linear disturbances of wind. First, the dynamic model of osprey fixed wing UAV is decoupled into longitudinal and lateral

modes. Then, the tracking controllers are designed for longitudinal and lateral modes respectively. Besides, in order to

consider the nonlinear disturbance of wind, a NGMV controller is derived by increasing the dimension of the UAV system

model. So the characteristics of the wind disturbance are fully considered by designing proper NGMV controller. One

major advantage of the proposed controller is that it is not hard to extend this fig.3 method to handle general non-linear

multivariable systems with disturbances and delay terms. Numerical simulation results are provided to demonstrate the

performance of the proposed NGMV control law under the circumstances of a group of non-linear wind disturbances.

Key words: unmanned aerial vehicles (UAV); nonlinear systems; nonlinear disturbance of wind; nonlinear generalized

minimum variance control
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2 (UAVs and non-

linear disturbance models)
2.1 (UAVs model)

,

.

, 1 ,
[17–18] :

ẋ = Ax+Bu+ f(x, t), (1)

y = Cx, (2)

: A ∈ R
n×n ; B ∈ R

n×m

, m < n; C ∈ R
m×n ;

x(t) ∈ R
n ; u(t) ∈ R

m ;

f(x, t) ∈ R
n .

1

Fig. 1 A osprey fixed wing unmanned aerial vehicle

, 8

:

x = [V α q θ β p r φ ]T, (3)

: V , α , q , θ

, β , p , r

, φ .

, . ,
[19], :⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

A =

[
Alon 04×4

04×4 Alat

]
, B =

[
Blon 04×2

04×2 Blat

]
,

C =

[
Clon 02×4

02×4 Clat

]
,

(4)

: Alon, Alat∈R
4×4; Blon, Blat∈R

4×2; Clon, Clat

∈ R
2×4

.

x = [xT
lon xT

lat]
T, (5)

: xlon, xlat ∈ R
4×4 .

xlon = [V α q θ ]T, (6)

xlat = [β p r φ ]T. (7)

u =

[
ulon

ulat

]
=

⎡
⎢⎢⎢⎢⎢⎣

[
δelev
δthrust

]
[
δail
δrud

]
⎤
⎥⎥⎥⎥⎥⎦ , (8)

: δelev , ; δthrust
; δail , ; δrud
, .

2.2 (Nonlinear disturbance model)
(1) f(x, t) ,
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f(xlon, t) f(xlat, t)

f(xlon, t) = [−9.81sinθ 0 0 0]
T
+ g(x), (9)

f(xlat, t) = [0.39sinφ 0 0 0]
T
, (10)

: g(x) ∈ R
4 [19].

:

g(x) = −Alon(:, 2)
1

V0

{Uds

2
[1− cos

πs

H
]}, (11)

: H ; V0

; s ,

s =
� t2

t1
V (t)dt; Uds

[20].

g(x) , s =
� t2

t1
V (t)dt

, , ,

x5 = s,

ẋ5 = x1, x′
lon(t) ∈ R

5.

,

, .

A′
lon =

[
Alon 04×1

1 01×4

]
, B′

lon =

[
Blon

01×2

]
. (12)

3 (Control system models)

2 ,

.

: e(t) = r(t) − y(t); y(t) =

d(t) + (Wu)(t); r(t) =Wrω(t);

d(t) =Wdξd(t); z(t) = y(t) + v(t);

e0(t) = r(t) − z(t); : φc =

Pce(t)+Fcu(t); : {v(t)}, {ξ0} {ξd}
.

2 NGMV

Fig. 2 The structure figure of NGMV optimal controller

2 :

:

xr(t+ 1) = Arxr(t) +Brω(t), xr(t) ∈ R
nr , (13)

r(t) = Crxr(t), (14)

Wr(z
−1) = Cr(zI −Ar)

−1Br. (15)

:

xd(t+ 1) = Adxd(t) +Ddξd(t), xd(t) ∈ R
nd ,

(16)

d(t) = Cdxd(t), (17)

Wd(z
−1) = Cd(zI −Ad)

−1Dd. (18)

:

x0(t+ 1) = A0x0(t) + z−kB0u0(t) +D0ξ0(t),

x0(t) ∈ R
n0 , (19)

y0(t) = C0x0(t) + z−kE0u0(t), (20)

W0(z
−1) = C0 (zI −A0)

−1 z−kB0 + z−kE0.

(21)

:

xp(t+ 1) = Apxp(t) +Bpe(t), xp(t) ∈ R
np ,

(22)

yp(t) = Cpxp(t) + Epe(t) = Pce(t), (23)

e(t) =

Crxr(t)− Cdxd(t)− C0x0(t)− z−kE0u0(t). (24)

: ,

,

W1k .

, NGMV

W (t) = z−kW0kW 1k(t), (25)

u0(t) = W1ku(t). (26)



1158 33

,

{
x(t+1)=Ax(t)+Bu0(t−k)+Dξ(t),

y(t) = Cx(t) + Eu0(t− k).
(27)

, Pce(t)

e0 :

Pce(t) = yp(t) = Cφx(t) + Eφu0(t− k), (28)

e0(t) = Cex(t)− z−kE0u0(t)− v(t), (29)

:

x=

⎡
⎢⎢⎢⎣
x0

xd

xr

xp

⎤
⎥⎥⎥⎦ , A=

⎡
⎢⎢⎢⎣

A0 0 0 0

0 Ad 0 0

0 0 Ar 0

−BpC0 −BpC0 BpCr Ap

⎤
⎥⎥⎥⎦ ,

B=

⎡
⎢⎢⎢⎣

B0

0

0

−BpE0

⎤
⎥⎥⎥⎦, D=

⎡
⎢⎢⎢⎣
D0 0 0 0

0 Dd 0 0

0 0 Br 0

0 0 0 0

⎤
⎥⎥⎥⎦, ξ=

⎡
⎢⎢⎢⎣
ξ0

ξd

ω

0

⎤
⎥⎥⎥⎦,

C=

⎡
⎢⎢⎢⎣
C0

Cd

0

0

⎤
⎥⎥⎥⎦
T

, Cφ=

⎡
⎢⎢⎢⎣
−EpC0

−EpCd

EpCr

Cp

⎤
⎥⎥⎥⎦
T

, Ce=

⎡
⎢⎢⎢⎣
−C0

−Cd

Cr

0

⎤
⎥⎥⎥⎦
T

,

E = E0, Eφ = −EPE0.

4 NGMV (NGMV optimal con-

troller)
4.1 (State estimation)

NGMV k ,

,

. (27)

.
[21] :

:

x̂(t+ 1|t) = Ax̂(t|t) + z−kBu0(t). (30)

:

x̂(t+ 1|t+ 1) =

x̂(t+ 1|t) +Kf (e0(t+ 1)− ê0(t+ 1|t)) , (31)

ê0(t+ 1|t) = Cex̂(t+ 1|t)− z−kE0u0(t+ 1).

(32)

, x(t) :

x̂(t|t) =
Kf · (I − z−1(A−KfCeA))−1·
(e0(t) + z−kE0u0(t)− z−k−1CeBu0(t))+

(I−z−1(A−KfCeA))−1 ·Bu0(t) · z−k−1, (33)

Kf .

x̂(t|t)
x(t+ 1) = Ax(t) +Bu0(t− k)

(t + k) :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x̂(t+ 1|t) = Ax̂(t|t) +Bu0(t− k),

x̂(t+ 2|t) = A2x̂(t|t) +A ·Bu0(t− k)+

Bu0(t− k + 1),
...

x̂(t+ k|t) = Akx̂(t|t) + T0(k, z
−1)Bu0(t),

(34)

:

T0(k, z
−1) = z−1(I + z−1A+ · · ·+ z−k+1Ak−1).

(35)

4.2 (Optimal control)
(NGMV)

{φc}, :

φc = Pce(t) + Fcu(t). (36)

{φc} : Pce(t), Pc

; Fcu(t),

Fc. J {φc} :

J = E
{
φT
c (t)φc(t)

}
=

E
{
trace

[
φT
c (t)φc(t)

]}
, (37)

E {·} . ,

J = E {·} .

k , t

t+ k , ,

Fcu(t) = z−kFcku(t). (38)

(28) (38) (36),

zk

φc(t+ k) = Pce(t+ k) + Fcku(t) =

Cφx(t+ k) + Eφu0(t) + Fcku(t). (39)

u0 = W1ku(t), (39)

φc(t+ k) =

Cφx(t+ k) + EφW1ku(t) + Fcku(t), (40)

, φc(t+ k) φ̂c(t+ k|t)
φ̃c(t+ k|t) . , [22]

J :

J = E{φ̂T
c (t+ k|t)φ̂c(t+ k|t)}+
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E{φ̃T
c (t+ k|t)φ̃c(t+ k|t)}. (41)

φ̃c(t+ k|t) ,

φ̂T
c (·)φ̂c(·) � 0, J ,

φ̂c(t+ k|t) = 0,

φ̂c(t+ k|t) =
Cφx̂(t+ k|t) + EφW1ku(t) + Fcku(t) = 0.

(42)

(26)(34)(42)

uopt = −{
Fck +

[
CφT0(k, z

−1)B + Eφ

]
W1k

}−1 ·
CφA

kx̂(t|t), (43)

uopt = − F−1
ck [(CφA

kx̂(t|t) + (CφT0(k, z
−1)B+

Eφ) · (W1ku)(t)]. (44)

,

uopt, 3 . :

Tf1(z
−1) =Kf · (I − z−1(A−KfCeA))

−1, Cφ Ce

(28)–(29) .

3 uopt

Fig. 3 The structure of optimal control uopt

4.3 (Stability analysis)
1

Marcinkiewicz M2(R+,R
n) ,

, [23].

(33) (44) NGMV

:

uopt = −F−1
ck [(CφA

k(Tf1(z
−1)(r(t)−

(C · x(t) + E0u0(t− k) + v(t))) +

Tf2(z
−1)u0(t)) + (CφT0(k, z

−1)B +

Eφ) · (W1ku)(t)], (45)

: Tf2(z
−1) = (I − z−1(A−KfCeA))

−1 · zk ·
(KfE0 + z−1(I −KfCe)B).

, 0,

W0k = (E0 + Cφ ·B), (45)

uopt = −F−1
ck [CφA

kTf1(z
−1)r(t)−

PcW0k(z
−1)u0(t)]. (46)

W1ku(t) = u0(t),

uopt = (PcWk − Fck)
−1CφA

kTf1(z
−1)r(t), (47)

(Wu)(t) = DTWk(PcWk − Fck)
−1·

CφA
kTf1(z

−1)r(t). (48)

M2

M2 , (48) Wk

, Wk = Bk · A−1
k , Wk(PcWk −

Fck)
−1 = Bk(PcBk − FckAk)

−1. (PcWk

− Fck)
−1 M2 , (47)–(48)

. , ,

, (PcWk −
Fck)

−1 M2 . ,

(PcWk − Fck)

, .

5 (Simulation results and

analysis)
(1)–(2), Euler

[24] ,

NGMV .

(13)–(14);

(9)–(10), (11)

g(x) 1 , 3

.

0.

1

Table 1 Wind disturbance parameters

Uds/(m · s−1) H/m V0/(m · s−1)

1 10.08 15.24 30

2 13.03 15.40 35

3 10.86 15.24 25

A B

, ,

A′
lon B′

lon

Alonr Blonr,

[25].
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A′
lon =

⎡
⎢⎢⎢⎢⎢⎣

−0.15 11.08 0.08 0 0

−0.03 −7.17 0.83 0 0

0 −37.35 −9.96 0 0

0 0 1 0 0

1 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ , (49)

B′
lon =

⎡
⎢⎢⎢⎢⎢⎣

0.003 0.06

10−5 10−4

−0.98 0

0 0

0 0

⎤
⎥⎥⎥⎥⎥⎦ , Blonr =

⎡
⎢⎢⎢⎣
0 0.5

0 0

10 0

0 0

⎤
⎥⎥⎥⎦ , (50)

Alonr =

⎡
⎢⎢⎢⎣
0.6 −1.1 0 0

2.0 −2.2 0 0

0 0 −4 −600

0 0 0.1 −10

⎤
⎥⎥⎥⎦ . (51)

, 4 .

, 5

3 NGMV

.

6 . , P lat
c

F lat
c P lon

c

F lon
c

P lat
c =

⎡
⎣ 23− 15.5z−1 + 2.5z−2

1− 1.5z−1 + 0.5z−2

0

0
2.3− 4.16z−1 + 2.1z−2

1− 1.5z−1 + 0.5z−2

⎤
⎦ , (52)

P lon
c =

⎡
⎣ 30− 57.5z−1 + 27.5z−2

1− 1.5z−1 + 0.5z−2

0

0
66− 126z−1 + 61.5z−2

0.1− 0.15z−1 + 0.05z−2

⎤
⎦ , (53)

F lat
c =

[
−1 0

0 −1

]
, F lon

c =

[
−2.3 0

0 1.05

]
. (54)

4 5 ,

,

. ,

. 6 , 0

, .

, ,

.

[26–27], ,

NGMV ,

,

, .

4

Fig. 4 Roll rate and yaw rate simulation

5

Fig. 5 Pitch rate and forward velocity simulation
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6

Fig. 6 Tracking control error

6 (Conclusions)
,

,

.

,

.

,

. , 3

,

.
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