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Abstract: This paper proposes an event-triggered dual-mode distributed model predictive control method for large-scale

linear discrete-time systems subject to bounded disturbances. The event-triggering condition, which involves information

of the subsystem itself, is obtained by the input-to-state stability (ISS) theory. Only when the event-triggering condition

is satisfied, the state measurement is sent and the distributed model predictive control optimization problem is solved.

Meanwhile, the subsystem exchanges its optimal state trajectories with neighbor subsystems. When the subsystem enters

the invariant set, the state feedback control law will be applied. Moreover, no information will be exchanged between the

subsystem and its neighbor subsystems which also enter the invariant sets. The upper bound of disturbances are derived by

analyzing the recursive feasibility and closed-loop stability. Finally, the algorithm is verified through the vehicle control

systems. Simulation results show that the presented method is able to reduce the solving frequency of optimization problems

and the number of information transmissions, thus saving the computation resources and communication resources.
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: N , Z

, Rn n Eucliden ,

R
m×n m× n , In×n

n× n , QT Q .

x Q, ‖x‖ x Eucliden ,

‖x‖Q=
√
xTQx x Q . Q,

λ̄(Q) λ(Q) Q

. C , D ⊆ R
n, Pontryagin

C ∼ D = {x ∈ R
n : x+ y ∈ C, ∀y ∈ D}.

a b, min{a, b} , max{a, b}
.

2 (Problem description)
M

, Si(i = 1, · · · ,M)

xi(k + 1) = Aixi(k) +Biui(k) +wi(k), (1)

: xi(k) ∈R
ni , ui(k) ∈R

mi , wi(k) ∈R
ni

Si k ; xi(k)∈Xi=

{xi∈Rni : ‖xi‖�x̄i}, ui(k)∈Ui={ui∈Rmi : ‖ui‖�
ūi}, wi(k) ∈ Wi = {wi ∈ R

ni : ‖wi‖ � w̄i};

Ai ∈ R
ni×ni , Bi ∈ R

ni×mi .

Si

xi(k + 1) = Aixi(k) +Biui(k). (2)

1 ,

Si ,

, .

Si Sj(j∈Ni)

, Si

,

Sj , Sj ,

Ni Si Sj .

1 ,

.

1

Fig. 1 Diagram of event-triggered distributed model

predictive control

Si

Ji(k) = JE
i (k) + JF

i (k), (3)
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:

JE
i (k)�

N−1∑
l=0

(‖xi(k+l|k)‖2Qi
+‖ui(k+l|k)‖2Ri

)
+

‖xi(k +N |k)‖2Pi
, (4)

JF
i (k)�

N−1∑
l=0

∑
j∈Ni

‖xi(k+l|k)−xa
j(k+l|k)‖2Qij

, (5)

N ; Qi, Ri, Pi, Qij .

xi(k + l|k) ui(k + l|k) Si k

k + l ; xa
j(k + l|k)

Si k Sj k+ l

, Sj k − 1

: 1) Sj k − 1 ,

xa
j(k+ l|k) = x∗

j (k+ l|k− 1), l = 0, · · · , N − 1,

x∗
j (k + l|k − 1) Si

Sj k−1 ; 2)

Sj k−1 , xa
j(k+

l|k) = x̄j(k + l|k − 1), l = 0, · · · , N − 1, x̄j(k +

l|k− 1) Si Sj k−
1 .

ki
d(d∈N) Si d , ki

0=0.

ki
d , Si ,

Pi

min
ui(ki

d+l|ki
d), 0�l�N−1

Ji(k
i
d), (6)

s.t.

xi(k
i
d+l+1|ki

d)=Aixi(k
i
d+l|ki

d)+Biui(k
i
d+l|ki

d),

(7)

xi(k
i
d + l|ki

d) ∈ X l
i =Xi ∼ W l

i , l=1, · · · , N−1,

(8)

ui(k
i
d + l|ki

d) ∈ Ui, l = 0, · · · , N − 1, (9)

xi(k
i
d +N |ki

d) ∈ Xif , (10)

JE
i (k

i
d) � ϕi(k

i
d), (11)

: W l
i ={xi ∈ R

ni : ‖xi‖� 1−‖Ai‖l
1−‖Ai‖ w̄i}, Xif =

{xi ∈ R
ni : Vi(xi)� γi}, Vi(xi)�‖xi‖2Pi

, ϕi(k
i
d)

ki
d , 1

.

, ISS

,

.

3 (Event-trig-

gered dual-mode distributed model predic-

tive control)

,

, .

1[22] Si (2),

Qi Ri, εi>0, 0<γi<εi,

Pi, Ki, : 1) ∀xi∈
φi, Kixi ∈ Ui, ‖(Ai + BiKi)xi‖2Pi

− ‖xi‖2Pi
� −

‖xi‖2Q̄i
, : φi={xi∈R

ni :Vi(xi)�εi}, Q̄i=Qi+

KT
i RiKi; 2) ∀xi ∈ φi, (Ai +BiKi)xi ∈ Xif .

3.1 (Event-triggering condition)

, .

, ,

. ki
d ,

Si Pi u∗
i (k

i
d + l|ki

d),

x∗
i (k

i
d+l|ki

d) JE∗
i (ki

d). ki
d+1,

k ∈ (
ki
d, k

i
d+1

]
, :

k = ki
d + 1 ,

ūi(k+l|k)=
{
u∗

i (k+l|ki
d), l = 0, · · · , N−2,

Kix̄i(k+l|k), l = N−1;

(12)
ki
d + 1 < k � ki

d+1 ,

ūi(k+l|k)=
{
ūi(k+l|k−1), l = 0, · · · , N−2,

Kix̄i(k+l|k), l = N−1.

(13)

J̄E
i (k) J̄E

i (k − 1) Si k

ūi(k + l|k) k − 1 ūi(k + l|k − 1)

. Si ki
d

JE∗
i (ki

d), J̄E
i (k

i
d) = JE∗

i (ki
d),

ΔJE
i (k) = J̄E

i (k)− J̄E
i (k−1) =

N−1∑
l=0

(‖x̄i(k+l|k)‖2Qi
+ ‖ūi(k+l|k)‖2Ri

)
+

‖x̄i(k+N |k)‖2Pi
−

N−2∑
l=−1

(‖x̄i(k+l|k−1)‖2Qi
+

‖ūi(k+l|k−1)‖2Ri

)− ‖x̄i(k+N−1|k−1)‖2Pi
=

N−2∑
l=0

(‖x̄i(k+l|k)‖2Qi
+ ‖ūi(k+l|k)‖2Ri

−
‖x̄i(k+l|k−1)‖2Qi

− ‖ūi(k+l|k−1)‖2Ri

)
+

‖x̄i(k+N−1|k)‖2Q̄i
− ‖xi(k−1)‖2Qi

−
‖u∗

i (k−1|ki
d)‖2Ri

+

‖(Ai +BiKi)x̄i(k +N − 1|k)‖2Pi
−

‖x̄i(k+N−1|k−1)‖2Pi
+‖x̄i(k+N−1|k)‖2Pi

−
‖x̄i(k+N−1|k)‖2Pi

. (14)

1

‖(Ai+BiKi)x̄i(k+N−1|k)‖2Pi
−

‖x̄i(k+N−1|k)‖2Pi
+ ‖x̄i(k+N−1|k)‖2Q̄i

� 0.
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ūi(k+ l|k) = ūi(k+ l|k−1), l = 0, · · · , N−2

:

‖x̄i(k+l|k)− x̄i(k+l|k−1)‖ =

‖Al
i (xi(k)− x̄i(k|k − 1)) ‖ � ‖Ai‖lw̄i, (15)

‖x̄i(k+l|k)‖2Qi
− ‖x̄i(k+l|k−1)‖2Qi

�
2λ̄(Qi)‖x̄i(k+l|k−1)‖ · ‖x̄i(k+l|k)−
x̄i(k+l|k−1)‖+ λ̄(Qi)‖x̄i(k+l|k)−
x̄i(k+l|k−1)‖2 �
2λ̄(Qi)x̄i‖Ai‖lw̄i + λ̄(Qi)‖Ai‖2lw̄2

i . (16)

,

‖x̄i(k+N−1|k)‖2Pi
− ‖x̄i(k+N−1|k−1)‖2Pi

�
2λ̄(Pi)x̄i‖Ai‖N−1w̄i + λ̄(Pi)‖Ai‖2(N−1)w̄2

i . (17)

(16) :

N−2∑
l=0

(‖x̄i(k+l|k)‖2Qi
− ‖x̄i(k+l|k−1)‖2Qi

) �

2λ̄(Qi)x̄iw̄i(1−‖Ai‖N−1)
1−‖Ai‖ +

λ̄(Qi)w̄
2
i (1−‖Ai‖2(N−1))
1−‖Ai‖2 . (18)

(17)–(18) (14)

ΔJE
i (k)�−‖xi(k−1)‖2Qi

− ‖u∗
i (k−1|ki

d)‖2Ri
+

Θi(w̄i), (19)

Θi(w̄i) =

2x̄iw̄i[λ̄(Pi)‖Ai‖N−1 +
λ̄(Qi)(1−‖Ai‖N−1)

1−‖Ai‖ ] +

w̄2
i [λ̄(Pi)‖Ai‖2(N−1) +

λ̄(Qi)(1−‖Ai‖2(N−1))
1−‖Ai‖2 ].

(20)

:

Θi(w̄i)�σi

(‖xi(k−1)‖2Qi
+‖u∗

i (k−1|ki
d)‖2Ri

)
,

(21)

0 < σi < 1,

ΔJE
i (k)� (σi − 1) · (‖xi(k−1)‖2Qi

+

‖u∗
i (k−1|ki

d)‖2Ri

)
< 0. (22)

, Si k

Θi(w̄i)>σi

(‖xi(k−1)‖2Qi
+‖u∗

i (k−1|ki
d)‖2Ri

)
.

(23)

1 Si N ,

kid +N . , Si k

Θi(w̄i) > σi
(‖xi(k−1)‖2Qi

+ ‖u∗
i (k−1|kid)‖2Ri

)

k = kid +N. (24)

2 (23) , xi(k) ui(k) ,

, ,

. , , Si

φi , Ki ,

. , φj Sj

, .

3.2 (Event-

triggered dual-mode distributed model predic-

tive control algorithm)

:

1
1) k = 0 , Si, xa

j(l|0) = 0,

l = 0, · · · , N − 1, ϕi(0) = ∞. xi(0)

, Pi

u∗
i (0|0), · · · , u∗

i (N − 1|0), ui(0) = u∗
i (0|0),

x∗
i (1|0), · · · , x∗

i (N |0)
Sj , Sj

x∗
j (1|0), · · · , x∗

j (N |0)
2) k > 0 :

Si xi(k), xi(k)

φi. xi(k) ∈ φi, ui(k) = Kixi(k),

Ki (Ai +

BiKi)xi(k), · · · , (Ai +BiKi)
Nxi(k)

φj Sj . xi(k) /∈ φi,

;

Si (24) .

, ki
d = k, xi(k)

, Pi u∗
i (k|k),

· · · , u∗
i (k+N − 1|k), ui(k) = u∗

i (k|k),
x∗

i (k + 1|k), · · · , x∗
i (k +

N |k) φj Sj ,

Sj x̄j(k+1|k), · · · , x̄j(k+

N |k). , ;

xi(k),

Pi, (12) (13) ui(k) = ūi(k|k),
x̄i(k + 1|k), · · · , x̄i(k+

N |k) φj Sj ,

Sj x̄j(k + 1|k), · · · , x̄j(k+

N |k);
3) k = k + 1, .

3 Sj k ,

x̄j(k + l|k) = x∗
j (k + l|k), l = 1, · · · , N .

3.3 (Recursive feasibility)
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,

,

.

2 X l+1
i =Xi ∼ W l+1

i , l=1, · · · , N−1,

x ∈ X l+1
i y

‖x− y‖ � ‖Ai‖lw̄i, (25)

y ∈ X l
i .

z=y−x+v, v ∈ W l
i . (25)

‖z‖ =

‖y−x+v‖�‖x−y‖+‖v‖�
‖Ai‖lw̄i +

1−‖Ai‖l
1−‖Ai‖ w̄i =

1−‖Ai‖l+1

1−‖Ai‖ w̄i, (26)

z ∈ W l+1
i . X l+1

i = Xi ∼ W l+1
i

y + v = z + x ∈ Xi, (27)

y ∈ X l
i .

1 Si,

w̄i �

√
εi − γi + λ̄(Pi)x̄2

i

λ̄(Pi)
− x̄i

‖Ai‖N−1 , (28)

(12) (13) Pi .

(28) Pi

, (12) (13) Pi

(8)–(11).

1) x̄i(k + l|k) ∈ X l
i , l = 1, · · · , N − 1.

k = ki
d + 1 , (15)

‖x̄i(k
i
d+l+1|ki

d+1)−x∗
i (k

i
d+l+1|ki

d)‖�‖Ai‖lw̄i.

x∗
i (k

i
d + l + 1|ki

d) ∈ X l+1
i , 2

x̄i(k
i
d + l + 1|ki

d + 1) ∈ X l
i .

k = ki
d + 2 ,

‖x̄i(k
i
d+l+2|ki

d+2)−x̄i(k
i
d+l+2|ki

d+1)‖ �
‖Ai‖lw̄i.

x̄i(k
i
d + l + 2|ki

d + 1) ∈ X l+1
i , x̄i(k

i
d + l +

2|ki
d + 2) ∈ X l

i . , k ∈ (
ki
d, k

i
d+1

]
, x̄i(k +

l|k) ∈ X l
i .

2) x̄i(k +N |k) ∈ Xif .

k = ki
d + 1 , (17)

‖x̄i(k
i
d+N |ki

d+1)‖2Pi
− ‖x∗

i (k
i
d+N |ki

d)‖2Pi
�

2λ̄(Pi)x̄i‖Ai‖N−1w̄i + λ̄(Pi)‖Ai‖2(N−1)w̄2
i .

x∗
i (k

i
d +N |ki

d) ∈ Xif (28)

‖x̄i(k
i
d+N |ki

d+1)‖2Pi
� εi. (29)

x̄i(k
i
d +N |ki

d + 1) ∈ φi, 1,

x̄i(k
i
d+N+1|ki

d+1) =

(Ai+BiKi)x̄i(k
i
d+N |ki

d+1) ∈ Xif .

k = ki
d + 2 ,

‖x̄i(k
i
d+N+1|ki

d+2)‖2Pi
−

‖x̄i(k
i
d+N+1|ki

d+1)‖2Pi
�

2λ̄(Pi)x̄i‖Ai‖N−1w̄i + λ̄(Pi)‖Ai‖2(N−1)w̄2
i ,

‖x̄i(k
i
d+N+1|ki

d+2)‖2Pi
� εi. (30)

x̄i(k
i
d +N + 1|ki

d + 2) ∈ φi,

x̄i(k
i
d+N+2|ki

d+2) =

(Ai+BiKi)x̄i(k
i
d+N+1|ki

d+2) ∈ Xif .

, k ∈ (
ki
d, k

i
d+1

]
, x̄i(k +N |k) ∈ Xif .

3) ūi(k + l|k) ∈ Ui, l = 0, · · · , N − 1.

k = ki
d + 1 ,

ūi(k
i
d+l+1|ki

d+1) = u∗
i (k

i
d+l+1|ki

d) ∈ Ui,

l = 0, · · · , N−2.

x̄i(k
i
d +N |ki

d + 1) ∈ φi 1

ūi(k
i
d+N |ki

d+1) = Kix̄i(k
i
d+N |ki

d+1) ∈ Ui.

k = ki
d + 2 ,

ūi(k
i
d+l+2|ki

d+2) = ūi(k
i
d+l+2|ki

d+1) ∈ Ui,

l = 0, · · · , N−2.

x̄i(k
i
d +N + 1|ki

d + 2) ∈ φi,

ūi(k
i
d+N+1|ki

d+2)=Kix̄i(k
i
d+N+1|ki

d+2)∈Ui.

, k ∈ (
ki
d, k

i
d+1

]
, ūi(k + l|k) ∈ Ui.

4) J̄E
i (k) � ϕi(k).

k = ki
d + 1 , (19)

J̄E
i (k

i
d + 1)� JE∗

i (ki
d)− ‖xi(k

i
d)‖2Qi

−
‖u∗

i (k
i
d|ki

d)‖2Ri
+Θi(w̄i) �

ϕi(k
i
d + 1).

k = ki
d + 2 ,

J̄E
i (k

i
d + 2)� J̄E

i (k
i
d + 1)− ‖xi(k

i
d + 1)‖2Qi

−
‖u∗

i (k
i
d + 1|ki

d)‖2Ri
+Θi(w̄i) �

ϕi(k
i
d + 2).

, k ∈ (
ki
d, k

i
d+1

]
, J̄E

i (k) � ϕi(k).

3.4 (Stability)
1 ,

.

1[23] V (k) :

1) α1(x(k))�V (k)�α2(x(k)), ∀x(k)∈R
n,

α1 α2 K∞ ;
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2) V (k+1)− V (k)�−α3(x(k))+σ(‖w(k)‖),
∀x(k) ∈ R

n, : α3 K∞ , σ K .

V (k) ISS-Lyapunov .

3[23] ISS-Lyapunov ,

ISS.

2 Si, 1 ,

w̄i � min{
√

Πiηiεi
Ξi

,

√
εi−γi+λ̄(Pi)x̄2

i

λ̄(Pi)
−x̄i

‖Ai‖N−1 },
(31)

: 0 < ηi < 1, Πi=
λ(Q̄i)

λ̄(Pi)
− μi

λ(Pi)
, Ξi= λ̄(Pi)+

‖(Ai +BiKi)
TPi‖2

μi

, Ξi μi

max{0,
(
λ(Q̄i)−λ̄(Pi)

)
λ(Pi)

λ̄(Pi)
} < μi <

λ(Q̄i)λ(Pi)

λ̄(Pi)
, (32)

Si φi,

ψi = {xi ∈ R
ni : Vi(xi) � ηiεi}.

JE
i (k) ISS-Lyapunov

Si ISS. ∀xi(k) ∈ Xi,

JE
i (k)�‖xi(k)‖2Qi

�λ(Qi)‖xi(k)‖2 = α1(xi(k)).

(33)

JE
i (k,N) � JE

i (k),

JE
i (k,N+1) =

JE
i (k,N)−‖xi(k+N |k)‖2Pi

+‖xi(k+N |k)‖2Q̄i
+

‖(Ai+BiKi)xi(k+N |k)‖2Pi
. (34)

1, ∀xi(k) ∈ φi,

JE
i (k,N+1) � JE

i (k,N) � · · · � JE
i (k, 0) =

‖xi(k)‖2Pi
� λ̄(Pi)‖xi(k)‖2 = α2(xi(k)). (35)

Si , (19)

J̄E
i (k)− J̄E

i (k − 1) �
−α3(xi(k − 1)) + σ(‖wi(k − 1)‖), (36)

: α3(xi(k−1)) = λ(Qi)‖xi(k−1)‖2, σ(‖wi(k

− 1)‖) = Θi(w̄i). Si ,

(11) :

JE∗
i (ki

d)− J̄E
i (k

i
d − 1) �

−α3(xi(k
i
d − 1)) + σ(‖wi(k

i
d − 1)‖), (37)

: α3(xi(k
i
d− 1)) = λ(Qi)‖xi(k

i
d− 1)‖2, σ(‖wi

(ki
d − 1)‖) = Θi(w̄i). , JE

i (k) ISS-Lyapunov

. , Si ISS φi.

Si φi ,

Ki . k0 ,

xi(k0) ∈ φi. , k � k0 , ui(k)= Kixi(k).

Lyapunov Vi(k) = ‖xi(k)‖2Pi
, 1

ΔVi(k) = Vi(k + 1)− Vi(k) �
−‖xi(k)‖2Q̄i

+ ‖wi(k)‖2Pi
+

2xT
i (k)(Ai +BiKi)

TPiwi(k) �

−λ(Q̄i)

λ̄(Pi)
‖xi(k)‖2Pi

+ λ̄(Pi)w̄
2
i +

μi

λ(Pi)
‖xi(k)‖2Pi

+
‖(Ai +BiKi)

TPi‖2
μi

w̄2
i =

−Πi‖xi(k)‖2Pi
+Ξiw̄

2
i . (38)

(31)

ΔVi(k) � Πi

(−‖xi(k)‖2Pi
+ ηiεi

)
. (39)

k � k0, xi(k) ∈ ψi, k �
k0, δi > 0,

‖xi(k)‖2Pi
� ηiεi + δi. (40)

(40) (39)

ΔVi(k) � −Πiδi, (41)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Vi(k)− Vi(k − 1) � −Πiδi,

Vi(k − 1)− Vi(k − 2) � −Πiδi,

...

Vi(k0 + 1)− Vi(k0) � −Πiδi.

(42)

(42) :

Vi(k) � εi − (k − k0)Πiδi. (43)

k′ = inf
k
{k ∈Z : k � k0 +

(1−ηi)εi
Πiδi

}, Vi(k
′)�

ηiεi, (40) . xi(k0) ∈ φi, k′ � k0,

xi(k
′) ∈ ψi. (32) 0 < Πi < 1,

‖xi(k
′ + 1)‖2Pi

�
‖xi(k

′)‖2Pi
+Πi(−‖xi(k

′)‖2Pi
+ηiεi) � ηiεi. (44)

, ψi Si . , 1

, Si φi,

ψi.

4 (Simulation results)
2 3

[14], i(i = 1, 2, 3)
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xi(k+1) =⎡
⎢⎢⎢⎣
1 0.1 0 0

0 1 0 0

0 0 1 0.1

0 0 0 1

⎤
⎥⎥⎥⎦xi(k)+

⎡
⎢⎢⎢⎣
0.05 0

1 0

0 0.05

0 1

⎤
⎥⎥⎥⎦ui(k)+wi(k),

(45)

: xi = [xi1 xi2 xi3 xi4]
T, xi1 xi3 i

sxi syi , xi2 xi4

i vxi vyi ;

ui = [ui1 ui2]
T, ui1 ui2 i

ux
i uy

i .

2

Fig. 2 Vehicle control

i ‖ui(k)‖∞ � 0.15,

‖wi(k)‖ � 0.0015. 3 x1(0) =

[0.5 0 − 0.5 0]T, x2(0)=[0.5 0 0.5 0]T, x3(0)=

[−0.5 0 − 0.5 0]T. :

N = 8, εi = 1.8, γi = 1.37,

σi = 0.99, N1 = {2, 3}, N2 = {1, 3},
N3 = {1, 2}, Qi = I4×4, Ri = 3I2×2,

Qij = [1, 0, 0, 0; 0, 0, 0, 0; 0, 0, 1, 0; 0, 0, 0, 0].

Riccati

Pi=

⎡
⎢⎢⎢⎣
12.1750 1.8028 0 0

1.8028 2.6047 0 0

0 0 12.1750 1.8028

0 0 1.8028 2.6047

⎤
⎥⎥⎥⎦ ,

Ki=

[
−0.4147 − 0.5049 0 0

0 0 − 0.4147 − 0.5049

]
.

3 3

,

. 4 5 3

, 3

. 3 , 6

8 Vi(xi) , Vi(xi) = εi.

, 7 Vi(xi) � εi, 3

7 . 3

7 , 1 , 0

. , 3

, . 3 7

, ,

, .

3 3

Fig. 3 Positions of three vehicles under event-triggered and

time-triggered

4 3

Fig. 4 Horizontal velocities and vertical velocities of

three vehicles

5 3

Fig. 5 Horizontal forces and vertical forces of three vehicles
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6 8 Vi(xi)

Fig. 6 The value of Vi(xi) for the first 8 steps

7 3

Fig. 7 Triggering instants of three vehicles before entering

the invariant sets

5 (Conclusions)
,

.

ISS

, ,

.
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