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Abstract: One important source of financial market frictions involves agency problems which can distort investment

and financing decisions. In this paper we develop a dynamic principal-agent model which is based on expand investment

and debt financing. Firstly, we consider an optimal contract design problem that assumes unobservable effort and savings of

agent. Stochastic differential equation of the agent’s continuation value function is provided by using martingale method.

Then we obtain a necessary and sufficient condition for the equilibrium evolution of agent’s value function when contract

is incentive compatible. Furthermore, this paper gets the differential equation for the enterprise value where the solution

of contracting and optimal level of investment trigger can be obtained at the same time. Finally, we show and explain

the different results of optimal effort policy with the corporate cash flow changes under different financing situation. The

relationships between the investment trigger level (enterprise value) and the related coefficients are also discussed.

Key words: optimal long-term contracting; risk aversion; optimal control; geometric Brownian motion; investment and
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2 (Model assumptions)
(Ω,F ,Ft, P ),

,

Ft . Xt

:

dXt = (at + μ)Xtdt+ σXtdZt, (1)

: Zt P , at ∈ [0, ā]

(

), ā ,

μ , σ . (1)

,

.

,

1+ k(k > 0) . ,

r, ,

,

,

{St; t � 0}, r, S0 = 0.

(CARA) ,

c̃t, CARA −e−γc̃t/γ.

, ,

.

3 (Design of optimal long-

term contracting)
,

. ,

,

.

3.1 (Description of contracting)

. : ,

, Π =

({ct, at}t�0, T
u
i ) 3 . , c̃t

, ãt

.

, Π = ({ct, at}t�0, T
u
i ) ,

:

V0(Π) = max
{c̃t,ãt}

E[
� ∞
0
−1

γ
e−γ(c̃t−KtXtg(ãt))−rtdt],

(2)

s.t. dSt = rStdt+ (ct − c̃t)dt, S0 = 0,

dXt = (ãt + μ)Xtdt+ σXtdZt,

Kt = 1 + k1t�Tu
i
,

: 1t�Tu
i

, KtXtg(ãt)

, g(ãt) = 0.5θã2
t , θ

.

,

v0, ,

v0. ,

Π

:

max
Π,Tu

i

EΠ{
� Tu

i

0
e−rt(Xt − ct)dt+

e−rTu
i [

� ∞
Tu
t

e−r(t−Tu
t )((1 + k)Xt − ct)dt− I]}, (3)

s.t. V0(Π) � v0,

: EΠ{·}
. (3) ,



11 : 1485

Xt − ct, (1 +

k)Xt − ct, I .

,

.

, (3)

, ( )

.

3.2 (The agent’s continuation

value)
,

:

1 Π̂ ,

Π , , Π

Π̂ .

[13].

1 ,

Π = ({ct, at}t�0, T
u
i )

, ,

( ) ( (2))

(ct, at).

:

Vt(Π,Xt) = Et[
� ∞
t
−e−γ(cu−KuXug(au))−r(u−t)

γ
du].

(4)

[10] , ,

{βt, t � 0} Vt(Π,Xt) :

dVt = rVtdt− U(ct, at)dt+

βt(−γrVt)[dXt − (at + μ)KtXtdt], (5)

: U(ct, at) = −e−γ(ct−KtXtg(at))/γ

, γ .

βt, .

2 Π , S

Vt(Π,Xt;S), : Vt(Π,Xt;S) =

e−γrSVt(Π,Xt; 0). Vt(Π,Xt; 0)

, (4).

.

,

. ,

Π , –

:

∂U(ct, at)

∂c
=

∂Vt(Π,Xt;S)

∂S
|S=0. (6)

(6) 2 U(ct, at) = rVt,

ct = KtXtg(at)− ln(−γrVt)

γ
. (7)

U(ct, at) = rVt (5) :

dVt = βt(−γrVt)[dXt − (at + μ)KtXtdt]. (8)

(4) (8) , ãt

U(ct, ãt)

Et[dVt(ãt)], (8) βt(−γrVt)

atdt Et[dVt(ãt)],

:

max
ãt

[U(ct, ãt) + βt(−γrVt)ãtdt]. (9)

ãt = at, (9) (

), βt = g′(at)Kt. ,

dVt :

dVt = −γrg′(at)KtσXtdZt. (10)

, .

3.3 (Shareholders’value

and model solution)
, (3)

. , (t > T u
i ),

J2(X,V ) =

max
Π

EΠ{
� ∞
t
e−r(u−t)[(1 + k)Xu−

cu]du|Xt = X}, (11)

s.t. Vt(Π) = V.

, (t < T u
i ),

J1(X,V ) =

max
Π,Tu

i

EΠ{
� Tu

i

t
e−r(u−t)[Xu − cu]du+

e−r(Tu
i −t)[

� ∞
Tu
i

e−r(u−Tu
i )((1 + k)Xu −

cu)du− I]|Xt = X}, (12)

s.t. Vt(Π) = V.

, J2(X,V ) Ha-

milton-Jacobi-Bellman(HJB) ( ):

rJ2(X,V ) =

max
a∈[0,ā]

{(1 + k)X − c+ J2
X(a+ μ)X+

0.5J2
XXσ

2X2 − J2
XVγrg

′(a)(1 + k)V σ2X2+

0.5J2[γrg′(a)(1 + k)V σX]2}, (13)

: J2
X, J2

XX, J2
XV J2

VV J2(X,V )

X,V ( ), c (7) (

c ).

, J1(X,V ) HJB ( ):
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rJ1(X,V ) =

max
a∈[0,ā]

{X − c+ J1
X(a+ μ)X +

0.5J1
XXσ

2X2 − J1
XVγrg

′(a)V σ2X2 +

0.5J1
VV[γrg

′(a)V σX]2}. (14)

(13) (14) ,

:

rJ(X,V ) =

max
a∈[0,ā]

{KtX − c+ J2
X(a+ μ)X +

0.5J2
XXσ

2X2 − J2
XVγrg

′(a)KtV σ2X2 +

0.5J2
VV[γrg

′(a)KtV σX]2}. (15)

[14] , J(X,V )

: J(X,V ) = F (X) − (− ln(− γrV /(γr)),

F (X) X ,

(15) .

J(X,V ) :

,

, − ln(−
γrV /(γr))( 0) ( )

V , F (X) = J(X,V ) + (−
ln(− γrV /(γr))

( ), :

,

.

F (X) , .

, F (X) Eu(X), ,

, F (X) F u(X),

, u , Eu′
(X),

F u′
(X) Eu′′

(X), F u′′
(X) Eu(X), F u(X)

( ). , ,

au
1(X) au

2(X) .

, :

1 .

Eu(X) :

rEu(X) =

max
a∈[0,ā]

{(1 + k)X + (a+ μ)XEu′
(X)+

0.5σ2X2Eu′′
(X)− 0.5(1 + k)Xθa2−

0.5γr(1 + k)2X2θ2a2σ2}, (16)

:

Eu(0) = 0, lim
X→∞

Eu(X) � Eu(X̃) ≡
1 + k

r − μ
X̃ +

1 + k

2rγ(r − μ)2θ2σ2
, (17)

X̃ .

au∗
2 (X) = min(

Eu′
(X)

(1 + k)θ(1 + γr(1 + k)θσ2X)
, ā),

(18)

F u(X) :

rF u(X) = max
a∈[0,ā]

{X + (a+ μ)XF u′
(X)+

0.5σ2X2F u′′
(X)− 0.5Xθa2−

0.5γrX2θ2a2σ2}, (19)

:

F u(0) = 0, F u(Xu
i ) = Eu(Xu

i )− I, (20)

F u′
(Xu

i ) = Eu′
(Xu

i ), (21)

, Xu
i ,

(21) .

au∗
1 (X) = min(

F u′
(X)

θ(1 + γrθσ2X)
, ā). (22)

.

1 : , (16) (19)

, γ ,

. , (

) , (18)

(22),

, .

4 (The problem of

contracting under debt financing)
I ,

. ,

. ,

.

, (2) ,

,

( ), .

,

: Xt − ct,

: (1 + k)Xt − ct − (1− τ)b, τ

, b. ,

, HJB

3.3 , ,

,

, .

l ,

:

2 .
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El(X) :

rEl(X) =

max
a∈[0,ā],Xb

{(1 + k)X − (1− τ)b+

(a+ μ)XEl′(X)− 0.5γr(1 + k)2X2θ2a2σ2+

0.5σ2X2El′′(X)− 0.5(1 + k)Xθa2}, (23)

:

El(Xb) = 0, El′(Xb) = 0,

lim
X→∞

El(X) � El(X̃) ≡
1 + k

r − μ
X̃ +

1 + k

2rγ(r − μ)2θ2σ2
− b(1− τ)

r
, (24)

: Xb El′(Xb) = 0 ,

, X̃ .

al∗
2 (X) = min(

El′(X)

(1 + k)θ(1 + γr(1 + k)θσ2X)
, ā),

(25)

F u(X) :

rF l(X) =

max
a∈[0,ā]

{X + (a+ μ)XF l′(X) + 0.5σ2X2F l′′(X)−

0.5Xθa2 − 0.5γrX2θ2a2σ2} (26)

:

F l(0) = 0, F l(X l
i) = El(X l

i) +D(X l
i)− I, (27)

F l′(X l
i) = El′(Xu

l ) +D′(Xu
l ), (28)

: X l
i , D(X l

i)

, D(X) 3 .

al∗
1 (X) = min(

F l′(X)

θ(1 + γrθσ2X)
, ā). (29)

1 .

2 : 1

, (25) , 0,

Xb ,

, ,

El′(X̃), El′(X̃) 2 ,

, (27)

, (28) X l
i .

, , ,

b,

:

D(X) = E{
� ∞
t

e−r(u−t)bdu|Xt = X}. (30)

, :

3 D(X) :

rD(X) = 0.5σ2X2D′′(X) + (μ+ al∗
2 )XD′(X)+b,

(31)

:

lim
X→∞

=
b

r
, D(Xb) = (1− α)Eu(Xb), (32)

al∗
2 (25) , α .

.

5 (Numerical results and analysis)
[9, 14]

, : r = 0.05,

σ = 0.25, α = 0.25, τ =

0.2, μ = −0.005, ā = 0.05,

γ = 5, θ =

35, I = 500, k = 0.5,

b = 30, X0 = 50.

5.1 (Recommended

effort and size of debt)
. 1

( (18)(22)(25)(29)), ,

, X ,

, X ,

, ;

,

, ,

, (

116.41,

94.53) , ,

, ,

.

1

Fig. 1 Implemented effort under different situations

,
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, 1 ,

(5.98), 0(

), ,

, 0,

( ), ,

. ,

,

, ,

, .

,

. 1 ( )

. 1 2 ,

, , ,

, [24] . 3

,

. 4 ,

,

, ,

, ,

. 5

.

1

Table 1 Comparative static analysis under different

coupon

b Xb Xl
i F l(X0) /%

25 4.90 97.27 1272.3 16.39

26 5.14 96.48 1273.5 17.12

27 5.36 117.19 1241.3 14.95

28 5.56 116.41 1242.2 15.56

29 5.74 100.11 1256.3 16.40

30 5.98 94.53 1278.2 16.68

5.2 ,
(Impact of agent’s risk aversion, effort

cost and enterprise risk)
,

. 2 ,

,

( ),

, ,

,

. ,

, [24] ,

, ,

,

,

, (

).

2

Table 2 Comparative static analysis of the level of

bankruptcy trigger

γ Xb θ Xb σ Xb

0.1 3.15 5 3.04 0.20 6.14

1.0 4.11 10 3.44 0.25 5.98

2.0 4.84 15 3.95 0.30 5.87

3.0 5.41 20 4.52 0.35 4.85

4.0 5.83 25 5.12 0.45 4.34

5.0 5.98 30 5.70 0.50 3.88

[25]

,

, ,

,

, ,

. ,

, , 2

3

,

U ,

, ,

. , .

2

Fig. 2 Risk aversion vs. investment trigger

4 ,

, , 1

2 ,

, 4

,

( [26–27] ),

,

.
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3

Fig. 3 Effort cost coefficient vs. investment trigger

4

Fig. 4 Risk aversion vs. enterprise value

,
[4], 5 ,

, ,

( ) ,

, 1

, (22) (29) ,

,

,

; 2 , ,

( ) , .

5

Fig. 5 Volatility of cash flows vs. enterprise value

5 , , 1

, ,

, 2 ,

,

,

;

.

6 (Conclusions)
.

, . ,

, .

,

.

,

, .

,

,

, 0,

. , ,

,

.

,

.
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(Appendix)

(13)–(14), 1 3 .

(13) :

(11) X V ,

(1) (10) . , ,

t Δt

rJ2(X,V ) =

max
Π

Et[
� t+Δt

t
e−r(u−t)((1 + k)Xu − cu)du+

e−rΔt
�∞
t+Δt

e−r(u−t−Δt)((1 + k)Xu − cu)du] =

max
Π

Et[
� t+Δt

t
e−r(u−t)((1 + k)Xu − cu)du+

max
Π

Et{e−rΔtEt+Δt[
�∞
t+Δt

e−r(u−t−Δt)·

((1 + k)Xu − cu)du]}. (A1)

J2
t+Δt = Et+Δt[

�∞
t+Δt

e−r(u−t−Δt)((1 + k)Xu − cu)du].

,

J2
t+Δt = J2 + J2

XdX + J2
VdV + J2

XVdXdV+

0.5J2
XXdXdX + 0.5J2

VVdV dV. (A2)

Δt→ 0, e−rΔt → 1− rΔt, (A2) (A1)

(13). .

(14) :

J1(X,V ) X V
[28], . (13)

, (14). .

1 :

J2(X,V ) = Eu(X)− (− ln(−γrV /(γr)),

X V ,

J2
X(X,V ) = Eu′

(X), J2
XX(X,V ) = Eu′′

(X),

J2
XV(X,V ) = 0, J2

VV(X,V ) = −γrV 2,

(13), (7) (13),

(16).

, au∗2 (X), (16)

,

au∗2 (X) = arg max
a∈[0,ā]

{0.5(1+k)Xθa2 + (a+ μ)XEu′
(X)−

0.5γr(1 + k)2X2θ2a2σ2}. (A3)

(A3)

(18).

, 0

0, Eu(0) = 0, ,

,

1 + k

r − μ
X̃ +

1 + k

2rγ(r − μ)2θ2σ2
.

,

,

Fu(Xu
i ) = Eu(Xu

i )− I

Fu′
(Xu

i ) = Eu′
(Xu

i ). .
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3 :

(31)

X , (1) , D(X) HJB

(30). , ,
b

r
, , 1

lim
X→∞

=
b

r
. , , ,

,

(1− α)Eu(Xb), 2 .

, (25) (31)

. .
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