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Distributed optimal droop control in micro-grid systems
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Abstract: To optimize the operation cost of micro-grid systems, a distributed optimal droop control scheme is proposed

in this paper. Firstly, based on the consensus theory, we present a distributed algorithm to solve the economic dispatch

problem in micro-grid systems. By virtue of matrix perturbation theory, the convergence property for the proposed eco-

nomic dispatch algorithm is analyzed. Secondly, based on the distributed economic dispatch solution, an optimal droop

controller is designed, which guarantees the supply-demand balance and satisfies the generation constraints of each unit.

Moreover, the proposed control scheme can restore the frequency of islanded micro-grid to the nominal value. Finally, the

effectiveness of the proposed distributed optimal droop control scheme is verified by the simulation results.
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2 (Problem statement

and preliminaries)
2.1 V/f (Traditional V/f droop

control)
,

, V/f

.

V/f :⎧⎨
⎩fi = fn − (Pi − Pni)/mi,

Vi = Vn − (Qi −Qni)/ni,
(1)

: fn, Vn , Pi,

Qi i ,

mi, ni – –

, Pni, Qni i

, fi,

Vi i .

V/f ,

, mi

Pni ,

. ,

. , V/f

,

,

.

2.2 (Economic dispatch algorithm)
n ,

PD, Pi,

Ci(Pi) = αiP
2
i + βiPi + γi, (2)

αi, βi, γi .

1 (2) .

,

[15]. βi

, αi γi .

,

min
n∑

i=1

Ci(Pi), (3)

n∑
i=1

Pi = PD, (4)

Pi min � Pi � Pi max, (5)

Pi min Pi max i

.

,

(3)–(4).

L(P1, P2, · · · , Pn) =
n∑

i=1

Ci(Pi) + λ(PD −
n∑

i=1

Pi), (6)

λ .

∂L

∂Pi

=
∂Ci(Pi)

∂Pi

− λ = 2αiPi + βi − λ = 0, (7)

λ =
∂Ci(Pi)

∂Pi

= 2αiPi + βi. (8)

(8) : (3)

λ.

,

λ =

PD +
n∑

i=1

βi

2αi
n∑

i=1

1

2αi

(9)



8 : 1001

P ∗
i =

λ− βi

2αi

. (10)

(5) ,⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dCi (Pi)

dPi

= λ̄, Pi min � Pi � Pi max,

dCi (Pi)

dPi

� λ̄, Pi = Pi max,

dCi (Pi)

dPi

� λ̄, Pi = Pi min.

(11)

, Φ

. (11)

λ̄ = 2αiPi + βi, i /∈ Φ. (12)

(9) (12),

λ̄ = λ+

∑
i∈Φ

(
λ

2αi

− Pi − βi

2αi

)
∑
i/∈Φ

1

2αi

. (13)

2.3 (Graph theory)
,

,

.

G = (V,E,A), V = {1, 2, · · · , n}
, , E ⊆ V × V

, A , A aij

: i j , aij =

1; aij = 0. i Ni = (j ∈ V |
(i, j) ∈ E). L =D −A,

D = diag {di}, di i .

, G .

3 (Distributed econo-

mic dispatch algorithms)
, (8)

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

λ̇i = − ∑
j∈Ni

aij(λi − λj) + εei,

ėi = − ∑
j∈Ni

aij(ei − ej)− ε

2αi

ei+

1

2αi

∑
j∈Ni

aij(λi − λj).

(14)

(14) :⎧⎨
⎩λi(0) = 2αiPi(0) + βi,

ei(0) = 0.
(15)

(15) Pi(0) i ,

.

Λ = (λ1, λ2, · · · , λn)
T

, X = diag {1/2αi}, E

= (e1, e2, · · · , en)T. (14),⎧⎨
⎩Λ̇ = −LΛ+ εE,

Ė = −(L+ εX)E +XLΛ.
(16)

2 [10–12]

. (14) ,

(14) .

(14) , .

1[16] n× n W (ε),

ε � 0 . λ1 = · · · = λl ( l ∈
[1, n]) W (0) ,

, y1,

· · · , yl, z1, · · · , zl, :⎡
⎢⎢⎣
zT1

...

zTl

⎤
⎥⎥⎦ [y1 · · · yl] = I. (17)

ε , λi(ε)(i ∈ [1, l]) W (ε)

λi ,
dλi(ε)

dε
|ε=0 , l

× l :⎡
⎢⎢⎣
zT1 Ẇy1 · · · zT1 Ẇyl

...
...

zTl Ẇy1 · · · zTl Ẇyl

⎤
⎥⎥⎦ . (18)

(18) , Ẇ =
dW (ε)

dε
|ε=0 .

1
ε , (14)

(9), λi(t)(i = 1, · · · , n) λ.

(16) :[
Λ̇

Ė

]
=

[
−L εI

XL −(L+ εX)

][
Λ

E

]
. (19)

M =

[
−L εI

XL −(L+ εX)

]
, (20)

I n .

P =

[
−L 0

XL −L

]
(21)

Q =

[
0 I

0 −X

]
. (22)

(20)–(22),

M = P + εQ, (23)
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M P εQ .

, M

.

P , P

−L −L . L

, L 0 . , P

:

0 = λ1 = λ2 > λ3 > · · · > λ2n, (24)

P

. 0

z1, z2 y1, y2 :

Y = [y1 y2] =

⎡
⎣ 0 1
1

n
1 −ς1

⎤
⎦ (25)

Z =

[
zT1
zT2

]
=

⎡
⎣1TX 1T

1

n
1T 0T

⎤
⎦ . (26)

(25) ς = (
n∑

i=1

1/2αi)/n, (25) (26) 1 0

1 0 n , Z

Y ZY = I .

, P εQ ,

λ1 = λ2 = 0 . λ1(ε) λ2(ε)

P λ1 = 0 λ2 = 0

. ε > 0 , 1 ,
dλ1(ε)

dε
|ε=0

dλ2(ε)

dε
|ε=0 :

[
zT1 Qy1 zT1 Qy2

zT2 Qy1 zT2 Qy2

]
=

⎡
⎣ 0 0
1

n
−ς

⎤
⎦ . (27)

(27)
dλ1(ε)

dε
= 0

dλ2(ε)

dε
= −ς <0,

ε > 0 , λ1 , λ2 .

σ1, ε<σ1 , λ1(ε) = 0 λ2(ε)

< 0. , ε ,

σ2, ε<σ2 , λi(ε) < 0(i ∈ [3,

2n]). , ε ∈ (0,min{σ1, σ2}),
M 0 , 0

.

0 M ,

y1 = (1T,0T)T, z1 =
1

η
(μT,1T)T, : η, μ η =

n∑
i=1

1/2αi, μ =

(1/2α1, 1/2α2, · · ·, 1/2αn)
T

. M

M = V JV −1 =

[y1 · · · y2n]
[
01×1 0

0 J ′

]
2n×2n

⎡
⎢⎢⎣
zT1

...

zT2n

⎤
⎥⎥⎦ . (28)

(19),[
Λ

E

]
= eMt

[
Λ(0)

E(0)

]
= V eJtV −1

[
Λ(0)

E(0)

]
. (29)

V eJtV −1 = V

[
11×1 0

0 eJ
′t

]
2n×2n

V −1, (30)

t → ∞ ,

V eJtV −1 → V

[
11×1 0

0 0

]
2n×2n

V −1 → y1z
T
1 . (31)

y1z
T
1 =

⎡
⎣1

η
1μT 1

η
11T

0 0

⎤
⎦ , (32)

t → ∞ , (29)[
Λ

E

]
= V eJtV −1

[
Λ(0)

E(0)

]
=

⎡
⎣1

η
1μT 1

η
11T

0 0

⎤
⎦
[
Λ(0)

E(0)

]
=

⎡
⎣1

η
1μTΛ(0)

0

⎤
⎦ . (33)

(33) ei 0, λi(i = 1, 2, · · · , n)

μTΛ(0)/η,

PD +
n∑

i=1

βi

2αi
n∑

i=1

1

2αi

.

(9) , (14)

. , 1 .

,

. ,

.

1 (14)

λ P ∗
i .

2 P ∗
i

. P ∗
i � Pi max, P ∗

i = Pi max;

P ∗
i � Pi min, P ∗

i = Pi min. Φ

. :

ξi =

⎧⎨
⎩

λ

2αi

− P ∗
i − βi

2αi

, i ∈ Φ,

0, i /∈ Φ.
(34)
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ρi =

⎧⎨
⎩

1

2αi

, i /∈ Φ,

0, i ∈ Φ.
(35)

(34) (35) ,

:⎧⎪⎨
⎪⎩
ξ̇i =

∑
j∈Ni

aij|ξj − ξi|
1
2 sgn(ξj − ξi),

ρ̇i =
∑

j∈Ni

aij |ρj − ρi|
1
2 sgn (ρj − ρi).

(36)

[17], :

ξi → 1

n

∑
i∈Φ

(
λ

2αi

− P ∗
i − βi

2αi

), (37)

ρi → 1

n

∑
i/∈Φ

1

2αi

. (38)

(13),

λ̄ = λ+
ξi
ρi
, (39)

⎧⎪⎨
⎪⎩
P ∗

i =
λ̄− βi

2αi

, i /∈ Φ,

P ∗
i = Pi max or Pi min, i ∈ Φ.

(40)

3
. , λ = λ̄ 2 ; ,

, .

3 ,

(14) . , (14)

. ,

, 1 , [−0.01

0.01].

, 2 .

4 (Distributed optimal

droop control)
P ∗

i ,

:

fi = fn − (Pi − P ∗
i )/mi. (41)

fi ,

fn 50 Hz, fi − fn
. fi − fn = k, (P ∗

i − Pi)/mi = k. ,
n∑

i=1

P ∗
i −

n∑
i=1

Pi = k
n∑

i=1

mi. :

n∑
i=1

Pi = PD.
n∑

i=1

P ∗
i = PD. , k

n∑
i=1

mi=0.

mi > 0 k = 0, Pi = P ∗
i . fi = fn.

(41)

,

.

1 . 1

3 ,

.

1

Fig. 1 Block diagram of droop control scheme

2 , . ,

,
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, ,

PI .

, ,

, P

. 3 .

2

Fig. 2 Structure of power controller

3

Fig. 3 Structure of voltage and current controller

5 (Case study)

, MATLAB/SIMULINK

. 4(a) .

4 (a) ; (b)

Fig. 4 (a) Structure of the micro-grid test system; (b) Commu-

nication topology of the micro-grid system

4 ,

: P1 = 60 kW, P2 =

50 kW, P3 = 100 kW, P4 = 80 kW.

1 . 2

. 311 V,

50 Hz. 4(b) ,

L =

⎡
⎢⎢⎢⎣

3 −1 −1 −1

−1 2 −1 0

−1 −1 3 −1

−1 0 −1 2

⎤
⎥⎥⎥⎦ . (42)

1

Table 1 Generator cost parameters

DGi 1 2 3 4

αi 0.096 0.072 0.105 0.082

βi 1.22 3.41 2.53 4.02

γi 51 31 78 42

Pi min/ kW 50 50 20 20

Pi max/ kW 200 200 140 60

2

Table 2 Generator control parameters

DGi 1 2 3 4

mi 105/1.0 105/1.2 105/1.4 105/1.6

ni 104/3.0 104/3.2 104/3.4 104/3.6

Rf /Ω 0.01 0.01 0.01 0.01

Lf / mH 1.8 1.8 1.8 1.8

Cf /μF 300 300 300 300

kup 10 10 10 10

kui 100 100 100 100

k 5 5 5 5

3 : 0∼5 s ,

[2–3] ; 5 s

, 5∼15 s

, 15 s .

,

λ∗ = 15.50 � c/kWh,

: P ∗
1 = 74.35 kW, P ∗

2 =

83.93 kW, P ∗
3 = 61.74 kW, P ∗

4 = 69.98 kW.

SIMULINK 4 ,

: 5(a)

, 5∼15 s ,

15.50, ; 15∼25 s

, DG4

,

,

16.08. 5(b) ,

,

P ∗
1 = 77.42 kW, P ∗

2 = 88.02 kW,

P ∗
3 = 64.56 kW, P ∗

4 = 60 kW.

, .
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5(c) ,

0∼5 s , ;

5∼25 s ,

,

.

5(d) ,

,

. 5(e) , 0∼
5 s , 49.78 Hz, ;

5 s , 50 Hz,

0.04 Hz,

1% .

5(f) ,

311 V. 5(g)

, 0∼5 s , 2985 � c; 5∼15 s ,

2856 � c; 15∼25 s ,

2867 � c. 5(h) ξi . 5(i) ρi
. ξi ρi 2.494

4.229. , 15∼17 s

, .

,

, ,

.

5(a)

Fig. 5(a) Incremental cost

5(b)

Fig. 5(b) Optimal power generation

5(c) DG

Fig. 5(c) DG output active power

5(d)

Fig. 5(d) Total generation and total load

5(e) DG

Fig. 5(e) DG output frequency

5(f) DG

Fig. 5(f) DG output voltage amplitude



1006 33

5(g)

Fig. 5(g) Total generation cost

5(h) ξi

Fig. 5(h) Average consensus of ξi

5(i) ρi

Fig. 5(i) Average consensus of ρi

6 (Conclusions)
.

, ,

.

, ,

,

. .
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