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Abstract: This paper is concerned with the fault detection problem for a class of discrete-time Markovian jump systems

with multiple time-varying stochastic delays and randomly occurring nonlinearities. According to the stochastic character-

istic of multiple time-varying delays, an individual Bernoulli distribution is used to describe this phenomenon. Furthermore,

a kind of stochastic nonlinear disturbance is also considered in the fault detection research by means of a Bernoulli dis-

tributed white sequence. The main purpose of this paper is to design a fault detection filter such that the residual system

is mean square exponential stable and the relevant H∞ performance is satisfied. Through Lyapunov stability theory and

stochastic analysis technology, sufficient conditions are set up for the desired exponential stability and H∞ disturbance

attenuation, a convex optimization problem is solved by the semidefinite programming technique, the gain characteristic of

the fault detection filter is obtained. Finally, a simulation example is provided to illustrate the usefulness and effectiveness

of the proposed design approach.
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, : 1)

. 2)

. 3) ,

. 4) Lyapunov ,

,

H∞ .

: 2

; 3 Lyapunov , LMI

,

; 4 ;

5 .

1 . MT M

; Rn n , Rn×m n×m

; Z− ; I 0

; l2([0,∞);Rn) n [0,∞)

; P > 0 P ; E{x}

x ; ‖x‖ x ;

, diag{A1, A2, · · ·, An} A1, A2, · · ·, An

, * .

2 (Problem formulation)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(k + 1) = A(θk)x(k) + γ(k)g(θk, x(k))+

Ad1(θk)
q∑

r=1

αr(k)x (k − τr(k))+

D1(θk)ω(k) +G(θk)f(k),

y(k) = C(θk)x(k) +D2(θk)ω(k)+

E(θk)f(k),

x(k) = ψ(k), ∀k ∈ Z
−,

(1)

: x(k) ∈ R
n ; y(k) ∈ R

m

; ω(k) ∈ R
p l2[0,∞) ;

f(k) ∈ l2
(
[0,∞) ;Rl

)
.

, A(θk), Ad1(θk), G(θk),

C(θk), D1(θk), D2(θk) E(θk)

. τr(k) (r = 1, 2, · · · , q)
; ψ(k) ; θk

S = {1, 2, · · · , N} ,

pij = P{θk+1 = j|θk = i},
N∑
j=1

θij = 1.

g(θk, x(k)) g(θk, 0) = 0,

‖g(θk, x(k) + δ(k))− g(θk, x(k))‖ �
‖B1(θk)δ(k)‖, (2)

: , B1(θk) , δ(k)

.

αr(k)(r = 1, 2, · · · , q), γ(k) 0

1 ,

(RONs),

: ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
P{αr(k) = 1} = ᾱr,

P{αr(k) = 0} = 1− ᾱr,

P{γ(k) = 1} = γ̄,

P{γ(k) = 0} = 1− γ̄,

(3)

ᾱr ∈ [0, 1], γ̄ ∈ [0, 1] .

2
, g(θk, x(k))

. ,

, γ(k) g(θk,

x(k)) , (RONs),

RONs.

τr(k)(r = 1, 2, · · · , q) ,
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dm � τr(k) � dM, dm dM ,

.

3 : 1)

3 ; 2) ,

.

, ,

, .

, A(θk) = Ai, Ad1(θk) = Ad1i, g(θk,

x(k)) = gi(x(k)), G(θk) = Gi, C(θk) = Ci, D1(θk)

=D1i, D2(θk) = D2i, E(θk) = Ei, B1(θk) = B1i.

:⎧⎨
⎩x̂(k + 1) = AF(θk)x̂(k) +BF(θk)y(k),

r(k) = CF(θk)x̂(k) +DF(θk)y(k),
(4)

: x̂k ∈ R
n , r(k) ∈ R

l ,

AF(θk), BF(θk), CF(θk), DF(θk)

. , AF(θk) =

AFi, BF(θk) = BFi, CF(θk) = CFi, DF(θk) =DFi.

(1) (4)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x̄(k + 1) = Ā(θk)x̄(k) +
q∑

r=1

(Ādr(θk)+

Ãdr(θk))x̄(k − τr(k))+

(γ̄ + γ̃(k))Zg(θk, x(k))+

D̄(θk)v(k),

r̄(k) = C̄(θk)x̄(k) + D̄F (θk)v(k),

(5)

:

x̄(k) =
[
xT(k) x̂T(k)

]T
, r̄(k) = r(k)− f(k),

v(k)=
[
ωT(k) fT(k)

]T
, Ā(θk)=

[
Ai 0

BFiCi AFi

]
,

Ādr(θk)=

[
ᾱrAd1i 0

0 0

]
, Ãdr(θk)=

[
α̃r(k)Ad1i 0

0 0

]
,

D̄(θk) =

[
D1i Gi

BFiD2i BFiEi

]
, Z = [I 0]T,

C̄(θk) = [DFiCi CFi],

D̄F (θk) = [DFiD2i DFiEi − I],

α̃r(k) = αr(k)− ᾱr, γ̃(k) = γ(k)− γ̄.

E{α̃r(k)} = 0, E{α̃2
r(k)} = ᾱr(1− ᾱr),

E{γ̃(k)} = 0, E{γ̃2(k)} = γ̄(1− γ̄).

, Ā(θk) = Āi, Ādr(θk) = Ādri, Ãdr(θk)

= Ãdri, D̄(θk) = D̄i, C̄(θk) = C̄i, D̄F(θk) = D̄Fi.

1 v(k) = 0

, δ > 0 0 < κ < 1,

E{‖x̄(k)‖2} � δkκ sup
i∈Z−

E{‖ψ(i)‖2}, ∀k � 0,

(5)

.

,

. , (4)

AFi, BFi, CFi, DFi,

:

a) (5) .

b) , γ >

0 v(k), r̄(k)
∞∑
k=0

E{‖r̄(k)‖2} � γ2
∞∑
k=0

E{‖v(k)‖2}, (6)

γ > 0 (6) ,

.

,

,

J(k) Jth:⎧⎪⎨
⎪⎩
J(k) = {

L∑
h=0

rT(h)r(h)} 1
2 ,

Jth = sup
ωk∈l2,fk=0

E{J(k)},
(7)

L . (7),

,

. ,

, :

J(k) > Jth ⇒ ⇒ ,

J(k) � Jth ⇒ .

3 (Main results)
Lyapunov ,

(1) .

, , .

1 ( Schur [25].) S1, S2,

S3, S1 = ST
1 0 < S2 = ST

2 , S1 + ST
3 S

−1
2 S3

< 0 [
S1 ST

3

S3 −S2

]
< 0

[
−S2 S3

ST
3 S1

]
< 0. (8)

2 x∈R
n, y∈R

n Q > 0,

xTQy + yTQx � xTQx+ yTQy.

, ,

, (6)

.

1 (5)

H∞ γ > 0 ,

Pi > 0(i ∈ N), Qr > 0(r = 1, 2, 3, · · · , q)
ρ > 0
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Φi =

⎡
⎢⎣ Φ1i + C̄T

i C̄i ∗ ∗
ẐT

i P̄iĀi Φ2i ∗
D̄T

i P̄iĀi + D̄T
FiC̄i D̄T

i P̄iẐi Φ3i

⎤
⎥⎦ < 0,

(9)

ZTP̄iZ � ρI, (10)

(6), :

P̄i =
N∑
j=1

pijPj ,

Φ1i = 2ĀT
i P̄iĀi +

q∑
r=1

(dM−dm + 1)Qr−Pi + ρB̄i,

Φ2i = diag{−Q1 + Ã1i,−Q2 + Ã2i, · · · ,−Qq+

Ãqi}+ 2ẐT
i P̄iẐi,

Φ3i = 2D̄T
i P̄iD̄i + D̄T

FiD̄Fi − γ2I,

Ãri = ᾱr(1− ᾱr)Â
T
d1iP̄iÂd1i, r = 1, 2, · · · , q,

Ẑi = [Ād1i Ād2i · · · Ādqi],

B̄i = diag{(3γ̄2 + γ̄)BT
i Bi, 0},

Âd1i = diag{Ad1i, 0}.
, :

η(k) : =
[
x̄T(k) x̄T(k−τ1(k)) · · · x̄T(k−τq(k))

]T
.

, θk = i ∈ N,

Lyapunov-Krasovskii :

V (x̄(k), θk) =

V1(x̄(k), θk) + V2(x̄(k), θk) + V3(x̄(k), θk), (11)

:

V1(x̄(k), θk) = x̄T(k)P (θk)x̄(k),

V2(x̄(k), θk) =
q∑

r=1

k−1∑
l=k−τr(k)

x̄T(l)Qrx̄(l),

V3(x̄(k), θk) =
q∑

r=1

−dm∑
m=−dM+1

k−1∑
l=k+m

x̄T(l)Qrx̄(l).

ΔV1(x̄(k), θk) =

E {V1(x̄(k + 1), θk+1)|x̄(k), θk = i}−
V1(x̄(k), θk) =

N∑
j=1

pijx̄
T(k + 1)Pjx̄(k + 1)− x̄T(k)Pix̄(k) =

x̄T(k)(ĀT
i P̄iĀi − Pi)x̄(k)+

2x̄T(k)ĀT
i P̄i(

q∑
r=1

Ādrix̄(k − τr(k)))+

2x̄T(k)ĀT
i P̄iD̄iv(k) + 2γ̄gTi (x(k))Z

TP̄iD̄iv(k)+

(
q∑

r=1

Ādrix̄(k − τr(k)))
TP̄i(

q∑
r=1

Ādrix̄(k − τr(k)))+

2γ̄x̄T(k)ĀT
i P̄iZgi(x(k))+

q∑
r=1

x̄T(k − τr(k))Ã
T
driP̄iÃdrix̄(k − τr(k))+

2(
q∑

r=1

Ādrix̄(k − τr(k)))
TP̄iD̄iv(k)+

vT(k)D̄T
i P̄iD̄iv(k)+

2γ̄(
q∑

r=1

Ādrix̄
T(k − τr(k)))

TP̄iZgi(x(k))+

γ̄gTi (x(k))Z
TP̄iZgi(x(k)), (12)

E{ÃT
driP̄iÃdri} =

E{
[
α̃r(k)Ad1i 0

0 0

]T

P̄i

[
α̃r(k)Ad1i 0

0 0

]
} =

ᾱr(1− ᾱr)

[
Ad1i 0

0 0

]T

P̄i

[
Ad1i 0

0 0

]
=

ᾱr(1− ᾱr)Â
T
d1iP̄iÂd1i. (13)

2

2γ̄x̄T(k)ĀT
i P̄iZgi(x(k)) �

x̄T(k)ĀT
i P̄iĀix̄(k) + γ̄2gTi (x(k))Z

TP̄iZgi(x(k)),

(14)

2γ̄gTi (x(k))Z
TP̄iD̄iv(k) �

γ̄2gTi (x(k))Z
TP̄iZgi(x(k)) + vT(k)D̄T

i P̄iD̄iv(k),

(15)

2γ̄(
q∑

r=1

Ādrix̄(k − τr(k)))
TP̄iZgi(x(k)) �

(
q∑

r=1

Ādrix̄(k − τr(k)))
TP̄i(

q∑
r=1

Ādrix̄(k − τr(k)))+

γ̄2gTi (x(k))Z
TP̄iZgi(x(k)). (16)

(2)

gTi (x(k))(3γ̄
2 + γ̄)ZTP̄iZgi(x(k)) �

xT(k)(3γ̄2 + γ̄)ρBT
i Bix(k) = x̄T(k)ρB̄ix̄(k),

(17)

(12)–(17)

ΔV1(x̄(k), θk) =

E {V1(x̄(k + 1), θk+1)|x̄(k), θk = i}−
V1(x̄(k), θk)

� x̄T(k)(2ĀT
i P̄iĀi − Pi + ρB̄i)x̄(k)+

2x̄T(k)ĀT
i P̄i(

q∑
r=1

Ādrix̄(k − τr(k)))+

2x̄T(k)ĀT
i P̄iD̄iv(k) + 2(

q∑
r=1

Ādrix̄(k − τr(k)))
T
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P̄i(
q∑

r=1

Ādrix̄(k − τr(k)))+

q∑
r=1

x̄T(k − τr(k))Ã
T
driP̄iÃdrix̄(k − τr(k))+

2(
q∑

r=1

Ādrix̄(k − τr(k)))
TP̄iD̄iv(k)+

2vT(k)D̄T
i P̄iD̄iv(k), (18)

ΔV2(x̄(k), θk) =

E {V2(x̄(k + 1), θk+1)|x̄(k), θk = i}−
V2(x̄(k), θk) =

N∑
j=1

pij(
q∑

r=1

k∑
l=k−τr(k)+1

x̄T(l)Qrx̄(l)−
q∑

r=1

k−1∑
l=k−τr(k)

x̄T(l)Qrx̄(l)) �

q∑
r=1

(x̄T(k)Qrx̄(k)−

x̄T(k − τr(k))Qrx̄(k − τr(k))+

k−dm∑
l=k−dM+1

x̄T(l)Qrx̄(l)), (19)

ΔV3(x̄(k), θk) =

E {V3(x̄(k + 1), θk+1)|x̄(k), θk = i}−
V3(x̄(k), θk) =
q∑

r=1

((dM − dm)x̄
T(k)Qrx̄(k)−

k−dm∑
l=k−dM+1

x̄T(l)Qrx̄(l)). (20)

(18)–(20)

ΔV (x̄(k), θk) �
x̄T(k)(2ĀT

i P̄iĀi − Pi + ρB̄i)x̄(k)+

2x̄T(k)ĀT
i P̄i(

q∑
r=1

Ādrix̄(k − τr(k)))+

2x̄T(k)ĀT
i P̄iD̄iv(k) + 2(

q∑
r=1

Ādrix̄(k − τr(k)))
T

P̄i(
q∑

r=1

Ādrix̄(k − τr(k)))+

q∑
r=1

x̄T(k − τr(k))Ã
T
driP̄iÃdrix̄(k − τr(k))+

2(
q∑

r=1

Ādrix̄(k − τr(k)))
TP̄iD̄iv(k)+

2vT(k)D̄T
i P̄iD̄iv(k) +

q∑
r=1

(x̄T(k)Qrx̄(k)−

x̄T(k − τr(k))Qrx̄(k − τr(k))+

k−dm∑
l=k−dM+1

x̄T(l)Qrx̄(l))+

q∑
r=1

((dM − dm)x̄
T(k)Qrx̄(k)−

k−dm∑
l=k−dM+1

x̄T(l)Qrx̄(l)), (21)

v(k) = 0,

E{ΔV (x̄(k), θk)} � ηT(k)Φiη(k), (22)

Φi =

[
Φ1i ∗

ẐT
i P̄iĀi Φ2i

]
.

1 Φi < 0. , (5)

.

(5) H∞ , ,

:

JN = E
∞∑
k=0

[r̄T(k)r̄(k)− β2vT(k)v(k)] =

E
∞∑
k=0

[r̄T(k)r̄(k) + ΔV (x̄(k), θk)−

β2vT(k)v(k)
]−E {Vk+1(x̄(k+1), θk+1)}�

E
∞∑
k=0

[r̄T(k)r̄(k)− β2vT(k)v(k)+

ΔV (x̄(k), θk)] �
∞∑
k=0

ηT(k)Φη(k) < 0.

∞∑
k=0

E{‖r̄(k)‖2} � γ2
∞∑
k=0

E{‖v(k)‖2}.

.

.

2
. H∞

γ > 0. Pi > 0(i ∈ N), Qr > 0

(r = 1, 2, 3, · · · , q), ρ > 0 Xi, Ki,

:

Y =⎡
⎢⎢⎢⎢⎢⎣

Γ̂11 ∗ ∗ ∗ ∗
0 −γ2I ∗ ∗ ∗
Γ̂31 PiD̂0i +XiR̂2i −Pi ∗ ∗
Γ̂41 0 0 −P̃i ∗
Γ̂51 Γ̂52 0 0 −P̂i

⎤
⎥⎥⎥⎥⎥⎦ < 0,

(23)

ZTP̄iZ � ρI, (24)

(4) ,

. :

Γ̂11 = diag {Γ11,Γ22} ,
Γ̂31 = [P̄iÂ0i +XiR̂1i P̄iẐi],

Γ̂41 = diag{P̄iÂ0i +XiR̂1i, P̄iẐi},
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Γ11 = ρB̄i +
q∑

r=1

(dM − dm + 1)Qr − Pi,

Γ22 = diag{−Q1 + Ã1i,−Q2 + Ã2i, · · · ,
−Qq + Ãqi},

Γ̂51 =

[
0 0

KiR̂1i 0

]
,

Γ̂52 =

[
P̄iD̂0i +XiR̂2i

KiR̂2i − ÊT
1i

]
, Ê =

[
0n×n

I
n×n

]
,

P̃i = diag
{
P̄i, P̄i

}
, P̂i = diag

{
P̄i, I

}
,

Ê1i = [0l×p Il×p]
T
, Ê2i = [0m×n Im×n]

T
,

Â0i =

[
Ai 0

0 0

]
, D̂0i =

[
D1i Gi

0 0

]
,

R̂1i =

[
0 I

Ci 0

]
, R̂2i =

[
0 0

D2i Ei

]
.

, (Pi, Qr, Xi,Ki, ρ) (23)–(24)

, (4)

:

[AFi BFi ] = [ÊTP̄iÊ]−1ÊTXi,

[CFi DFi ] = Ki.
(25)

Pi, Qr ,

1 .⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Āi = Â0i + ÊK1iR̂1i,

D̄i = D̂0i + ÊK1iR̂2i,

C̄i = KiR̂1i,

D̄Fi = KiR̂2i − ÊT
1 ,

(26)

K1i = [AFi BFi].

Shur , (9)⎡
⎢⎢⎢⎢⎢⎣

Γ̂11 ∗ ∗ ∗ ∗
0 −γ2I ∗ ∗ ∗
Γ̂31 D̂0i+ÊK1iR̂2i −P−1

i ∗ ∗
Γ̂41 0 0 −P̃−1

i ∗
Γ̂51 Γ̂52 0 0 −P̂−1

i

⎤
⎥⎥⎥⎥⎥⎦<0,

(27)

:

Γ̂31 = [Â0i + ÊK1iR̂1i Ẑi],

Γ̂41 = diag{Â0i + ÊK1iR̂1i, Ẑi},

Γ̂52 =

[
D̂0i + ÊK1iR̂2i

KiR̂2i − ÊT
1

]
.

1 Xi = P̄iÊK1i, (23),

.

4 (Numerical example)
,

.

,

:

Ψ̂ =

[
0.2 0.8

0.3 0.7

]
.

, ,

:

A1 =

[
0.6 0.2

0 0.7

]
, A2 =

[
0.2 0.5

0 0.5

]
,

Ad11 =

[
0.03 0

0.02 0.03

]
,

Ad12 =

[
0.05 0

0.04 0.05

]
,

D11 =

[
0.8 0

0 0.3

]
, D12 =

[
0.4 0

0 0.4

]
,

C1 = C2 = [0.2 −0.1], H1 = H2 = 0.9,

D21 = [0.6 −0.1] , D22 = [0.5 −0.1] ,

G1 = [−0.1 0.2]
T
, G2 = [−0.1 −0.2]

T
.

2 � τr(k) � 6(r = 1, 2),

ᾱ1 = E{α1(k)} = 0.9,

ᾱ2 = E{α2(k)} = 0.7,

γ̄ = E{γ(k)} = 0.8.

,

g1 (x(k)) = g2 (x(k)) = 0.5x1(k) sin(x2(k)),

ε(k) = 1 B(k) = diag{0.2, 0.15}
(2).

2, (25)

:

AF1 =

[
0.0025 0.0410

0.0237 0.0021

]
, BF1 =

[
0.0005

0.0288

]
,

CF1 =
[
2.2550 0.1310

]
, DF1 = 0.5039,

AF2 =

[
0.0019 −0.0162

−0.0022 −0.0106

]
, BF2 =

[
0.0015

0.0065

]
,

CF2 = [−0.0013 −0.0033] , DF2 = 0.7791.

,

k = 0, 1, · · · , 150, f(k)

f(k) =

{
1, 40 � k � 80,

0, .

Ψ̂ θ(0) = 1, θ(k)

, 1 .
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1

Fig. 1 Modes evolution

ω(k) = 0 , r(k)

J(k) 2–3 ,

,

.

2

Fig. 2 Residual signal without disturbance

3

Fig. 3 Residual evaluation function without disturbance

ω(k) =

{
[rand[0, 1] 1.2rand[0, 1]]T, 0 � k � 50,

0, ,

: rand ,

[0, 1]. r(k) J(k)

4–5 .

Jth = sup
f=0

E{
150∑
s=0

rT(s)r(s)}1/2,

200 , Jth 1.1129.

5 , 0.9469=J(40)<Jth < J(41) = 1.3016,

1 .

, ,

.

4

Fig. 4 Residual signal with disturbance

5

Fig. 5 Residual evaluation function with disturbance

5 (Conclusions)

.

,

,

. ,
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