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The trajectory planning of redundant manipulator with gantry by
using model predictive control

WANG Nai-qian, LI De-wei†, XI Yu-geng

(Department of Automation, Shanghai Jiao Tong University,

Key Laboratory of System Control and Information Processing, Ministry of Education of China, Shanghai 200240, China)

Abstract: To solve the motion control problem of large-scale complex manipulators which are commonly used in in-

dustry recently, this paper focuses on manipulator system composed of a gantry and small-sized manipulators. Firstly the

calculation formula for beam deflection under two independent concentrated loads is deduced by analyzing material me-

chanics. Then an accurate kinematics model of manipulator system is presented. On this basis, the model is simplified to be

linear and low-order, for following algorithm design. For the multi-input multi-output (MIMO) high dimensional redundant

model with joint constraints, an algorithm based on model predictive control (MPC) is proposed for trajectory planning. All

of the joints are classified into different movement priorities according to their motion range and positioning accuracy. The

redundancy problem can be solved by setting different weights for control variable of each joint in optimization problem.

Meanwhile, rolling optimization style of MPC scheme makes it possible to online continuously make trajectory planning

with updated information. The simulation results illustrate effectiveness of the algorithm proposed in this paper. In addition,

for various setting points, different weighting selections are considered by analyzing joints’ motion characteristics.
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2 (Structure of

gantry manipulator)
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Fig. 1 The structure of manipulator system with gantry
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Fig. 2 The structure of 9–DOF manipulator system
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3 (Model establishment

of 9-DOF manipulator)
3.1 (Calculation formula for the de-

flection of beam)
, ,

; ,

.

,

, .

,

. , ,

.

3 ,
[14]( )

:

ω0 =
Pab

6EIL
(a2 + b2 − L2), (1)

: E , I ,

P , L , a, b

; ω0

.

3

Fig. 3 Simply supported beam under single concentrated load

(1),

P1 P2 ( 4

)

ωA = −P1a(L− a)(a2 − L2 + (L− a)2)

6EIL
−

P2a(L− b)(a2 − L2 + (L− b)2)

6EIL
, (2)

ωB = −P2a(L− b)(a2 − L2 + (L− b)2)

6EIL
−

P1b(L− b)(b2 − L2 + (L− b)2)

6EIL
. (3)

Ansys

, (2)–(3) .

, E =

200 GPa; L = 10 m; b = 0.2 m,

I = b4/12; P1 = P2 =

400 kg. 5 ,

, 1

, 4%,

.

4

Fig. 4 Simply supported beam under two independent concen-

trated loads

(a) a = 3.3, b = 3.3

(b) a = 4, b = 6

(c) a = 2, b = 8

5 Ansys

Fig. 5 Ansys simulation results of beam deflection
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1

Table 1 Comparison of beam deflections of simulation

results and theoretical values

a=3.3, b=3.3 ωA.B=0.0046 ωA.B=0.0046 < 0.0001

a=4, b=6 ωA.B=0.0056 ωA.B=0.0054 0.0002

a=2, b=8 ωA.B=0.0022 ωA.B=0.0022 < 0.0001

3.2 (Kinematics model)
, ,

,

, .

,

.

,

10 ,

, Denavit-Hartenberg(DH) .

, DH
[15] DH ,

, DH

2 .

2 DH

Table 2 Modified D–H parameter of 9–DOF manipula-

tor

Joint αi/(
◦) αi/m θi/(

◦) di/m

1 90 0 90 d1
2 90 L1 90 d2
3 90 0 90 d3
4 0 0 θ4 0

5 90 L6 θ5 0

6 0 L2 θ6 0

7 90 L5 θ7 L4

8 −90 0 θ8 0

9 90 L5 θ9 L5

2 : d1, d2, d3 . θ4, · · · ,
θ9 . L1 , L2, · · · ,
L6 . ,

3

, d′3 = d3 + ω0. (1) ,

3 :

d′3 = d2 − Pd22(L− d2)
2

3EIL
. (4)

(5), Denavit-Hartenberg
[15]

; ,

,

.

i−1Ti =

⎡
⎢⎢⎢⎣

cos θi − sin θi
sin θi cosαi−1 cos θi cosαi−1

sin θi sinαi−1 cos θi sinαi−1

0 0⎡
⎢⎢⎢⎣

0 αi−1

− sinαi−1 −di sinαi−1

cosαi−1 di cosαi−1

0 1

⎤
⎥⎥⎥⎦ , i = 1, · · · , 9.

(5)

, 3

, 6 ,

:

J0(q)=

[
z1 z2 z3 z4(p9 − p4) · · · z9(p9 − p9)

0 0 0 z4 · · · z9

]
,

(6)

: zi i z , pi
, i = 1,

· · · , 9.

:

Ẋ = J0(q)q̇
′, (7)

:

Ẋ = [ẋ ẏ ż δ̇x δ̇y δ̇z]
T,

q̇′ = [ḋ1 ḋ2 ḋ′3 θ̇4 θ̇5 θ̇6 θ̇7 θ̇8 θ̇9]
T,

q , , d , θ

.

3.3 (Model linearization)

, , q̇′ 3 ḋ′3
. (4),

ḋ2 ḋ3 :

ḋ′2 = ḋ3 − 2Pd2(d
2
2 − 3d2L+ L2)

3EIL
ḋ2. (8)

, E, I , L P

, d2 ,

:

ḋ′3 = ḋ3+m2ḋ2, (9)

m2 . ,

(7) :

Ẋ = J(q)q̇, (10)

:

J(q) = J0(q)

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0

1

m2 1
. . .

0 1

⎤
⎥⎥⎥⎥⎥⎥⎦
,
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Ẋ = [ẋ ẏ ż δ̇x δ̇y δ̇z]
T,

q̇ = [ḋ1 ḋ2 ḋ3 θ̇4 θ̇5 θ̇6 θ̇7 θ̇8 θ̇9]
T.

4 (Design of trajectory

planning scheme)
, 6

.

, 9 ,

, ;

, ,

.

6

Fig. 6 Control system for redundant manipulator
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4.1 (Control model)
,

.

,

. , 9

, 3

, 6

u = [u1 · · ·u9]
T =

[ ḋ1 ḋ2 ḋ3 θ̇4 θ̇5 θ̇6 θ̇7 θ̇8 θ̇9 ]
T.

(11)

,

X = [x y z δx δy δz]
T. (12)

(10) .

, ,

, (13)

: ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x(k + 1) = Ix(k) + T · J(q)q̇ =

Ax(k) +Bu(k),

y(k) =

[
I

O

]
x(k) = Cx(k).

(13)

k . (9)

B ,

.

,

.

, .

, ,

. (13),

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x(k + 1) = Ax(k) +Bu(k),

y(k) = Cx(k),

u(k) = u(k−1)+Δu(k),

x(0) = xs, u(−1) = vold,

(14)

: k = 0, · · · , N − 1, xs vold
. (14) 3

, ,

,

.

4.2 (Constraints)

, ,

.

U Q

9 .

Vmin � U � Vmax, (15)

Qmin � Q � Qmax. (16)

,

,

Δu [16].
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Ṽmin � H1ΔU � Ṽmax, (17)

H1 =

⎡
⎢⎢⎣
I9
...

. . .

I9 · · · I9

⎤
⎥⎥⎦

9M×9

,

Ṽmin=

⎡
⎢⎢⎣
vmin−vold

...

vmin−vold

⎤
⎥⎥⎦

9M×9

, Ṽmax=

⎡
⎢⎢⎣
vmax−vold

...

vmax−vold

⎤
⎥⎥⎦

9M×9

,

: vmax vmin 9×1 , 9

; vold ,

, k − 1 , .

,

Q̃min � H2ΔU � Q̃max, (18)

H2 =

⎡
⎢⎢⎣
I9
...

. . .

I9 · · · I9

⎤
⎥⎥⎦

9M×9

,

Q̃min =
1

T

⎡
⎢⎢⎣
qmin − q0 − Tvold

...

qmin − q0 − Tvold

⎤
⎥⎥⎦

9M×9

,

Q̃max =
1

T

⎡
⎢⎢⎣
qmax − q0 − Tvold

...

qmax − q0 − Tvold

⎤
⎥⎥⎦

9M×9

,

: qmax qmin 9×1 , 9

. q0 ,

, k − 1 , .

:

HΔU � L, (19)

:

H = [−HT
1 HT

1 −HT
2 HT

2 ]
T,

L = [−Ṽ T
min Ṽ T

max − Q̃T
min Q̃T

max]
T.

4.3 (Optimization problem)
,

2 , .

N , ;

M , (M � N ).

(14) ,

, k + 1 k +N .

N

. ,

,

, ,

. ,

, , 2

.

, .

, (20) :

J = min ‖Ypre − Yd‖Qp
+ ‖ΔU‖Rp

, (20)

: Ypre 1 N

, Yd .

Qp Rp ,

. (14) ,
[17–18]:

Ypre = SXs+G1Uold +G2L̃ΔU, (21)

:

Xs =

⎡
⎢⎢⎣
xs

...

xs

⎤
⎥⎥⎦ , L̃ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

I9
...

. . .

I9 · · · I9
...

. . .
...

I9 · · · I9

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

Ypre =

⎡
⎢⎢⎣
Ypre(1)

...

Ypre(N)

⎤
⎥⎥⎦ , Uold =

⎡
⎢⎢⎣
vold

...

vold

⎤
⎥⎥⎦ ,

S =

⎡
⎢⎢⎣

CA
...

CAN

⎤
⎥⎥⎦ , G1=

⎡
⎢⎢⎢⎢⎣
CB

CAB CB
...

. . .

CAN−1B · · · CB

⎤
⎥⎥⎥⎥⎦ ,

G2=

⎡
⎢⎢⎢⎢⎢⎢⎣

0 · · · 0

CB

CAB CB
...

. . .

CAN−2B · · · CB 0

⎤
⎥⎥⎥⎥⎥⎥⎦
,

:

min J = min ‖Ypre − Yd‖Qp
+ ‖ΔU‖Rp

,

s.t. Ypre = SXs+G1Uold +G2L̃ΔU,

HΔU � L.

(22)

,

, .

4.4 (Parameters)
(22) , Rp

,

. ,

.

Rp ,

.

, 3 .
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, ,

, 6 ;

, .

,

, , ,

2 ,

. ,

, ,

, ,

, ,

.

, 9 6 + 2 + 1

, 6 ,

.

4.5 (Optimizing method and

feedback correction)
(22), (QP)

, , ;

;

, ,

.

(22) , ,

(10),

,

, ,

.

5 (Simulation)
.

:

,

, , ,

, ,

.

, .

[19], 500 r/min[20],

.

1 .

,

, ,

q0 = [−1 2 0 0
π

2
0 0 0 0]T,

, 2

90◦, ,

, .

(10)

,

,

X0 = [2 2.38 5 0 0 0]
T
.

,

yd1 = [4 1 6 0 0 0]
T

. N = 10,

M = 1. ,

, Qp 200,

10. 4.4 ,

, Rp

100, 10,

1. 9 [20]

vmax = [0.6 0.6 0.6 π π π π π π]
T
,

vmin = −vmax.
(23)

[15]

qmax=[9 5 5 2.62 1.22 1.05 3.14 2.18 6.28]T,

qmin=−[0 0 0 2.62 0.78 1.22 3.14 2.18 6.28]T.

(24)

7 .

7 : (a)

, (b) , (c)

, (d) ,

(e) . 7 ,

,

.

, (c) (e)

. , (b) (d)

, ,

. , 7 (d)

,

.

2
.

,

,

, .

,

, ,

yd2 = [2 1.8 4.5 0 0 0]
T
. (25)

, 8 .
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7

Fig. 7 Motion curves of end-effector’s wide range moving

8

Fig. 8 Motion curves of end-effector’s small range moving
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8 7(a), , ,

. (c)

, (d)

, (e)

. ,

, ,

, .

3

.

,

, 10, 9

. 8 9 (b)(c)(d)(e)

, ,

,

, ,

, ,

.

9

Fig. 9 Motion curves with same movement priority

6 (Conclusions)
,

,

,

.

, ,

,

, ,

,

.

, ; DH

, , MATLAB

. ,

, ,

,

.
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