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Abstract: The parity space based fault detection (FD) is one of the most common approaches by using the system

input and output data over a time window and attracts considerable attention in practical applications. This approach is

characterized by its straight forward manner in design and the generated residual is independent of the system initial state

and input. However, high parity order has to make sure for improving the FD performance, which may lead to heavy

computational task and very narrow frequency range of fault to be detected. To overcome this, the paper proposes to

deal with the problem of actuator FD for unmanned aerial vehicle (UAV) by applying parity space approach and wavelet

transform. Then the residual can be generated based on the parity relation between the inputs and outputs such that a ratio

criterion of robustness to unknown input and sensitivity to fault is minimized. Moreover, with the selection of wavelet basis

and residual evaluation for a group of residuals, the faults within broader frequency range can be detected. As a result, the

parity space order can be efficiently reduced for some acceptable FD performance, hence, both the computational cost of

residual evaluation function and the frequency range of fault can be improved. Finally, an example of UAV longitudinal

system is used to demonstrate the effectiveness of the proposed method.
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2 UAV
(Fault model of UAV flight control system

and problem formulation)
2.1 UAV (Fault model of longi-

tudinal dynamics of UAV)
UAV,

, ,

UAV ,

. UAV

,

UAV [16–17]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V̇ =
1

m
(T cos(α+ φT)−D −mg sin(θ−α))−

ẇx cos(θ − α) + wgx sin(θ − α),

α̇ =
1

mV
(L+ T sin(α+ φT)−mg cos(θ−α))+

q + ẇx

sin(θ − α)

V
+ wgx

cos(θ − α)

V
,

q̇ = Mα/Iy,

θ̇ = q,

Ḣ = V sin(θ − α)− wg,

(1)

: V , α , q , θ

, H , m , g ,

φT ; wx wg , ẇx,

wgx wx wg X ; Iy
Y , L D

T Mα :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L = 0.5ρV 2SwCL (V, α, δe, wx, wg) ,

D = 0.5ρV 2SwCD (V, α,wx, wg) ,

T = δTCT (V,wx) ,

Mα =

0.5ρV 2Swc̄ACMα(V, α, δe, q, α̇, δ̇e, wx, wg, wgx),

(2)

: ρ , Sw , c̄A
; δe , δT ; CL(·),

CD(·), CT(·), CMα(·) .

, UAV [16]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΔV̇ =−XV(ΔV − wx)−XαΔα−XθΔθ−
XδTΔδT + (Xα +Xθ)

wg

V0

,

Δα̇ =− ZVΔV − ZαΔα+Δq − ZδeΔδe+

ZVwx + Zα

wg

V0

,

Δq̇ =− (MV −Mα̇ZV)(ΔV − wx)− (Mα−
Mα̇Zα)(Δα− wg

V0

)− (Mq +Mα̇)Δq−
(Mδe −Mα̇Zδe)Δδe −MδTΔδT+

(Mα̇ −Mq)wgx,

Δθ̇ = Δq,

ΔH = NV(ΔV −wx)−Nα(Δα−wg

V0

)+NθΔθ,

(3)

: V0 , ΔV , Δα, Δq, Δθ, ΔH

; Δδe, ΔδT ; XV,

Xα, Xθ, XδT , ZV, Zα, Zθ, Zδe , MV, Mα, Mα̇ , Mq,

MδT , Mδe , NV, Nα, Nθ

, .

x =[ΔV Δα Δq Δθ ΔH ]T, u = [Δδe ΔδT ]
T,

y =[ΔV Δᾱ Δq̄ Δθ̄ ΔH ]T.

(3) UAV{
ẋ(t) = Acx(t) +Bcu(t) +Bdcdw(t),

y(t) = Ccx(t) + ν(t),
(4)

: dw = [wx wg/V0 wgx ]
T, ν

; Ac, Bc, Cc ,

Bdc . (4) UAV
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x(k + 1) = Ax(k) +Bu(k) +Bddw(k),

y(k) = Cx(k) + ν(k).
(5)

2.2 (Problem formulation)
UAV ,

[1].

,

, [2]:

uf(k) = u(k) + f(k), k � kt, (6)

: kt , u , uf

, f .

UAV :{
x(k + 1) = Ax(k) +Bu(k) + Edd(k) +Bf(k),

y(k) = Cx(k) + Fdd(k),
(7)

: d = [dTw νT]T, d ∈ R
kd , f ∈ R

kf , y ∈ R
ky , Ed

= [Bd 0], Fd = [0 I]. , 0, I

.

ys(k)=
[
yT(k − s) yT(k − s+ 1) · · · yT(k)

]T
,

us(k)=
[
uT(k − s) uT(k − s+ 1) · · · uT(k)

]T
,

ds(k)=
[
dT(k − s) dT(k − s+ 1) · · · dT(k)

]T
,

fs(k)=
[
fT(k−s) fT(k − s+ 1) · · · fT(k)

]T
,

rs(k) = υs [ys(k)−Hu,sus(k)] =

υs [Hd,sds(k) +Hf,sfs(k)] , (8)

: rs(k) , s , υs

, υs ∈ Ps = {υs |υsHo,s = 0},

Ho,s=

⎡
⎢⎢⎢⎢⎣

C

CA
...

CAs

⎤
⎥⎥⎥⎥⎦ , Hd,s=

⎡
⎢⎢⎢⎢⎢⎣

Fd 0 · · · 0

CEd Fd
. . .

...
...

. . .
. . . 0

CAs−1Ed · · · CEd Fd

⎤
⎥⎥⎥⎥⎥⎦ ,

Hu,s Hd,s Fd, Ed 0, B , Hu,s =

Hf,s.

Js

[14],

:

min Js
υs∈Ps

= min
υs∈Ps

υsHd,sH
T
d,sυ

T
s

υsHf,sHT
f,sυ

T
s

=

υs,optHd,sH
T
d,sυ

T
s,opt

υs,optHf,sHT
f,sυ

T
s,opt

. (9)

SVD [14] (9)

υs,opt, (8) .

, s , Js ,

υs,opt

, ; s ,

Js , ,

, . ,

UAV

.

3 UAV (Design of

actuator fault detection system for UAV)
3.1 (Residual generator design)

UAV

,

(9), . ,

SWT ,

, ,

.

{c0,k}, j SWT

{cj,k} {dj,k} [18]{
cj,k = WT a

c0,k
(j, k) = c0,k ∗ gl,j,

dj,k = WT d
c0,k

(j, k) = c0,k ∗ gb,j, (10)

: ∗ , gl,j = l1 ∗ l2 · · · ∗ lj−1 ∗ lj
, gb,j = l1 ∗ l2 · · · ∗ lj−1 ∗hj

; l1, h1

, lj+1, hj+1 lj , hj .

F0, {cj,k} {dj,k}
Ba

j = [0, 2−jF0 ], B
d
j = [2−jF0, 2

−j+1F0 ].

SWT , {cj,k}
{dj,k} [19]:⎧⎨

⎩
cj,k =

∑
i

l1(i)cj−1,k+2ji,

dj,k =cj−1,k − cj,k.
(11)

UAV (7),

(8) rs(k) SWT,

:⎧⎪⎨
⎪⎩
rs(k) = υs [ys(k)−Hu,sus(k)] ,

rs,j(k) = WT d
rs
(j, k), j = 1, 2, · · · , jm,

rs,jm+1(k) = WT a
rs
(jm, k),

(12)

: jm SWT , rs,j(k) rs,jm+1(k)

rs(k) ,

(8)(10) [15]⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

rs,j(k) = υs{Hd,sN
d
b,jds+q(k)+

Hf,sN
f
b,jfs+q(k)}, j = 1, 2, · · · , jm,

rs,jm+1(k) = υs{Hd,sN
d
l,jm

ds+q(k)+

Hf,sN
f
l,jm

fs+q(k)},
(13)

: q gb,j gl,jm , i � q ,
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gb,j(i) → 0, gl,jm(i) → 0; Nd
b,j , N f

b,j , j = 1, 2, · · · ,
jm, Nd

l,jm
N f

l,jm
l1, h1

jm , η = d f ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Nη
b,j =

q∑
i=0

Mη
b,j(i), j = 1, 2, · · · , jm,

Mη
b,j(i) = [0η · · · 0η, gb,j(i)Iη, 0η · · · 0η] ,

j = 1, 2, · · · , jm,
Nη

l,jm
=

q∑
i=0

Mη
l,jm

(i),

Mη
l,jm

(i) = [0η · · · 0η, gl,jm(i)Iη, 0η · · · 0η] ,

(14)

: Iη∈R
kη(s+1)×kη(s+1), 0η∈R

kη(s+1)×kη , gb,j(i)Iη
gl,jm(i)Iη (q − i) i 0η.

SWT

, Js,j(j = 1, 2, · · · , jm + 1)

rs,j(k)
[15]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
υs∈Ps

Js,j =

min
υs∈Ps

υsHd,sN
d
b,j

(
Nd

b,j

)T
HT

d,sυ
T
s

υsHf,sN f
b,j(N

f
b,j)

THT
f,sυ

T
s

=

υs,jHd,sN
d
b,j

(
Nd

b,j

)T
HT

d,sυ
T
s,j

υs,jHf,sN f
b,j(N

f
b,j)

THT
f,sυ

T
s,j

,

j = 1, 2, · · · , jm,
min
υs∈Ps

Js,jm+1 =

min
υs∈Ps

υsHd,sN
d
l,jm

(Nd
l,jm

)THT
d,sυ

T
s

υsHf,sN f
l,jm

(N f
l,jm

)THT
f,sυ

T
s

=

υs,jm+1Hd,sN
d
l,jm

(Nd
l,jm

)THT
d,sυ

T
s,jm+1

υs,jm+1Hf,sN f
l,jm

(N f
l,jm

)THT
f,sυ

T
s,jm+1

,

(15)

UAV

jm ,

(15) .

, SVD (15)

jm +1 υs,j(j = 1, 2, · · · , jm +1).

[15] , ,

rs(k), jm SWT

jm + 1 .

, .

, ,

rs(k), jm + 1 j(1 �
j � jm) SWT ,

. , jm + 1

,

, .

, jm
. dbN

, .

N , dbN ,

, ,

.

UAV ,

db1 SWT , l1 =

[0.707, 0.707], h1=[−0.707, 0.707]. ,

jm , ,

.

.

1 s

jm, l1 h1.

2 UAV (7) Hd,s, Hf,s

Hu,s, l1, h1 jm (14)

Nd
l,jm

, H f
l,jm

, Hd
b,j , H f

b,j, j = 1, 2, · · · , jm.

3 SVD (15), jm
+ 1 υs,j(j = 1, 2, · · · , jm + 1),

j, j = jp = 1.

4 rs(k) = υs,jp [ys(k)−Hu,sus(k)],

c0,k = rs(k), (11) jp
SWT, jp
djp,k,

rs,jp(k) = djp,k. (16)

5 jp < jm, jp = jp + 1, 4,

jm rs,j(k), j = 1, 2, · · · , jm.

6 rs(k)=υs,jm+1[ys(k)−Hu,sus(k)],

c0,k = rs(k), (11) jm
cjm,k,

rs,jm+1(k) = cjm,k. (17)

3.2 (Residual evaluation)
UAV

.

,

J(rs,j(k)) = ‖rs,j(k)‖2,N , j=1, 2, · · · , jm+1,

(18)

: ‖rs,j(k)‖2,N =

√
k∑

i=k−N

rTs,j(i)rs,j(i), N

.

,

. d ∈ L2

, UAV

,

J th
s,j = sup

f=0
‖rs,j(k)‖2,N , j=1, 2, · · · , jm+1. (19)

j(1 � j � jm + 1)
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J(rs,j(k)) J th
s,j ,

, :{
J(rs,j(k)) � J th

s,j, ,

J(rs,j(k)) > J th
s,j, .

(20)

4 (Simulations)
MATLAB , UAV

. 7000 m,

V0 = 0.4 Ma , :

Ac=

⎡
⎢⎢⎢⎢⎢⎣

−0.012 7.523 0 −9.8 0

−0.0009 −1.8656 1 0 0

0.0035 −10.97 −0.336 0 0

0 0 1 0 0

0 −124.92 0 124.92 0

⎤
⎥⎥⎥⎥⎥⎦ ,

Bc=

⎡
⎢⎢⎢⎢⎢⎣

−0.0201 0.065

−0.0023 0

−0.2128 −0.0019

0 0

0 0

⎤
⎥⎥⎥⎥⎥⎦ , Cc=

⎡
⎢⎢⎢⎢⎢⎣

1

57.3

57.3

57.3

1

⎤
⎥⎥⎥⎥⎥⎦ .

0.1 ,

, wg .

wx wgx, n

Gw(s) wg,

wg=Gw(s)n=

√
3V0σ

2
w

πLw

V0/(
√
3Lw) + s

[V0/Lw + s]2
n, (21)

: Lw =580 m, σw = 7 m/s,

‖dw(k)‖2 � δw, δw = 0.1. Bdc

Bdc = [2.2770 1.8656 10.97 0 124.92]T.

100 s, F0 =100 Hz,

N = 100.

[15]

1 .

[15] J ′
s,j .

1 ,

[15]

. (s = 5), J5,4, J5,5,

J5,6 J5,7 J5;

(J5,7 = J32),

.

1

Table 1 Parameters selection, performance index and the approximate frequency range of fault detectable

/Hz

s = 5 / j5 = 18.76 0∼50

s = 32 / j32 = 1.30 0∼2.5

/

[15]

s = 5,
jm = 6,

(db1)

j = 1 J5,1 = 51.17 / J ′
5,1 = 171.37 25∼50

j = 2 J5,2 = 32.85 / J ′
5,2 = 56.60 12.5∼25

j = 3 J5,3 = 18.30 / J ′
5,3 = 23.17 6.25∼12.5

j = 4 J5,4 = 7.85 / J ′
5,4 = 9.30 3.13∼6.25

j = 5 J5,5 = 3.81 / J ′
5,5 = 4.28 1.56∼3.13

j = 6 J5,6 = 2.24 / J ′
5,6 = 2.37 0.78∼1.56

j = 7 J5,7 = 1.30 / J ′
5,7 = 1.30 0∼0.78

1

. :

J(rs(k))=‖rs(k)‖2,N ,

J th
tra,s= sup

f=0
‖rs(k)‖2,N ,

.

1) 0.1◦

, 1 .

f1(k) =

{
0.1, 2000 � k � 6000,

0, .
(22)

1 1 , ,

J(r32) J(r5,7) .

J(r5) J5 ,

, .



1198 33

1 0.1◦

Fig. 1 Elevator 0.1◦ basis fault detection results

2) 4.0 Hz

, ω1 = 0.08π:

f1(k) =

{
0.2 sin(0.08πk), 2000 � k � 6000,

0, .
(23)

2 . 2 ,

, SWT J(r5,4)

. J(r32) υ32,opt

, J(r5)

. ,

0.2◦ , J(r5)

, J(r32) 0∼2.2 Hz ,

0∼5.0 Hz,

.

2 4.0 Hz

Fig. 2 Elevator 4.0 Hz basis fault detection results

3) 0.3,

(22) 0.1◦ ,

3 .

3 0.3 0.1◦

Fig. 3 Elevator 0.1◦ basis fault detection results for

each measurement noise variance is 0.3

1 3 , ,

, SWT

J(r5,7) ,

J(r32) .

4) 0.1,

δw = 0.3, (22) 0.1◦

, 4 .

4 , , SWT

J(r5,7) J(r32). ,

. ,

,

( 0∼1.2 Hz), SWT

,

, , 4 J(r5,7) 3

.
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4 δw = 0.3 0.1◦

Fig. 4 Elevator 0.1◦ basis fault detection results with δw = 0.3

5 (Conclusions)
UAV

.

, SWT

,

,

. ,

,

,

,

. ,

, .
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