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Robust autonomous landing control of quadrotor based on optical flow
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(1. Department of Automation, Tsinghua University, Beijing 100084, China;

2. China Astronaut Research and Training Center, Beijing 100094, China)

Abstract: For autonomous landing of a small quadrotor, an attitude estimation method is proposed using optical flow,

and a robust controller based on signal compensation is designed. Firstly, the ratio of velocity to depth is acquired by

singular value decomposition (SVD) from the general optical flow motion model, and the altitude data are obtained by

integrating the ratio of vertical speed and altitude. Then, the nonlinear model of the altitude channel is divided into a

nominal linear model and an equivalent disturbance considering the influences of the ground effect and other uncertainties.

And a robust controller based on signal compensation is designed, which consists of a nominal controller and a robust

compensator. The nominal controller is designed for the nominal system to get the desired tracking performance, and the

robust compensator is applied to restrain the influence of the equivalent disturbance. Finally, it is proved that the tracking

error for the altitude channel can converge to a given neighborhood of the origin in finite time by the robust controller.

Landing experimental results for a small quadrotor demonstrate the effectiveness of the proposed altitude estimation method

based on optical flow and the robust controller.
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Fig. 1 The coordinate frame schematic of the quadrotor

Pw = [Xw Yw Zw]
T Pc = [Xc Yc Zc]

T

P

; , p = (x, y,

fc)
T P , : fc

, ṗ = (u, v)
T

;

(V,Ω) , :

V = (Vx, Vy, Vz)
T, Ω = (ωx, ωy, ωz)

T;
[19]:

ṗ =

[
fc 0 −x
0 fc −y

]
(−Ω×p

fc
− V

Zc

), (1)

Zc , Ω× :
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Ω× =

⎡
⎢⎣ 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

⎤
⎥⎦ . (2)

Pi(i = 1, 2, · · · , n),
(xi, yi)

T, (ui, vi)
T Zci

, (1)[
ui

vi

]
=

1

Zci

[
−fc 0 xi

0 −fc yi

]⎡
⎢⎣Vx

Vy

Vz

⎤
⎥⎦+

1

fc

[
xiyi −(f2

c + x2
i ) fcyi

(f2
c + y2

i ) −xiyi −fcxi

]⎡
⎢⎣ωx

ωy

ωz

⎤
⎥⎦ ,

i = 1, 2, · · · , n. (3)

[20] , .

(3) , (xi, yi)
T

(ui, vi)
T
(i = 1, 2, · · · , n),

(Vx, Vy, Vz, ωx, ωy, ωz)
T (Zc1,

Zc2, · · · , Zcn)
T. n 2n

, ( n � 6) ,

(3) . ,

, , ,
[20].

,

.

,

,

,

; ,

,

, Zci = Zc(i = 1, 2, · · · , n). ,

(
Vx

Zc

,
Vy

Zc

,
Vz

Zc

)T

, (3) :(
ui

vi

)
=

[
−fc 0 xi

0 −fc yi

]⎡
⎢⎣Vx/Zc

Vy/Zc

Vz/Zc

⎤
⎥⎦+

1

fc

[
xiyi −(f2

c + x2
i ) fcyi

(f2
c + y2

i ) −xiyi −fcxi

]⎡
⎢⎣ωx

ωy

ωz

⎤
⎥⎦ ,

i = 1, 2, · · · , n. (4)

,

, ,

, (
Vx

Zc

,
Vy

Zc

,
Vz

Zc

,

ωx, ωy, ωz)
T.

,

,

, 1 .

ξ = [x y z ]T v =

[vx vy vz ]
T , (φ, θ, ψ)

. ,

Zc Zw ,

ψ,

Rw
c

Rw
c =

⎡
⎢⎣cosψ sinψ 0

sinψ − cosψ 0

0 0 −1

⎤
⎥⎦ . (5)

P

:

Pw = Rw
c Pc + ξ,

v = Rw
c V.

(6)

, Zw

= 0, (5) (6)

z = Zc,

vz = −Vz.
(7)

vz
z

= −Vz

Zc

, (8)

Vz

Zc

(4) .

, z0, (8)

.

h(t) =
vz
z

=
ż(t)

z(t)
, (9)

k(t),

k(t) =
� t

0
h (τ)dτ =

� t

0

ż (τ)

z (τ)
dτ = ln[

z(t)

z0
],

(10)

k(0) = 0,

z(t) = z0e
k(t) = z0e

� t

0
h (τ)dτ , (11)

ż(t) = z0e
k(t)h(t). (12)

, ,

z(t) ż(t).

3 (Altidude

model of quadrotor for landing mission)
1 , –



11 : 1495

[21]:

z̈ =
1

m
(CφCθ)U1 − g, (13)

: m , g , U1 4

.

, [5]

, :

To

Ti

=
1

1− ρ(
rp

4(z(t) + lo)
)2
, (14)

: Ti , To

, rp , z(t)

, l0
, zp(t) = z(t) + lo

, ρ , ,

.

,

ρ0 ,

0 < ρ � 2ρ0. (15)

λ(t) = ρ(
rp

4(z(t) + l0)
)2, z(t) > 0,

zpmin,

λ(t) � 2ρ0(
rp

4zpmin

)2
Δ
= λ0, (16)

0 < λ0 < 1.

uz = CφCθU1 ,

(14) ,

:

mz̈(t) =
uz(t)

1− λ(t)
−mg − Δ̃z(t),

z(0) = z0 > 0,

(17)

Δ̃z(t)

.

1 Δ̃z(t)⎧⎨
⎩|Δ̃z(t)| � ξ1 |ż(t)|+ ξ0 |z(t)|+ δ |d(t)| ,
|d(t)| � d0,

(18)

: ξ1, ξ0, δ d0 , d(t)

.

1 ξ1 |ż(t)| ,

; ,

ξ0 |z(t)| ; δ |d(t)|
, .

(17)⎧⎨
⎩mz̈(t) = uz(t)−mg + ζ̃(t)uz(t)− Δ̃z(t),

z(0) = z0 > 0,
(19)

ζ̃(t) =
1

1− λ(t)
− 1. (20)

(16) (20),

0 < ζ̃(t) =
λ(t)

1− λ(t)
� λ0

1− λ0

Δ
= ζ̃0. (21)

, 0 < ζ̃0
< 1.

4 (Robust controller design)
(19)

, :

mz̈(t) = uz(t)−mg −Δz(t), (22)

Δz(t) ,

Δz(t) = Δ̃z(t)− ζ̃(t)uz(t). (23)

Δz(t) = 0 , (22) .

,

; ,

Δz(t)
[22].

uz(t) : uN
z (t)

uRC
z (t) :

uz(t) = uN
z (t) + uRC

z (t). (24)

1 .

, :

uN
z (t) =m[α(żR(t)− ż(t))+

β(zR(t)− z(t)) + z̈R(t)] +mg, (25)

: zR(t) , ,

α β , .

:

z̈N(t)+αżN(t)+βzN(t) = z̈R(t)+αżR(t)+βzR(t),

(26)

zN(t) . zNe(t) =

zN(t)− zR(t),

z̈Ne(t) + αżNe(t) + βzNe(t) = 0.

2 .

Δz(t) ,

uRC
z (s) = F (s)Δz(s), (27)

F (s) =
f

s+ f
, (28)

: F (s) , f ,

uRC
z (s) Δz(s) uRC

z (t)

Δz(t) . (22)

Δz(t) = uz(t)−mz̈(t)−mg. (29)
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f , uRC
z (t) Δz(t), Δz(t)

.

(24)(27)–(29), :

uRC
z (s) = −fm · sz(s) + f

s
[uN

z (s)−mg], (30)

uN
z (s) z(s) uN

z (t) z(t) .

w(t) :

ẇ(t) = uN
z (t)−mg. (31)

(31), (30)

uRC
z (t) = −fmż(t) + fw(t). (32)

,

2 .

2

Fig. 2 The block diagram of the robust controller

5 (Robust properties analysis)
(26) zN(t)

z(t) , :

ze(t) = z(t)− zN(t). (33)

1 (17),

1 , (24)–(25)(31)–(32)

,

ε>0, f∗ T , f�f∗ , z(t) ż(t)

, |ze(t)| � ε, t � T.

z(0) = zN(0) ż(0) = żN(0),

|ze(t)| � ε, t � 0.

(22)(24)–(26) (33),

z̈e(t) + αże(t) + βze(t) =
1

m

[
uRC
z (t)−Δz(t)

]
.

(34)

(34) , (27)–(28),(
s2 + αs+ β

)
ze(s) =

(s+ α) ze(0) + że(0)− s

s+ f

Δz(s)

m
.

s2 + αs+ β s1 s2(

, ),

ze(t) = [
s1 + α

s1 − s2
ze(0) +

1

s1 − s2
że(0)]e

s1t+

[
s2 + α

s2 − s1
ze(0) +

1

s2 − s1
że(0)]e

s2t −

1

m

1

s1 − s2

s1
s1 + f

L−1(
1

s− s1
Δz(s))−

1

m

1

s2 − s1

s2
s2 + f

L−1(
1

s− s2
Δz(s))+

1

m

f

(f + s1)(f + s2)
L−1(

1

s+ f
Δz(s)),

(35)

L−1 . a < 0,

|L−1(
1

s− a
Δz)| = |

� t

0
ea(t−τ)Δz(τ)dτ | �� t

0
ea(t−τ)|Δz(τ)|dτ �

sup
0�τ�t

|Δz(τ)|
� t

0
ea(t−τ)dτ �

1

|a|‖Δz‖∞,

‖Δz‖∞ = sup
t�0

|Δz(t)| Δz(t) ,

‖ze‖∞ � c0e + c0Δ(f) ‖Δz‖∞ , (36)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c0e = |
s1 + α

s1 − s2
ze(0) +

1

s1 − s2
że(0)|+

| s2 + α

s2 − s1
ze(0) +

1

s2 − s1
że(0)|,

c0Δ(f) =
1

m
| 1

s1−s2
1

s1+f
|+ 1

m
| 1

s2−s1
1

s2+f
|+

1

m
| 1

(f + s1)(f + s2)
|.

(37)

a < 0,

| d
dt

L−1(
1

s− a
Δz)| =

|aL−1(
1

s− a
Δz) +Δz(t)| � 2‖Δz‖∞.

‖że‖∞ � c1e + c1Δ(f) ‖Δz‖∞ , (38)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c1e = |
s1(s1 + α)

s1 − s2
ze(0) +

s1
s1 − s2

że(0)|+

|s2(s2 + α)

s2 − s1
ze(0) +

s2
s2 − s1

że(0)|,

c1Δ(f) =
1

m
| 2

s1−s2
s1

s1+f
|+ 1

m
| 2

s2−s1
s2

s2+f
|+

1

m
| 2f

(f + s1)(f + s2)
|.

(39)

(27) (28)∣∣uRC
z (t)

∣∣ � ∥∥uRC
z

∥∥
∞ � ‖F (s)‖1‖Δz‖∞ = ‖Δz‖∞.
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(24) (25)

|uz(t)| �
∣∣uN

z (t)
∣∣+ ∣∣uRC

z (t)
∣∣ �

mα |żR(t)− ż(t)|+mβ |zR(t)− z(t)|+
m |z̈R(t)|+mg +

∣∣uRC
z (t)

∣∣ �
mα |ż(t)− żN(t)|+mβ |z(t)− zN(t)|+∣∣uRC

z (t)
∣∣+mα |żN(t)− żR(t)|+

mβ |zN(t)− zR(t)|+m |z̈R(t)|+mg,

‖uz‖∞ � mα‖że‖∞ +mβ‖ze‖∞ + ‖Δz‖∞ + cu,

(40)

cu = mα‖żN − żR‖∞ +mβ‖zN − zR‖∞+

m‖z̈R‖∞ +mg.

, (21) (23)

‖Δz‖∞ � ‖Δ̃z‖∞ + ζ̃0‖uz‖∞ �
ξ1‖że‖∞ + ξ0‖ze‖∞ + ζ̃0‖uz‖∞ + cΔ,

cΔ = ‖ξ1 |żN(t)|+ ξ0 |zN(t)|+ δ |d(t)|‖∞,

‖Δz‖∞ � (ξ1 + ζ̃0mα)‖że‖∞+

(ξ0 + ζ̃0mβ)‖ze‖∞+

ζ̃0‖Δz‖∞ + cuζ̃0 + cΔ.

0 < ζ̃0 < 1

‖Δz‖∞ � ξ̃1‖że‖∞ + ξ̃0‖ze‖∞ + c̃Δ, (41)

ξ̃1 =
ξ1+ζ̃0mα

1− ζ̃0
, ξ̃0 =

ξ0+ζ̃0mβ

1− ζ̃0
, c̃Δ = cuζ̃0 + cΔ.

(41)(36) (38),

‖Δz‖∞ � [ξ̃1c
1
Δ(f) + ξ̃0c

0
Δ(f)]‖Δz‖∞+

ξ̃1c
1
e + ξ̃0c

0
e + c̃Δ. (42)

(37) (39) ,

m , s1 s2 , f

, c0Δ(f) c1Δ(f) ;

ρ1 ρ0( ρ0 + ρ1 < 1),

f∗, f � f∗ ,

c1Δ(f) � ρ1/ξ̃1, c
0
Δ(f) � ρ0/ξ̃0. (43)

‖Δz‖∞ � ξ̃1c
1
e + ξ̃0c

0
e + c̃Δ

1− ρ0 − ρ1

Δ
= π, (44)

f�f∗ , ‖Δz‖∞ , f π.

(36) (38) , z(t) ż(t) .

(35) (37),

|ze(t)| �
| s1 + α

s1 − s2
ze(0) +

1

s1 − s2
że(0)|es1t+

| s2 + α

s2 − s1
ze(0) +

1

s2 − s1
że(0)|es2t + c0Δ(f)‖Δz‖∞.

(43)–(44),

|ze(t)| �
| s1 + α

s1 − s2
ze(0) +

1

s1 − s2
że(0)|es1t+

| s2 + α

s2 − s1
ze(0) +

1

s2 − s1
że(0)|es2t + ρ0

ξ̃0
π.

ε0 > 0, ρ0, ρ0 �
ε0ξ̃0
π

,

|ze(t)| � | s1 + α

s1 − s2
ze(0) +

1

s1 − s2
że(0)|es1t+

| s2 + α

s2 − s1
ze(0) +

1

s2 − s1
że(0)|es2t + ε0.

ε > ε0, T > 0,

|ze(t)| � ε, t � T.

z(0) = zN(0) ż(0) = żN(0),

|z(t)− zN(t)| � ε, t � 0.

, 1 . .

6 (Experiments and discussions)
,

,

.

6.1 (Experimental setup)

, 3 , X4 ,

800 mm, 18 , 4 kg.

.

DSP

.

(3 )

GPS .

PulsedLight LIDAR–Lite,

,

. IDS UI–1226–LE–C–HQ,

752× 480, 30 Hz.

DSP ,

,

CPU Intel Core i7–3612QM, 4G, Ubuntu

, (robot operat-

ing system, ROS), ROS OpenCV .
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10 ,

SVD ,

(
Vx

Zc

,
Vy

Zc

,
Vz

Zc

, ωx, ωy, ωz)
T,

DSP

, DSP

.

rp = 0.2286 m,

zpmin = 0.36 m,

ρ0 8.6,

(18), λ0 = 0.433, ζ̃0 = 0.764.

α = β = 6,

, f 2.

3

Fig. 3 The experimental platform of the quadrotor

6.2 (Experimental resutls and dis-

cussions)
, 1

,

,

; 2

, ,

,

.

6.2.1 (Com-

parison of optical flow estimation and lidar

measurement)
4

,

.

,

5 m 7 m

, , 5 .

70 s ,

0.13 m. 6 ,

7.2 m 40 s ,

0.14 m,

0.21 m.

4

Fig. 4 The ground texture for landing experiment

,

.

5

Fig. 5 The height curve under ground tile texture

6

Fig. 6 The height curve under lawn texture

6.2.2 (Closed-loop control

based on optical flow feedback)
,

, ,

0.4 m/s ,

7 8 ,
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, 8 s∼12 s

1.5 m .

7

,

4.85 m , 1.5 m 0.5 m

0.1 m,

0.5 m , ,

0.21 m,

.

8 ,

5.14 m , 1.5 m

0.5 m 0.05 m,

0.5 m 0.07 m,

.

,

, PD

, .

.

7

Fig. 7 Response of tracking altitude reference with nominal

controller

8

Fig. 8 Response of tracking altitude reference with robust con-

troller

7 (Conclusions)
,

,

, ;

,

;

,

, ,

.

.

.

,

, .

, , .

Shi Tomasi ,

( ),

,

,

,

. ,

,

,

.

, ,

.
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