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Boundary control for an inhomogeneous heat equation with
output constraint

ZHANG Shuang†, LI Gun

(School of Aeronautics and Astronautics, University of Electronic Science and Technology of China, Chengdu Sichuan 611731, China )

Abstract: Constrained problems are commonly existed in the physical system. Unfortunately there is no effective

way to solve the constrained problem for distributed parameter systems. In this paper, an inhomogeneous heat equation

is studied and a novel boundary control is designed to stabilize the system states and solve the constrained problem for

the heat equation. First, the heat equation described by partial differential equation (PDE)-ordinary differential equation

(ODE) is briefly introduced. Then, under the effect of unknown distributed disturbance, a novel barrier-integral Lyapunov

functional-based method is proposed. The designed method is based on the original distributed parameter system model

without any model simplification to avoid the spillover instability problem. Third, Lyapunov’s Direct Method is used to

analyze the stability of the closed-loop system and to ensure that the boundary output of the heat equation remains in a

constrained space. Finally, extensive simulations are given by using finite difference method. The simulation results further

show the effectiveness of the proposed control method.
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2 (Problem formulation)
:

Ṫ (x, t) = εT ′′(x, t) + f(x, t), (1)

∀x ∈ (0, L), :

T ′(0, t) = 0, (2)

T ′(L, t) = u(t), (3)

: T (x, t) , x t

, f(x, t) ,

u(t) x = L .

1 f(x, t) ,

(1).

.

,

.

, ,

.

1[21] u1(x, t), u2(x, t) ∈ R x ∈
[0, L] t ∈ [0,∞) , :

|φ1(x, t)φ2(x, t)| � 1

δ
φ2
1(x, t) + δφ2

2(x, t), (4)

∀δ > 0.

1 :

ẋ = f(x), (5)

V (x) D
, , x

D , V (x)→∞, ẋ =

f(x), x(0) ∈ D V (x(t)) � b, ∀t � 0, b

> 0 , V (x)

(barrier Lyapunov function).

2 f R
n → R Lebesgue

, :

‖f‖p = (
�
Rn

|f(x)|pdx)1/p, p < ∞. (6)

2[22] u(x, t) ∈ R x ∈ [0, L]

t ∈ [0,∞) , ,

:

u(0, t) = 0, (7)

:

‖u(x, t)‖22 � L2‖u′(x, t)‖22, x ∈ [0, L]. (8)
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3[19–20] |ξ| < 1

p, :

0 � ln
1

1− ξ2p
� ξ2p

1− ξ2p
. (9)

1 f(x, t),

F ∈ R
+, |f(x, t)| � F, ∀x ∈ [0, L].

.

2 , :

(·)′ = ∂(·)
∂x

, ˙(·) = ∂(·)
∂t

.

3 (Control design

and stability analysis)
,

,

|T (L, t)| < A, A > 0 .

.

– ,

, ,

.

– :

V (t) =
1

2
‖T (x, t)‖22 +

1

2
ln

A2

A2 − [T (L, t)]2
. (10)

(9)

0 � ln
A2

A2 − [T (L, t)]2
� [T (L, t)]2

A2 − [T (L, t)]2
. (11)

V (t) :

0 �1

2
‖T (x, t)‖22 � V (t) �

1

2
‖T (x, t)‖22 +

1

2

[T (L, t)]2

A2 − [T (L, t)]2
. (12)

V (t)

V̇ (t) =
� L

0
T (x, t)Ṫ (x, t)dx+

T (L, t)Ṫ (L, t)

A2 − [T (L, t)]2
.

(13)

(1)

V̇ (t) =
� L

0
T (x, t) [εT ′′(x, t) + f(x, t)] dx+

T (L, t)Ṫ (L, t)

A2 − [T (L, t)]2
. (14)

(2) (3),

V̇ (t) = T (L, t)u(t) +
� L

0
T (x, t)f(x, t)dx−

ε‖T ′(x, t)‖22 +
T (L, t)Ṫ (L, t)

A2 − [T (L, t)]2
. (15)

(4) � L

0
T (x, t)f(x, t)dx �

φ‖T (x, t)‖22 +
1

φ
‖f(x, t)‖22, (16)

φ > 0 .

, (8)

−‖T ′(x, t)‖22 � − 1

L2
‖T (x, t)‖22. (17)

,

V̇ (t) � T (L, t)(u(t) +
Ṫ (L, t)

A2 − [T (L, t)]2
)−

(
ε

L2
− φ)‖T (x, t)‖22 +

1

φ
‖f(x, t)‖22. (18)

,

u(t) = − Ṫ (L, t)

A2 − [T (L, t)]2
− k

T (L, t)

A2 − [T (L, t)]2
,

(19)

k > 0 .

3 (19) ,

.

, .

ε =
ε

L2
− φ > 0, V̇ (t)

V̇ (t) � −ε‖T (x, t)‖22 − k
[T (L, t)]2

A2 − [T (L, t)]2
+

1

φ
‖f(x, t)‖22 �

− 2min(ε, k)(
1

2
‖T (x, t)‖22+

1

2

[T (L, t)]2

A2 − [T (L, t)]2
) + ζ �

− λV (t) + ζ, (20)

: λ = 2min(ε, k), ζ =
1

φ
‖f(x, t)‖22 � LF

φ
.

, :

1 (1)–(3) ,

1 , (19) ,

:

i) T (x, t)

;

ii) |T (L, 0)| < A ,

T (L, t) ,

|T (L, t)| < A.

(20) eλt,

∂

∂t
(V eλt) � ζeλt. (21)
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:

V (t) � (V (0)− ζ

λ
)e−λt +

ζ

λ
�

V (0)e−λt +
ζ

λ
∈ L∞. (22)

(22) V (t) .

V (t) (10)

‖T (x, t)‖22 � 2V (t) � 2V (0)e−λt +
2ζ

λ
. (23)

‖T (x, t)‖2 �
√
2V (0)e−λt +

2ζ

λ
, (24)

∀x ∈ [0, L],

lim
t→∞

‖T (x, t)‖2 =
√

2ζ

λ
. (25)

(22) V (t) .

V (t) (10) , ‖T (x, t)‖22
ln

A2

A2 − [T (L, t)]2
. ,

ln
A2

A2 − [T (L, t)]2
. , |T (L, t)| → A

, ln
A2

A2−[T (L, t)]2
→∞. , |T (L, t)|

�= A. , : |T (L, 0)| < A ,

T (L, t) |T (L, t)| < A,

T (L, t) A .

4 (Numerical simulations)

.

, ,

.

(1)–(3), ε =

0.01, L = 1. f(x, t) :

f(x, t) = [sin(xt) + sin(2xt)]x. (26)

T (x, 0) = −0.5 sin(πx),

A = 1.

:

1) , u(t) = 0 : 1

, 1

, ,

.

2) (19) : 2

, k = 800.

2 ,

. ,

.

1 T (x, t)

Fig. 1 Temperature variation T (x, t) versus time and space,

without control input

2 T (x, t)

Fig. 2 Temperature variation T (x, t) versus time and space,

with the designed control

,

, 3–5 ,

x = 0.2L, x = 0.5L x =

0.67L.

3 T (x, t) x = 0.2L

Fig. 3 Temperature variation T (x, t) at x = 0.2L
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4 T (x, t) x = 0.5L

Fig. 4 Temperature variation T (x, t) at x = 0.5L

5 T (x, t) x = 0.67L

Fig. 5 Temperature variation T (x, t) at x = 0.67L

3–5 ,

(x=L ), x = 0.2L, x = 0.5L x=0.67L

, ,

. ,

, t

t = 1 s, t = 2 s t = 3 s ,

6–8 . 6–8 ,

3 s 0.

6 T (x, t) t = 1 s

Fig. 6 Temperature variation T (x, t) at t = 1 s

7 T (x, t) t = 2 s

Fig. 7 Temperature variation T (x, t) at t = 2 s

8 T (x, t) t = 3 s

Fig. 8 Temperature variation T (x, t) at t = 3 s

,

.

5 (Conclusions)

.

, –

.

,

.

. , ,

.
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