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Boundary control for an inhomogeneous heat equation with
output constraint

ZHANG Shuang’, LI Gun

(School of Aeronautics and Astronautics, University of Electronic Science and Technology of China, Chengdu Sichuan 611731, China )

Abstract: Constrained problems are commonly existed in the physical system. Unfortunately there is no effective
way to solve the constrained problem for distributed parameter systems. In this paper, an inhomogeneous heat equation
is studied and a novel boundary control is designed to stabilize the system states and solve the constrained problem for
the heat equation. First, the heat equation described by partial differential equation (PDE)-ordinary differential equation
(ODE) is briefly introduced. Then, under the effect of unknown distributed disturbance, a novel barrier-integral Lyapunov
functional-based method is proposed. The designed method is based on the original distributed parameter system model
without any model simplification to avoid the spillover instability problem. Third, Lyapunov’s Direct Method is used to
analyze the stability of the closed-loop system and to ensure that the boundary output of the heat equation remains in a
constrained space. Finally, extensive simulations are given by using finite difference method. The simulation results further
show the effectiveness of the proposed control method.
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T(x,t) =eT"(x,t) + f(x, 1), (D

Vo € (0, L), LA il Ft 4t
7'(0,t) = 0, (2)
T'(L,t) = u(t), 3)

et T, £) J RGMORA AL B, 2554 17 1)
i PN T, f (e, ) 0 R 23 A 2k O 543,
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I EB 1Y gy (2,t), ug(z,t) € RA & L fEx €
0, LILA Kt € [0, oo) IRIRREL, AT 4~ ANEE A ar:
1
(612, t)¢a(e, )] < 56i(,0) +0d5(x,1),  (4)
Vo > 0.
EX 1  FHEWT RS
&= f(x), (5)
MR E RV (o) fE S R R ITED N 2
HESEI, 1EE I H B ATIESL W — W v 530, Matbin
TDMWILRN, HV(r) = oo, FHWERG =
f(z), z(0) € DR AV (z(t)) < b, VE >0, HHb
> 0K HH, IS AFRRELY () A BhG A= S 1 K bR
% (barrier Lyapunov function).
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i NERT Y SR SO
u(0,t) =0, (7
W74 R AN AR :
fu(e O < F @0z e 0. ®)
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1 1
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0<In

(11

T(L,t)T(L,t)
A2 —[T(L,t))*
(13)
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FA AN EAG 2]
V(t) = [T 0) [T (@ 0) + fa,0)] dot
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e[| T (2, t)|5 + (15)
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+ -
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T(L, t) WA A I ARG AN .
4 FEHE Numerical simulations)

AN BAT AT IS T R A T BB
SLLABRAIE A e v 2 s B0 AT 20 O 1 SRR G
N ECSAE, A SCR A R Z MR SR AT L, 3k
PR HIBUE AR AL R G S

F BT R BN T AR B(1D)-3), S H e =
0.01, L = 1. 73X Pah f (o, t) 1 F XFiAk:

f(z,t) = [sin(xt) + sin(2zt)]z. (26)

UG 54 W T (z,0) = —0.5sin(wz), 34 52K & 4F
HA = 1.
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2) A HIE A9 B2k R G f i1 i
RGOS R R, BARI T2 2800k = 800.
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Fig. 1 Temperature variation 7'(z,t) versus time and space,
without control input
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Fig. 2 Temperature variation 7'(z,¢) versus time and space,
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