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Type-reduction of interval type–2 fuzzy logic systems with
weighted Karnik-Mendel algorithms
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Abstract: Studies on type–2 fuzzy logic systems is a hot topic in the current academic area. While type-reduction is

one of the most important blocks in the systems. KM algorithms are standarded algorithms which are used to compute

and perform the type-reduction of interval type–2 fuzzy logic systems. By comparing the sum operation in discretized

version KM algorithms and the integral operation in continuous version of KM (CKM) algorithms, the paper extends

the standarded KM algorithms to three different forms of weighted KM (WKM) algorithms according to the Newton-

Cotes quadrature formulas of numerical integration techniques. And the KM algorithms become a special case of the

WKM algorithms. Three computer simulation examples are used to illustrate and analyze the performance of the WKM

algorithms. Compared with the traditional KM algorithms, the WKM algorithms have smaller absolute error and faster

convergence speed, which provide the potential application value for designers and adopters of type–2 fuzzy logic systems.

Key words: interval type–2 fuzzy logic systems; type-reduction; Karnik-Mendel algorithms; integration; weighted

Karnik-Mendel algorithms; computer simulation
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[5]

[6],
[7–8]. Mendel Wu[9]

KM (continuous version of KM,

CKM) . Mendel Liu[10] CKM

. Liu
[11] EKM ,

EKM EKM

(WEKM) .

KM .

[5–6, 8, 11] ,

,

KM(CKM) . KM

KM ,

KM KM(WKM) .

WKM

KM , KM

WKM .

: 1
[8, 19] KM

. 2 – (Newton-

Cotes) CKM 3

WKM .

3 3 4

. 4 .

2 (Background knowledge)
2.1 (Interval type–2 fuzzy

logic systems)
Mamdani

TSK . Mamdani

p x1 ∈ X1, · · · , xp ∈ Xp y∈Y

M , l :

x1 F̃ l
1, · · · , xp F̃ l

p, y G̃l (l = 1, · · · ,
M ).

, ,

. ,

F l(x′), x = x′ , F l:
⎧⎪⎪⎨
⎪⎪⎩

F l(x′) ≡ [f l(x′), f̄ l(x′)],

f l(x′) ≡ T p
i=1μF̃ l

i

(x′
i),

f̄ l(x′) ≡ T p
i=1μ̄F̃ l

i
(x′

i),

(1)

T t– .

, (FOU).

,

B̃l(

FOU ).

B̃l :

⎧⎪⎪⎨
⎪⎪⎩

FOU(B̃l) = [μ
B̃l
(y|x′), μ̄B̃l(y|x′)],

μ
B̃l
(y|x′) = f l(x′) ∗ μ

G̃l
(y),

μ̄B̃l(y|x′) = f̄ l(x′) ∗ μ̄G̃l(y),

(2)

∗ t– .

B̃l

B̃ .

B̃ :

⎧⎪⎪⎨
⎪⎪⎩

FOU(B̃) = [μ
B̃
(y|x′), μ̄B̃(y|x′)],

μ
B̃
(y|x′) = μ

B̃1
(y|x′) ∨ · · · ∨ μ

B̃M
(y|x′),

μ̄B̃(y|x′) = μ̄B̃1(y|x′) ∨ · · · ∨ μ̄B̃M (y|x′),

(3)

∨ . , B̃ CB̃

YC(x
′),

YC(x
′) = CB̃(x

′) = 1/[lB̃(x
′), rB̃(x

′)], (4)

lB̃(x
′) rB̃(x

′) KM .

2.2 (Centroid of an

interval type–2 fuzzy set)
Ã CÃ(x) nA

Ae CÃ(Ae) , [6]

CÃ(x) = 1/ ∪
∀Ae

cÃ(Ae) =

1/ ∪
∀Ae

N∑
i=1

xiμAe
(xi)

N∑
i=1

μAe
(xi)

= 1/[cl(Ã), cr(Ã)], (5)

:

cl(Ã) = min
∀Ae

cÃ(Ae) =

min
∀θi∈[μ

Ã
(xi),μ̄Ã(xi)]

(
N∑
i=1

xiθi/
N∑
i=1

θi), (6)

cr(Ã) = max
∀Ae

cÃ(Ae) =

max
∀θi∈[μ

Ã
(xi),μ̄Ã(xi)]

(
N∑
i=1

xiθi/
N∑
i=1

θi), (7)

xi(x1 < x2 < · · · < xN) .

2.3 KM (KM algorithms)
KM cl cr

,

cl = min cl(k) =

k∑
i=1

xiμ̄Ã(xi) +
N∑

i=k+1

xiμÃ
(xi)

k∑
i=1

μ̄Ã(xi) +
N∑

i=k+1

μ
Ã
(xi)

,

(8)

cr = max cr(k) =

k∑
i=1

xiμÃ
(xi) +

N∑
i=k+1

xiμ̄Ã(xi)

k∑
i=1

μ
Ã
(xi) +

N∑
i=k+1

μ̄Ã(xi)

,

(9)
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L R KM

.

1 KM

.

1 KM [5]

Table 1 Compute the centroid of an interval type–2

fuzzy set by KM algorithms [5]

KM cl, cl =

min
∀θi∈[μ

Ã
(xi),μ̄Ã(xi)]

(
N∑
i=1

xiθi/
N∑
i=1

θi)

1 θi, θi = [μ
Ã
(xi) + μ̄Ã(xi)]/2, i = 1, · · · , N ,

c′ = c(θ1, · · · , θN ) =
N∑
i=1

xiθi/
N∑
i=1

θi

2 k(1 � k � N − 1) xk � c′ � xk+1

3 i � k, θi = μ̄Ã(xi); i � k + 1, θi = μ
Ã
(xi),

cl(k) =

k∑
i=1

xiμ̄Ã(xi) +
N∑

i=k+1

xiμÃ
(xi)

k∑
i=1

μ̄Ã(xi) +
N∑

i=k+1

μ
Ã
(xi)

4 cl(k) = c′, , cl(k) = cl,

k = L; , 5

5 c′ = cl(k) 2

KM cr, cr =

max
∀θi∈[μ

Ã
(xi),μ̄Ã(xi)]

(
N∑
i=1

xiθi/
N∑
i=1

θi)

1 θi, θi = [μ
Ã
(xi) + μ̄Ã(xi)]/2, i = 1, · · · , N ,

c′ = c(θ1, · · · , θN ) =
N∑
i=1

xiθi/
N∑
i=1

θi

2 k(1 � k � N − 1) xk � c′ � xk+1

3 i�k, θi=μ
Ã
(xi); i�k+1, θi= μ̄Ã(xi),

cr(k) =

k∑
i=1

xiμÃ
(xi) +

N∑
i=k+1

xiμ̄Ã(xi)

k∑
i=1

μ
Ã
(xi) +

N∑
i=k+1

μ̄Ã(xi)

4 cr(k) = c′, , cr(k) = cr,

k = R; , 5

5 c′ = cr(k) 2

3 WKM (WKM algorithms)
WKM ,

: Newton-Cotes CKM .

3.1 – (Newton-Cotes quadra-

ture formulas)

f(xi)
� b

a
f(x)dx,

.

1( ) a = x0 < x1 < · · · < xn

= b, � b

a
f(x)dx = Q(f) + E(f), (10)

:

Q(f) =
n∑

l=0

wlf(xl) =

w0f(x0) + w1f(x1) + · · ·+ wnf(xn) (11)

. {wl}nl=0

, {xl}nl=0 , E(f) ,

.

, —– (Si-

mpson) (Simpson)3/8

, f(x).

1( ) [a, b]

y = f(x). [a, b] h = (b− a)/n n

{xl−1, xl}nl=1, xl = x0 +

lh (l = 0, 1, 2, · · · , n).
� b

a
f(x)dx =

h

2
[f(a) + f(b) + 2

n−1∑
l=1

f(xl)] + ET(f, h). (12)

f [a, b] ,

ET(f, h) = −(b− a)f ′′(ζ)
12

h2,

a < ζ < b.

2( ) [a, b]

y = f(x). [a, b] h = (b− a)/2n 2n

{xl−1, xl}2nl=1, xl = x0 +

lh(l = 0, 1, 2, · · · , 2n).

� b

a
f(x)dx =

h

3
[f(a) + f(b) + 2

n−1∑
l=1

f(x2l) +

4
n−1∑
l=0

f(x2l+1)] + ES(f, h). (13)

f [a, b] ,

ES(f, h) = −(b− a)f (4)(ζ)

180
h4,

a < ζ < b.

3( 3/8 ) [a, b]

y = f(x). [a, b] h = (b− a)/3n

3n {xl−1, xl}3nl=1, xl = x0

+ lh (l = 0, 1, 2, · · · , 3n). 3/8

� b

a
f(x)dx =

3h

8
[f(a) + f(b) +

n∑
l=1

2f(x3l) +

n∑
l=1

3f(x3l−2) +
n∑

l=1

3f(x3l−1)] + ESC(f, h).

(14)
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f [a, b] ,

ESC(f, h) = −(b− a)f (4)(ζ)

80
h4,

a < ζ < b.

(12)–(14) ,

(Lebesgue) .

3.2 CKM (CKM algorithms)
CKM [6, 9–10]

.

a = x1 < x2 < · · · < xN = b, a, b

x , ,

(8)–(9)

cl = min
ζ∈[a,b]

fl(ζ) =

min
ζ∈[a,b]

� ζ

a
xμ̄Ã(x)dx+

� b

ζ
xμ

Ã
(x)dx� ζ

a
μ̄Ã(x)dx+

� b

ζ
μ
Ã
(x)dx

, (15)

cr = max
ζ∈[a,b]

fr(ζ) =

max
ζ∈[a,b]

� ζ

a
xμ

Ã
(x)dx+

� b

ζ
xμ̄Ã(x)dx� ζ

a
μ
Ã
(x)dx+

� b

ζ
μ̄Ã(x)dx

. (16)

3.3 WKM (WKM algorithms)
CKM 2 ( [6, 9–11]

), KM

. 2.1 2.2 ,

KM , KM –WKM ,

KM .

WKM CKM . 1 2

, KM KM

,

, KM xi

.

(11), xi

wi, cl cr , 3

WKM .

KM WKM ,

wi = 1(i = 1, · · · , N). 3 , (11)[12],

. 2.1

: Simpson

Simpson3/8 , (12)–(14).

WKM TWKM, SWKM

S3/8WKM . 4 KM, TWKM, SWKM,

S3/8WKM . 3 WKM

, [a, b] ,

xi = a+
i− 1

N − 1
(b− a), i = 1, · · · , N.

2 CKM

Table 2 Compute the centroid of an interval type–2

fuzzy set by CKM algorithms

CKM cl,

cl = min
∀θ(x)∈[μ

Ã
(x),μ̄Ã(x)]

(

� b

a
xθ(x)dx� b

a
θ(x)dx

).

1 θ(x) = [μ
Ã
(x) + μ̄Ã(x)]/2, ζ, ζ =� b

a
xθ(x)dx� b

a
θ(x)dx

,

2 x � ζ, θ(x) = μ̄Ã(x); x � ζ, θ(x) = μ
Ã
(x),

ζl =

� ζ

a
xμ̄Ã(x)dx+

� b

ζ
xμ

Ã
(x)dx

� ζ

a
μ̄Ã(x)dx+

� b

ζ
μ
Ã
(x)dx

.

3 |ζ − ζl| < ε (ε ), ,

cl = ζl, , 4 .

4 ζ = ζl 2 .

CKM cr,

cr = max
∀θ(x)∈[μ

Ã
(x),μ̄Ã(x)]

(

� b

a
xθ(x)dx� b

a
θ(x)dx

).

1 θ(x) = [μ
Ã
(x) + μ̄Ã(x)]/2, ζ,

ζ =

� b

a
xθ(x)dx� b

a
θ(x)dx

.

2 x � ζ, θ(x) = μ
Ã
(x); x � ζ, θ(x) = μ̄Ã(x),

ζr =

� ζ

a
xμ

Ã
(x)dx+

� b

ζ
xμ̄Ã(x)dx� ζ

a
μ
Ã
(x)dx+

� b

ζ
μ̄Ã(x)dx

.

3 |ζ − ζr| < ε (ε ), ,

cr = ζr, , 4 .

4 ζ = ζr, 2 .

4 , KM , 3 WKM

(12)–(14)

:

1) xi(i=1, · · ·, N), x1=a, xN =b (12)

xl(l = 0, 1, · · · , n), x0 = a, xn = b; (13)

xl(l= 0, 1, · · · , 2n), x0 = a, x2n = b; (14) xl(l

= 0, 1, · · · , 3n), x0 = a, x3n = b.

2) 2 (12)–

(14) , h/2, h/3, 3h/8.

3) 4 TWKM SWKM (12)

–(13) 1/2, S3/8WKM

(14) 1/3.

4) SWKM S3/8WKM N

N = 2n+ 1 N = 3n+ 1( (13)–(14)
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N = 1mod(2) N = 1mod(3)).

3 WKM

Table 3 Compute the centroid of an interval type–2

fuzzy set by WKM algorithms

WKM cl,

cl = min
∀θi∈[μ

Ã
(xi),μ̄Ã(xi)]

(
N∑
i=1

wixiθi/
N∑
i=1

wiθi).

1 θi, θi = [μ
Ã
(xi) + μ̄Ã(xi)]/2, i = 1, · · · , N ,

c′=c(θ1, · · ·, θN , w1, · · ·, wN )=
N∑
i=1

wixiθi/
N∑
i=1

wiθi.

2 k(1 � k � N − 1) xk � c′ � xk+1

3 i�k, θi= μ̄Ã(xi); i�k + 1, θi=μ
Ã
(xi),

cl(k) =

k∑
i=1

wixiμ̄Ã(xi) +
N∑

i=k+1

wixiμÃ
(xi)

k∑
i=1

wiμ̄Ã(xi) +
N∑

i=k+1

wiμÃ
(xi)

4 cl(k) = c′, , cl(k) = cl,

k = L; , 5

5 c′ = cl(k) 2

WKM cr,

cr = max
∀θi∈[μ

Ã
(xi),μ̄Ã(xi)]

(
N∑
i=1

wixiθi/
N∑
i=1

wiθi)

1 θi, θi = [μ
Ã
(xi) + μ̄Ã(xi)]/2, i = 1, · · · , N .

c′=c(θ1, · · ·, θN , w1, · · ·, wN )=
N∑
i=1

wixiθi/
N∑
i=1

wiθi.

2 k(1 � k � N − 1) xk � c′ � xk+1.

3 i � k, θi=μ
Ã
(xi); i � k + 1, θi= μ̄Ã(xi),

cr(k) =

k∑
i=1

wixiμÃ
(xi) +

N∑
i=k+1

wixiμ̄Ã(xi)

k∑
i=1

wiμÃ
(xi) +

N∑
i=k+1

wiμ̄Ã(xi)

.

4 cr(k) = c′, , cr(k) = cr,

k = R; , 5 .

5 c′ = cr(k) 2 .

4 (12)–(14) , TWKM, SWKM

S3/8WKM

, 2.1 , New-

tonCotes .

3 CKM 4 WKM

(

) :

1) WKM xi (i= 1, · · · ,
N) ,

. CKM

,

. , N → +∞ , WKM

CKM .

2) WKM , N

. CKM ,

ε

.

3) WKM , CKM

. WKM

CKM .

4 WKM

Table 4 Weight assignment method of WKM algo-

rithms

KM — wi = 1 (i = 1, · · · , N)

TWKM wi =

⎧⎨
⎩
1/2, i = 1, N,

1, i �= 1, N.

SWKM
Simp-

son
wi =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1/2, i = 1, N,

1, i = 1 mod (2), i �= 1, N,

2, i = 0 mod (2), i �= N.

S3/8WKM
Simp-

son3/8
wi=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1/3, i = 1, N,

2/3, i=1 mod (3), i �=1, N,

1, i = 2 mod (3), i �= N,

1, i = 0 mod (2), i �= N.

: mod . i = j mod (d) i = nd + j, n

.

4 (Simulation)
3 . ,

FOU
[10, 15] . 3 , FOU

[11].

FOU

. x ∈ [0, 10] x ,

ε = 10−6.

1 FOU .

1 , FOU

,

u1(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x− 1

2
, 1 � x � 3,

7−x

4
, 3 < x � 7,

0, (x < 1) ∪ (x > 7),

(17)

u2(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x− 2

5
, 2 � x � 6,

16− 2x

5
, 6 < x � 8,

0, (x < 2) ∪ (x > 8).

(18)
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FOU

,

u3(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x− 1

6
, 1 � x � 4,

7−x

6
, 4 < x � 7,

0, (x < 1) ∪ (x > 7),

(19)

u4(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x− 3

6
, 3 � x � 5,

8−x

9
, 5 < x � 8,

0, (x < 3) ∪ (x > 8),

(20)

∪ .

1 1 FOU

Fig. 1 FOU of example one

x N ,

[x1, xN ] = [a, b],

xi = x1 +
i− 1

N − 1
(b− a),

N 50 100 2000 . 4 WKM

2(a) , WKM

CKM |y1 − y∗
1 | , N

2(b) .

(a)

(b)

2 1

Fig. 2 Computation results of example one

2 FOU .

3 , FOU

,

u1(x) = exp(−(x− 3)
2

8
), (21)

u2(x) = 0.8 exp(−(x− 6)
2

8
). (22)

3 2 FOU

Fig. 3 FOU of example two

FOU

,

u3(x) = 0.5 exp(−(x− 3)
2

2
), (23)

u4(x) = 0.4 exp(−(x− 6)
2

2
). (24)

CKM

y∗
2 = 4.420076. 4 WKM

4(a) , WKM CKM

|y2 − y∗
2 | , N

4(b) .
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(a)

(b)

4 2

Fig. 4 Computation results of example two

3 FOU

.

5 , FOU ,

u1(x) = exp[−1

2
(
x− 5

1.75
)2]. (25)

FOU ,

u2(x) = exp[−1

2
(
x− 5

0.25
)2]. (26)

5 3 FOU

Fig. 5 FOU of example three

CKM y∗
3 =

4.999996. 4 WKM 6(a)

, WKM CKM |y3
− y∗

3 | , N 6(b) .

(a)

(b)

6 3

Fig. 6 Computation results of example three

5 CKM 3

yl yr .

5 3 yl yr CKM

(ε = 10−6)

Table 5 Computation results of CKM iteration algo-

rithms for three examples of yl and yr(ε =

10−6)

t 0 1 2 3 4 5

y1l 4.320794 3.679657 3.661355 3.661338 3.661338

y1r 4.320794 4.975022 4.991388 4.991396 4.991396

y2l 4.395260 3.255309 3.156405 3.155741 3.155741

y2r 4.395260 5.576350 5.683753 5.684411 5.684411

y3l 4.999999 3.819380 3.606842 3.595568 3.595539 3.595539

y3r 4.999999 6.180619 6.393158 6.404423 6.404453 6.404453

: t , t = 0 .
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KM, TWKM, SWKM, S3/8WKM

3 , N ,

|yi − y∗
i |/|y∗

i |(i = 1, 2, 3). 3

N 6 ,

6 3

.

6 N = 100 : 50 : 2000 , |yi − y∗
i | /

|y∗
i |(i = 1, 2, 3)

Table 6 Mean relative error |yi − y∗
i |/|y∗

i |(i = 1, 2, 3)

for N = 100 : 50 : 2000

KM TWKM SWKM S3/8WKM

1 0.00006126 0.00006126 0.00005886 0.00006145

2 0.00124329 0.00109645 0.00109676 0.00112994

3 0.00000086 0.00000086 0.00000086 0.00001125

0.00043513 0.00038619 0.00038549 0.00040088

2, 4, 6, 8 6, :

1) 2, 4, 6 8, 4 .

1 , SWKM (

), KM TWKM

( ), S3/8 WKM

( ). 2 , WKM

KM , TWKM

SWKM KM . TWKM

SWKM (

), S3/8 WKM (

), KM ( ).

3 , S3/8WKM (

), 3 (

).

2) 6, KM

0.124329%, WKM

0.112994%; KM

0.043513%, WKM

0.040088%.

3) 1) 2) , WKM

, KM .

,

. ,

,

. Microsoft Windows XP Profes-

sional , E5300@2.60GHz 2.00 GB

CPU . MATLAB 2013a

, 7–9 100 : 50 : 2000

.

N

, 4 N

. t = a +

bN , t , 7 .

4

( max
i=1,··· ,4

{ti} − min
i=1,··· ,4

{ti})/ max
i=1,··· ,4

{ti}, (27)

ti(i = 1, · · · , 4) 4 .

7 1

Fig. 7 Comparison of run time in example one

8 2

Fig. 8 Comparison of run time in example two

9 3

Fig. 9 Comparison of run time in example three

7–9 7 , , WKM

KM . 4
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TWKM > SWKM > S3/8WKM > KM.

TWKM , SWKM

S3/8WKM ,

. N = 100 : 50 :

2000 , 4 3

9.24%∼92.77%.

. ,

6 , SWKM

.

1/N . 1

, 1

FOU. 2 3

, 3–5 FOU. 6

7–9,

TWKM . 1/N

. SWKM .

7 4

Table 7 Compute the regression model coefficients by least squre for four types of algorithms

KM TWKM SWKM S3/8WKM

a/10−3 b/10−3 a/10−3 b/10−3 a/10−3 b/10−3 a/10−3 b/10−3

1 0.0053 0.0641 0.0006 0.2345 0.0020 0.0851 0.0029 −0.0028

2 0.0056 −0.0160 0.0006 0.1661 0.0020 −0.0136 0.0028 −0.0837

3 0.0072 0.0244 0.0005 0.1435 0.0019 0.0926 0.0028 −0.1123

0.0060 0.0242 0.0006 0.1814 0.0020 0.0547 0.0028 −0.0663

, KM WKM

, . 3

, , 3 WKM

KM .

, , KM

, WKM

.

5 (Conclusion and expectation)
[11] EKM ,

KM .

FOU ,

KM

. , 3

KM KM(WKM) . 3

4

. , WKM KM

.

, [11, 13–14],

WKM WEKM

[8, 16], [17–18]

.
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