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Stability boundary analysis of hypersonic vehicle with
control saturation and bandwidth limitation
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Abstract: In order to declare the stability of open-loop unstable air-breathing vehicles system with control saturation

and bandwidth limitation, the stability boundary along with null controllable region of such system is investigated. First, the

modeling approach of a air-breathing hypersonic vehicle and the main issues of control system design are briefly introduced.

Second, Considering the control input constraints, the stability boundary is quantitatively defined, which depends on the

location of unstable pole, its left eigenvector, and control saturation. Besides, the bandwidth limitation of actuators will

reduce the stability region. The analytical expressions of null controllable boundary for short mode of the hypersonic

vehicle is proposed. With Monte-Carlo analysis, the simulation results indicate that, the null controllable region for unstable

system with specific control law is within the stability boundary, and the impact of bandwidth limitation of actuators shows

the same with theoretical analysis, regardless of the control law. The stability of open-loop unstable system is extremely

restricted with control saturation and bandwidth limitation.
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hypersonic model)
Blender Doman 2D ,

[30],
[31],

;

,

, ,

;

/ , / ,

3D [32],

1 .

3D

3

V̇ =
T cosα−D

m
− g sin γ, (1)
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α̇ = (
g

V
− V

RE + h
) cos γ − T sinα+ L

mV
+ q,

(2)

ḣ = V sin γ, (3)

q̇ =
M

Iyy
, (4)

θ̇ = q, (5)

: V, α, h, q, θ

; γ = θ − α

; m , Iyy y

; L,D, T,M

; g ; RE .

1 3D

Fig. 1 Geometric configuration of 3D hypersonic vehicle
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:

L= qSCL(α,Ma, δ),

D= qSCD(α,Ma, δ),

T = qSCT(α,Ma, φ),

M = qSCM(α,Ma, δ) + zTT (α,Ma, φ),

: δ, φ

.

,

xT = [V α h q θ], uT = [δ φ],

:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 g +Xα
A 0 0 −g

ZA −mg

mV 2

Zα
A

V

∂α̇

∂h
1 0

0 −V 0 0 V

0 Mα
B 0 0 0

0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (6)

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−Dδ T φ cosα

−Lδ

V

Zφ
A

V
0 0

M δ
B Mφ

B

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (7)

∂α̇

∂h
= − ZA

mV
[

1

(RE + h)
+

ρh
ρ
]−

g

V (RE + h)
,

ZA = −L− T sinα,

XA = T cosα−D,

: Zα
A, X

α
A ZA

XA ; Mα
B

;

ρh ; Dδ, Lδ

; T φ

; M δ
B,M

φ
B

.

.

/ (

) , ,

, ;

,

z = ±
√
Mα +

Zα
AM

δ

Lδ
. (8)

,

ZA ( ), Zα
A < 0.

, M δ/Lδ 0 . (8) ,

(Mα > 0) ,

.

,

, Lδ , RHP

,

; ,

, ,

.

, ( )

.

,

.

, FER

,
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2

Fig. 2 Trimmed RHP pole vs. Mach and dyanmic pressure

3 ,

4 ,

,

20◦, .

3 (◦)

Fig. 3 Trimmed AOA vs. Mach and dyanmic pressure

,

,

, ,

.

4 (◦)

Fig. 4 Trimmed elevator vs. Mach and dyanmic pressure

3 (Null controllable region)
:

ẋ(t) = Ax(t) +Bu(t), (9)

: x ∈ R
n , u ∈ R

m .

, xT = [V

α h q θ], uT = [δ φ],

ū− � u(t) � ū+. (10)

,

: |ū−| = |ū+| = ū, B

ū = 1.

,

.

uωc
:

uωc
(s) = Hωc

(s)u(s), (11)

: Hωc
0 1, ωc

:

Hωc
(s) =

ωc

s+ ωc

. (12)

1 ∀t > 0 u(t)

(10), ;

uω,i(t)(i = 1, · · · ,m) (11),

. .

Ua
[12].

2 (9) u(t) ,

x0 x(t) = x(t, x0, u).

x(0) = x0, T > 0,

u(t) ∈ Ua, x(T, x0, u)

= 0, x0 (null controllable state).

(null

controllable region), C [12].

C, [12]:

1) A , C = R
n;
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2) A , C ;

3) A , C

Ci ;

4) B = [b1, · · · , bm], ẋ = Ax+ bi
Ci,

C =
m∑
i=1

Ci = {x1 + · · ·+ xm : xi ∈ Ci} .

, ,

, b B.

(A > 0) , [13]

:

C̄ = {x|x =
� ∞

0
e−Aτbu (τ) dτ, u ∈ Ua}, (13)

: C̄ C , ∂C C

. C ∂C .

3 (9)

∂C 2 :

DC = min {‖x‖2 |x ∈ ∂C } . (14)

, :

1) ∀‖x0‖2 < DC,x0 ∈ C;

2) ∃‖x0‖2 � DC,x0 /∈ C.

,

, .

3.1 (Stability radius

of AHSVs)

(9), A

,

:

x =
∑
ki

kiλi,

: x ∈ R
5 , λi ∈ C

5

pi = σi + iωi , ki ∈ C

λi . ,

,

.

n A qj(j = 1, · · · , k),
pi(i = 1, · · · ,m), k +m = n.

, λ(

);

η.

1 n A ,
[21],

ηH
j · λi = 0, i �= j,

ηH
j ηj .

n ,

:
n∑
i

k̇iλi =
n∑
i

k̇iAλi + bu =
n∑
i

k̇ipiλi + bu. (15)

(15) qj ηH
j ,

1 λj kj
:

k̇j = pjkj +
ηH
j b

ηH
j λj

u. (16)

kj .

qj ∈ R , kj ∈ R, (16)

; qj = σj + iωj , σj , ωj ∈ R ,

kj = xj + iyj , xj , yj ,∈ R, (16)

2 :[
ẋj

ẏj

]
=

[
σj −ωj

ωj σj

][
xj

yj

]
+

[
bx
by

]
u,

:

bx + iby =
ηT
j b

ηT
j λj

.

kj ,

1 2 .

, i

DCi,

, DC � min
i
{DCi} .

3.2 (Stability radius of 1st

order system)
:

ẋ = λx+ bu, |u| � 1, (17)

: λ > 0, ,

, b > 0.

4 (17),

x0, u(t) = −1
x0 , x(t, x0); u(t) = 1

x0 , x(t, x0).

u ∈ Ua

:

x (t, x0) � x (t, x0, u) � x (t, x0) .

2
17, x0 > 0 (x0 < 0),

T > 0, x(T, x0) � 0 (x(T, x0) � 0),

. λ

, DC = b/λ.

x0 > 0,
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x (t, x0) = eλt(x0 − b

λ
) +

b

λ
. (18)

x0 � b/λ , ∀t > 0,

x(t, x0) � b/λ, (18) ,

b/λ > 0. ,

.

, .

0 < x0 < b/λ , T = ln b/(b −
λx0)/λ, t ∈ [0, T ] u− =

−1, x(T, x0, −1) = 0.

2 x0 ,

b/λ. ,

.

ωc

, (17) :

ẋ = λx+ buωc
,

u̇ωc
= −ωcuωc

+ ωcu,
(19)

: uωc
ωc .

: xT
ω = [x, uωc

],

ẋω = Aωxω + bωu, (20)

:

Aω =

[
λ b

0 −ωc

]
, bω =

[
0

ωc

]
.

1 2 .

3
17, ωc

, Dω
C

DC Dω
C = kDC,

0 < k < 1, k

k =
ωc

λ+ ωc

. (21)

(19).

xω0, ( )

xω(t,xω0) = eAωt(xω0 −A−1
ω bω) +Aω

−1bω,

xω(t,xω0) = eAωt(xω0 +A−1
ω bω)−Aω

−1bω.

( ) xωe =

±[b/λ − 1]T. xω(t),

[
x(t)

uω(t)

]
=

⎡
⎣eλt b

λ+ ωc

(
eλt − e−ωt

)
0 e−ωct

⎤
⎦
⎡
⎣x0 − b

λ
uω0 + 1

⎤
⎦+

⎡
⎣ b

λ
−1

⎤
⎦ .

uω0

,

x(t) = eλt(x0 − b

λ

ωc − uω0

λ+ ωc

)−
b(ue + 1)

λ+ ωc

e−ωct +
b

λ
. (22)

uω0 = 0,

(22) : x0 > bωc/(λ(λ+ ωc)),

, ∀t > 0, x(t) > b/λ− b/(λ+ ωc) > 0.

2,

Dω
C =

b

λ

ωc

λ+ ωc

. (23)

, ωc

λ , 2/3

. , (

0.9),

9 .

3.3 (Stability radius of 2nd

order system)
,

: λ1,2 = σ ± iω, ω �= 0.

[
ẋ1

ẋ2

]
=

[
σ −ω
ω σ

][
ẋ1

ẋ2

]
+

[
b1
b2

]
u. (24)

: ẋ = Ax+ bu.

,

. ,

1 ,

P (x0) = x(T,x0) : R
2 → R

2.

T = 2π/ω , φ0

uT (t, φ0) = sgn[sin(ωt+ φ0)]. (25)

1 ,
[33].

4 ,

(25) .

∂C [12].

0, T = 2π/ω

, x0

P (x0) = eATx0 + (eA
T
2 − I)2A−1b.

xp =

(
1 + eπσ/ω

)
(1− eπσ/ω)

A−1b. (26)

,
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xp

:

x(t,xp) = [eAt 2

1− eπσ/ω
− I]A−1b, t ∈ [0,

T

2
].

DC

:

min
t∈[0,T /2]

‖x (t,xp)‖2.

,

,

.

ωc

, ,

xT
ω = [x1 x2 uωc

],

ẋω = Aωxω + bωu, (27)

:

Aω =

[
A b

0 −ωc

]
, bω =

[
0

ωc

]
.

xT
ωp = [xω

p uωp], :

xω
p = xp +K(A+ ωcI)

−1
b, (28)

K =
2
(
eπ(σ+ωc)/ω + 1

)
(eπσ/ω − 1) (eπωc/ω + 1)

,

: xp

(26). (28) , ωc

.

5 ,

,

.

5

Fig. 5 Null controllable region of 2-order system with band-

width limitation

xωp

:

min
t∈[0,T /2]

‖x (t,xωp)‖2,

xω (t,xωp) =

[
x (t,xωp)

uω (t,xωp)

]
,

xω (t,xωp) = eAωtxωp − (I − eAωt)A−1
ω bω.

,

.

:

k ≈ ωc√
(σ + ωc)

2
+ ω2

=

ω̄c√
(ω̄c − cotβ)

2
+ 1

, (29)

: ω̄c = ωc/ω , β cosβ =

ζ = −σ/
√
σ2 + ω2. ω = 0 , (29)

(21), . 6

, .

6

Fig. 6 Contraction ratio vs. normalized angular frequency with

differential damping ratio

4 (Simulation)

:

ẋs = Asxs + bsu, (30)

:

As =

⎡
⎣Zα

A

V
1

Mα
B 0

⎤
⎦ , bs =

⎡
⎣−Lδ

V
M δ

B

⎤
⎦ .

p =
Zα

A −
√
4V 2Mα

B + (Zα
A)

2

2V
, (31)

q =
Zα

A +
√
4V 2Mα

B + (Zα
A)

2

2V
. (32)
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,

Mα
B

. q.

p λs,

q ηu

λT
s = [p/Mα

B 1] ,

ηT
u = [q 1] .

,

:

ηT
u ẋs = ηT

uAsxs + ηT
u bsu,

k̇q = qkq +
ηT
u bs

ηT
u λu

u,

: λu q .

,

DC =
4Mα

B

Δ2 + 4Mα
B

(M δ
B −

Lδ

V
Δ)ū, (33)

Δ =
Zα

A

V
+

√
4Mα

B + (
Zα

A

V
)
2

, (34)

: ū . 33

, Zα
A,M

α
B ,

M δ
B , ;

, M δ
B

Lδ ,

.

,

,

. 7 .

7

Fig. 7 Stability radius without bandwidth limitation through-

out flight envelope

7

10◦ , .

, ,

. ,

,

.

,

,

( ,

B ) .

,

, ,

, 8 .

,

.

8

Fig. 8 Relationship between closed-loop stability boundary

and region

.

, .

.

, .

.

ηu :

s (xs) = ηT
u · xs.

u(t) = −(η
T
uAs

ηT
u bs

)xs − sgn
(
ηT
u · xs

)
. (35)

, ,

9 .

, 10 Hz,

( ) ,

.

10–11 ,

;

. ,

. ,
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( ). λs ;

ηu .

9

Fig. 9 The simulation diagram with saturation constraint and

bandwidth limitation

10

Fig. 10 Stability radius of short mode without bandwidth limi-

tation

11

Fig. 11 Stability radius of short mode with bandwidth limita-

tion

10–11 :

λs ,

ηu ,

. ,

, .

, ,

.

11 ,

10 Hz ,

|α| < 10◦,

|q| <
10((◦) · s−1), .

, .

,

,

. 12 .

12 ,

,

.

,

, :

,

.

12 / k

Fig. 12 Comparison of contraction ratio of theoretical calcula-

tion and simulation vs. normalized bandwidth

5 (Conclusions)
,

.

, .

,

. :

,

, ,

B ,

.
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. :

( ) Zα
A, M

α
B

M δ
B, L

δ . Zα
A, M

α
B

, M δ
B ,

; ,

M δ
B Lδ ,

.

,

, ( )

. ,

,

,

.

.

,

.

,

,

.
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