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Abstract: This paper presents the distributed state estimation for nonlinear systems with randomly delayed measure-

ments under correlated additive and multiplicative noises (NSAMD). In the considered problem, the interested state is

observed by multiple sensor clusters, and the corresponding measurement data is sent to the remote distributed processing

network via data transmission, along with the random delay obeying the first-order Markov chain. Then, the distributed

Gaussian-information filter (DGIF) is presented to pursue a tradeoff between estimate accuracy and computation time, in-

cluding a novel Gaussian filter for NSAMD with the estimated delay probability online (abbreviated as GAMDF) in the

sense of minimizing the estimate error covariance in the single local processing node/unit, and a distributed information

filter form to give an efficient distributed fusion via consensus strategy based on the statistical linear regression applied to

nonlinear measurement equations. A numerical example is simulated to validate the proposed method in a single processing

unit and the distributed processing network.
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, (multiple model method)

; ,
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with estimated delay probability, GAMDF); ,
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,

, DGIF,

.

2 (Problem Formulation)

xk+1 = (1 + αk)f(xk) + wk (1)

n

zn,k = (1 + βn,k)hn(xk) + vn,k, (2)

xk ∈ R
nx zn,k ∈ R

nz n

( n

n ). ,

, G := (V , E). n ∈
G := {1, · · · , N} / , emn

∈ E := {emn|m,n ∈ V} m

n ( , ). {αk}, {wk},

{βn,k} {vn,k} , ( )

ck, Qk, sn,k Rn,k ,

E(αkw
T
l ) = Jkδkl, E(βn,kv

T
n,l) = Ln,kδkl.

, δkl Dirac delta ( k= l 1,

0). , ,

: E(αkβn,l) = 0, E(αkv
T
n,l) = 0, E(wkβn,l) = 0,

E(wkv
T
n,l) = O. x0 x̄0 P0

, {αk}, {wk}, {βn,k} {vn,k}
. , m �= n, E(βm,kβn,l) = 0

E(vm,kv
T
n,l) = O,

.

, n

,

. ,

,

, [23–25, 29],

.

[26–27, 29], [24–25],

n :

yn,k = γn,kzn,k + (1− γn,k)zn,k−1, (3)

: yn,k ∈ R
nz , γn,k

0− 1

P(γn,k+1 = r|γn,k = q) = λn,rq,k+1, (4)

r, q = 0, 1. γn,k x0 {αk},

{wk}, {βn,k} {vn,k} .

(1)−(3)

. ,

,

. , DGIF,

,

, ;

, ,

, ,

.

3
(Gaussian filter for

nonlinear systems with randomly delayed

measurements under coupled additive and

multiplicative noises)
,

(i.e., GAMDF).

, n ,

λn,rq,k λrq,k.

{y1, · · · , yk} Y1:k.

Y1:l , :

φ̂k|l := E(φk|Y1:l),

P φξ
k,t|l := cov(φk, ξt|Y1:l) = E(φ̃k|lξ̃

T
t|l),

: φ̃k|l := φk− φ̂k|l, ξ̃t|l := ξt− ξ̂t|l, φ ξ

x, z y , P φξ
k,t|l P φξ

k|l k = t.

(2) (3),

yk+1 = γk+1

(
(1 + βk+1)h(xk+1) + vk+1

)
+

(1− γk+1)
(
(1 + βk)h(xk) + vk

)
. (5)

[15–16] , (5)

,

. , [23–24]

[29] , (5)

(

) ,

. , , :

1 Y1:k

,

p(xk+1|Y1:k) = N (xk+1; x̂k+1|k, P
xx
k+1|k). (6)

2 Y1:k

,

p(yk+1|Y1:k) = N (yk+1; ŷk+1|k, P
yy
k+1|k). (7)

,

. (7) ,

ŷk+1|k P yy
k+1|k , p(xk+1|Y1:k)

p(xk|Y1:k), βk+1 vk+1

. :

3 Y1:k vk
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βk ,

p(vk|Y1:k) = N (vk; v̂k|k, P
vv
k|k), (8)

p(βk|Y1:k) = N (βk; β̂k|k, P
ββ
k|k). (9)

, vk+1 βk+1 Y1:k ,

p(vk+1|Y1:k) = N (vk+1;0, Rk+1) p(βk+1|Y1:k) =

N (βk+1; 0, sk+1). ζk :=(xT
k , βk, v

T
k )

T. 1,

p(ζk+1|Y1:k) .

π̂k|l := P(γk=1|Y1:l) k

Y1:l .

.

1 k

π̂k|k, k + 1 , π̂k+1|k+1 :

π̂k+1|k+1 =
P(yk+1|γk+1 = 1, Y1:k)π̂k+1|k

P(yk+1|Y1:k)
, (10)

π̂k+1|k = λ11,kπ̂k|k + λ10,k(1− π̂k|k). (11)

A.

, P (yk+1|γk+1 = 1, Y1:k) yk+1

zk+1 . P (yk+1|Y1:k)

yk+1 Gk+1|k(y)1 .

,

2 .

2 k x̂k|k, P xx
k|k, ζ̂k|k,

P ζζ
k|k π̂k|k, 1–3 ,

:

x̂k+1|k+1 = x̂k+1|k +Kx
k+1(yk+1 − ŷk+1|k), (12)

P xx
k+1|k+1 = P xx

k+1|k −Kx
k+1P

yy
k+1|k(K

x
k+1)

T, (13)

, Kx
k+1 :

Kx
k+1 = P xy

k+1|k(P
yy
k+1|k)

−1, (14)

x̂k+1|k =
�
f(xk)Gk|k(x)dxk, (15)

P xx
k+1|k =

(1 + ck)
�
f(xk)f

T(xk)Gk|k(x)dxk +Qk +

x̂k+1|kJk + JT
k x̂

T
k+1|k − x̂k+1|kx̂

T
k+1|k, (16)

ŷk+1|k = π̂k+1|kẑk+1|k + (1− π̂k+1|k)ẑk|k, (17)

P yy
k+1|k =

π̂k+1|k(1+sk+1)
�
h(xk+1)h

T(·)Gk+1|k(x)dxk+1+

π̂k+1|k(ẑk+1|kLk+1 + LT
k+1ẑ

T
k+1|k +Rk+1)−

ŷk+1|kŷ
T
k+1|k + (1− π̂k+1|k)×� (

(1 + βk)h(xk) + vk
)( · )TGk|k(ζ)dζk, (18)

P xy
k+1|k = π̂k+1|kP

xz
k+1|k + (1− π̂k+1|k)P

xz
k+1,k|k,

(19)

:

ẑk+1|k =
�
h(xk+1)Gk+1|k(x)dxk+1, (20)

ẑk|k =
� (

(1 + βk)h(xk) + vk
)
Gk|k(ζ)dζk, (21)

P xz
k+1|k =

�
xk+1h

T(xk+1)Gk+1|k(x)dxk+1 −
x̂k+1|kẑ

T
k+1|k, (22)

P xz
k+1,k|k =�
f(xk)

(
(1 + βk)h(xk) + vk

)
Gk|k(ζ)dζk −

xk+1|kz
T
k|k. (23)

B.

2 , k + 1 yk+1 k+ 1

zk+1, k zk.

, yk+1 βk vk , yk+1 Y1:k

, 2 xk, βk vk
ζk , 3 .

3 k x̂k|k, P xx
k|k, ζ̂k|k,

P ζζ
k|k π̂k|k, 1–3 , ζk+1

:

ζ̂k+1|k+1 = (x̂T
k+1|k+1, β̂

T
k+1|k+1, v̂

T
k+1|k+1)

T, (24)

P ζζ
k+1|k+1 =

⎛
⎜⎝
P xx

k+1|k+1 P xβ
k+1|k+1 P xv

k+1|k+1

P βx
k+1|k+1 P ββ

k+1|k+1 P βv
k+1|k+1

P vx
k+1|k+1 P vβ

k+1|k+1 P vv
k+1|k+1

⎞
⎟⎠ ,

(25)

:

β̂k+1|k+1 = Kβ
k+1(yk+1 − ŷk+1|k), (26)

v̂k+1|k+1 = Kv
k+1(yk+1 − ŷk+1|k), (27)

P ββ
k+1|k+1 = sk+1 −Kβ

k+1P
yy
k+1|k(K

β
k+1)

T, (28)

P vv
k+1|k+1 = Rk+1 −Kv

k+1P
yy
k+1|k(K

v
k+1)

T, (29)

P xβ
k+1|k+1 = −Kx

k+1P
yy
k+1|k(K

β
k+1), (30)

P xv
k+1|k+1 = −Kx

k+1P
yy
k+1|k(K

v
k+1), (31)

P βv
k+1|k+1 = Lk+1 −Kβ

k+1P
yy
k+1|k(K

v
k+1), (32)

Kβ
k+1 Kv

k+1 :

Kβ
k+1 = P βy

k+1|k(P
yy
k+1|k)

−1, (33)

Kv
k+1 = P vy

k+1|k(P
yy
k+1|k)

−1, (34)

P βy
k+1|k = π̂k+1|k(sk+1ẑ

T
k+1|k + Lk+1), (35)

P vy
k+1|k = π̂k+1|k(L

T
k+1ẑ

T
k+1|k +Rk+1). (36)

C.

1 N (φk; φ̂k|l, P
φφ
k|l ) Gk|l(φ).



11 : 1435

(1)–(3) γk+1

, GAMDF

. ,

π̂k+1|k+1 : 1 ,

P(yk+1|γk+1 = 1, Y1:k) P(yk+1|γk+1 = 0, Y1:k),

. ,

, /

. ,

, 2–3 π̂k+1|k.

4 (Distri-

buted Gaussian-information filter in sensor

networks)
GAMDF ,

,

,

.

:

ϑ̂k|k := Ak|kx̂k|k, Ak|k = (P xx
k|k)

−1.

, :

ϑ̂k|k =ϑ̂k|k−1 +
N∑

n=1

in,k,

Ak|k =Ak|k−1 +
N∑

n=1

In,k,

in,k := HT
n,kR

−1
n,kyn,k, In,k :=HT

n,kR
−1
n,kHn,k. yn,k

n , Hn,k .

y = g(x) (x y

), (statistical linear regression)
[37–38], , : y =

g(x) ≈ Bx+ u. , B̄=

(P̄ xy)T(P̄ xx)−1, ū= ȳ−B̄x̄. , P̄ xy, P̄ xx, x̄ ȳ

x y

. e := y−ȳ : E(e)=

0, P̄ ee = P̄ yy − B̄P̄ xxB̄T, e x .

zan,k+1 := (zTn,k+1, z
T
n,k)

T xa
k+1 := (xT

k+1,

xT
k )

T, , zak+1 :

zan,k+1 = Ha
n,k+1x

a
k+1 + ûa

n,k+1|k + en,k+1, (37)

: Ha
n,k+1 := (P xaza

n,k+1|k)
T(P zaza

n,k+1|k)
−1, ûa

n,k+1|k
:= ẑan,k+1|k − Ha

n,k+1x̂
a
n,k+1|k. E(en,k+1|Yn,1:k) = 0,

P ee
n,k+1|k = P zaza

n,k+1|k − Ha
n,k+1P

xaxa

n,k+1|k(H
a
n,k+1)

T,

en,k+1 xa
k+1 .

Γn,k+1 := (γn,k+1, 1 − γn,k+1), Γ̄n,k+1|k :=

E(Γn,k+1|Yn,1:k), Γ̃k+1|k := Γn,k+1 − Γ̄n,k+1|k.

(37) (3),

ȳn,k+1 := yn,k+1 − Γ̄n,k+1|kû
a
n,k+1|k =

Hn,k+1x
a
k+1 + Γ̃n,k+1|kx

a
k+1 +

Γ̃n,k+1|kû
a
n,k+1|k + Γn,k+1en,k+1, (38)

Hn,k+1 := Γ̄n,k+1|kHa
n,k+1.

σn,k+1 := Γ̃n,k+1|kxa
k+1 + Γ̃n,k+1|kûa

n,k+1|k +

Γn,k+1en,k+1 (38) ,

.

1 Yn,1:k σn,k+1

(39) (40)( 6 ) :

E(σn,k+1|Yn,1:k) = 0, (39)

αn,k+1 := π̂n,k+1|k(1 − π̂n,k+1|k), ûa
n,k+1|k :=

(ûT
n,k+1|k, û

T
n,k|k)

T. Π11,n,k+1|k Π22,n,k+1|k
Ha

n,k+1P
xaxa

n,k+1|k(H
a
n,k+1)

T nz × nz

. ,

P xx
n,k+1,k|k =�
f(xk)xkGn,k|k(x)dxk − x̂n,k+1|kx̂

T
n,k|k,

P zz
n,k+1|k =

(1 + sn,k+1)
�
hn(xk)h

T
n(·)Gn,k|k(x)dxk +

ẑn,k+1|kLn,k+1 + LT
n,k+1ẑ

T
n,k+1|k +

Rn,k+1 − ẑn,k+1|kẑ
T
n,k+1|k,

P zz
n,k|k =

�
zn,kz

T
n,kGn,k|k(ζ)dζk − ẑn,k|kẑ

T
n,k|k.

Vn,k+1 := cov(σn,k+1|Yn,1:k) =

αn,k+1

(
P xx

n,k+1|k − P xx
n,k+1,k|k − (P xx

n,k+1,k|k)
T +

P xx
n,k|k+(x̂n,k+1|k−x̂n,k|k)(x̂n,k+1|k−x̂n,k|k)

T
)
+

αn,k+1(x̂n,k+1|k − x̂n,k|k)(ûn,k+1|k − ûn,k|k)
T +

αn,k+1(ûn,k+1|k − ûn,k|k)(x̂n,k+1|k − x̂n,k|k)
T +

αn,k+1(ûn,k+1|k − ûn,k|k)(ûn,k+1|k − ûn,k|k)
T +

π̂n,k+1|k(P
zz
n,k+1|k − Π11,n,k+1|k) +

(1− π̂n,k+1|k)(P
zz
n,k|k − Π22,n,k+1|k), (40)

D.

,

en,k+1 xk+1 ,

E(en,k+1e
T
m,k+1) = O,

. (38), 1

–3, ( )

(centralized Gaussian-information fil-

lter, CGIF) 4 .

4

:

x̂k+1|k+1 = A−1
k+1|k+1ϑ̂k+1|k+1, (41)

P xx
k+1|k+1 = A−1

k+1|k+1, (42)

:

ϑ̂k+1|k+1 = ϑ̂k+1|k +Nīk+1, (43)

Ak+1|k+1 = Ak+1|k +N Īk+1, (44)
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:

īk+1 :=

N∑
n=1

in,k+1

N
:=

N∑
n=1

HT
n,k+1V

−1
n,k+1ȳn,k+1

N
,

(45)

Īk+1 :=

N∑
n=1

In,k+1

N
:=

N∑
n=1

HT
n,k+1V

−1
n,k+1Hn,k+1

N
,

(46)

θk+1|k Ak+1|k 1–3 .

(38),

(43)−(44). 1–3 .

4 , xk+1

īk+1, Īk+1 (1),

in,k+1 In,k+1 .

, , in,k+1

In,k+1 īk+1 Īk+1,

in,k+1 In,k+1(n=1,

· · · , N ). ,
[29, 36], 4 īk+1

Īk+1 ,

(distributed Gaussian-information fil-

ter, DGIF). n ,

īd+1
n,k+1 = īdn,k+1 + ε

∑
m∈Mn

(̄idm,k+1 − īdn,k+1) +

ε
∑

m∈�n

(im,k+1 − īdn,k+1), (47)

Īd+1
n,k+1 = Īd

n,k+1 + ε
∑

m∈Mn

(Īd
m,k+1 − Īd

n,k+1) +

ε
∑

m∈�n

(Im,k+1 − Īd
n,k+1), (48)

: īd+1
n,k+1 Īd+1

n,k+1 k + 1 n

d+ 1 , ε , ī0n,k+1

Ī0
n,k+1 in,k+1 In,k+1,Mn n

,�n :=Mn ∪ {n}.

‖̄id+1
n,k+1− īdn,k+1‖ � �(‖Īd+1

n,k+1 − Īd
n,k+1‖ � �)

d > dmax, ‖ · ‖ 2 , 0 < �

� 1 , dmax .

, (47) (48)

[39].

2 1 ,

,

. UKF[15]

GHF[13] -- CKF[18]

, DGIF .

DGIF :

DGIF
1) .

n, x̂0|0 P0|0, π̂n,0|0.

2) GAMDF.

a) 2 (15) – (16), x̂k+1|k
P xx

k+1|k;

b) 2 (17) – (18), ŷk+1|k
P yy

k+1|k;

c) 2 (12)–(13), x̂k+1|k+1

P̂ xx
k+1|k+1;

d) 3 (26)–(29), β̂k+1|k+1,

P̂ ββ
k+1|k+1, v̂k+1|k+1 P vv

k+1|k+1;

e) 3 (24)–(25), ζ̂k+1|k+1

P ζζ
k+1|k+1;

f) 1 (10),

π̂k+1|k+1.

3) .

a) GAMDF, 1 (40), Vn,k+1;

b) 4 (45)–(46), in,k+1 In,k+1;

c) (47)–(48), īn,k+1

Īn,k+1;

d) 4 (41)–(42),

x̂k+1|k+1 P xx
k+1|k+1.

4) .

k ← k + 1 2.

5 (Simulation)
(1)−(2)

, 1

(N = 9)

:{
f(xk) = axk + bxk/(1 + x2

k) + 8 cos(1.2k),

h(xk) = cxk + d cos(x2
k/1 + x2

k),

: a = 0.5, b = 2.5, c = 10 d = 0.2.

x̄0 = 0. ck= 0.95, Qk= 0.52, Jk=

ρJc
1/2
k Q1/2

k , ρJ = 0.6. 200 .

1 /

Fig. 1 The distributed processing network constructed by

multiple processing units/nodes
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, sn,k

=0.87, Rn,k=52, Ln,k= ρLs
1/2
n,kR

1/2
n,k, ρL=0.7.

γn,k 1

.

1 γn,k (P (γn,k = 1))

Table 1 The time-varying probability of

γn,k(P (γn,k = 1))

[1, 50] [51, 100] [101, 150] [151, 200]

1 0.3 0.4 0.3 0.5

2 0.2 0.5 0.4 0.3

3 0.4 0.2 0.3 0.2

4 0.5 0.3 0.6 0.4

5 0.3 0.2 0.5 0.3

6 0.2 0.3 0.5 0.3

7 0.5 0.6 0.4 0.5

8 0.3 0.2 0.5 0.6

9 0.6 0.3 0.2 0.5

, GAMDF

UKF[15], UKF(UKF with

one-step Bernoulli random delay, OSUKF)[23–24],

GEDPF[29] , ;

, DGIF GCF[29] (covari-

ance intersection, CI) OSUKF (CIOS

UKF), CGIF ,

.

x̂0|0=0, P0|0=52.

OSUKF, COSUKF ,

γn,k 1 . GEDPF,

GCF GAMDF, CGIF DGIF , /

π̂0,0|0 = π̂1,0|0= 0.5,

λn,00,k = λn,11,k =0.95(k=1, 2, · · · , n=1, · · · , 9).
DGIF GCF , : ε =

0.1, � = 10−6, dmax(�max) = 50, �max GCF

. ,

, [15].

2–5 10000

(root mean square error, RMSE) RMSE (

, GAMDF DGIF

). ,

9 . 2

3

RMSE . ,

4 .

PC , : Intel(R) Core(TM) i7–4770

CPU @ 3.40 GHz, MATLAB2015 4 .

2 9

Fig. 2 RMSEs of related compared methods in

the 9th processing unit

3 9

( GAMDF RMSE )

Fig. 3 RMSE ratios of related compared methods in

the 9th processing unit (based on the RMSE

of the GAMDF)

4

( DGIF RMSE )

Fig. 4 RMSE ratios of related compared methods in

the whole processing network (based on

the RMSE of the DGIF)
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5

Fig. 5 RMSEs of related compared methods in the whole

processing network

2 9 RMSE

Table 2 Mean values of RMSE of compared methods

in the 9th processing unit

UKF OSUKF GEDPF GAMDF

8.9998 7.9767 7.8218 7.6192

3 RMSE

Table 3 Mean values of RMSE of compared methods

in the whole processing network

CI--OSUKF GCF CGIF DGIF

7.8563 7.4948 6.4324 6.8926

4

Table 4 Mean running time of a single MC realization

of compared methods in the whole

processing network

CI--OSUKF GCF CGIF DGIF

0.1561 0.0262 0.4381 0.0623

, 2 2 ,

, UKF RMSE

. 3 ,

,

GAMDF RMSE

OSUKF GEDPF. , 2 ,

GAMDF RMSE OSUKF GEDPF.

, GAMDF

UKF OSUKF GEDPF .

, 4 ,

DGIF

, RMSE

CI--OSUKF GCF. , RMSE

3 CI--OSUKF GCF RMSE .

DGIF , CGIF

. , 5 3 , DGIF

CGIF,

GAMDF. , ,

DGIF ,

, 4

GCF. DGIF

,

CGIF. , , DGIF

GCF, CGIF,

, CGIF,

.

6 (Conclusions)

, . ,

. ,

. ,

,

. ,

,

.

,

.
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A 1 (Appendix A Proof of

Theorem 1)

,

π̂k+1|k+1 = P(γk+1 = 1|yk+1, Y1:k) =

P(yk+1|γk+1 = 1, Y1:k)π̂k+1|k
P(yk+1|Y1:k)

.

γk+1 Y1:k ,

π̂k+1|k =
1∑

n=0
P(γk+1 = 1, γk = n|Y1:k) =

1∑
n=0

P(γk+1 = 1|γk = n)P(γk = n|Y1:k) =

λ11π̂k|k + λ10(1− π̂k|k).
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B 2 (Appendix B Proof of

Theorem 2)

wk αk Y1:k , 1,

x̂k+1|k = E(f(xk)|Y1:k) =
�
f(xk)Gk|k(x)dxk,

Pxx
k+1|k =

E(xk+1x
T
k+1|Y1:k)− x̂k+1|kx̂

T
k+1|k =

(1 + ck)
�
f(xk)f

T(xk)Gk|k(x)dxk + x̂k+1|kJk +

JT
k x̂Tk+1|k +Qk − x̂k+1|kx̂

T
k+1|k,

E(αkw
T
k |Y1:k) = Jk. , γk+1 Y1:k ,

2,

ŷk+1|k =

E(γk+1|Y1:k)ẑk+1|k +
(
1− E(γk+1|Y1:k)

)
ẑk|k =

πk+1|k ẑk+1|k + (1− π̂k+1|k)ẑk|k,

P yy
k+1|k =

E(γ2k+1|Y1:k)E(zk+1z
T
k+1|Y1:k) +

E
(
(1− γk+1)

2zkz
T
k |Y1:k

)− ŷk+1|kŷ
T
k+1|k =

π̂k+1|kE(zk+1z
T
k+1|Y1:k) +

(1− π̂k+1|k)E(zkz
T
k |Y1:k)− ŷk+1|kŷ

T
k+1|k,

:

ẑk+1|k=E(h(xk+1)|Y1:k)=
�
h(xk+1)Gk+1|k(x)dxk+1,

ẑk|k =
� (

(1 + βk)h(xk) + vk
)
Gk|k(ζ)dζk,

E(zk+1z
T
k+1|Y1:k) =

(1 + sk+1)
�
h(xk+1)h

T(xk+1)Gk+1|k(x)dxk+1 +

ẑk+1|kLk+1 + LT
k+1ẑ

T
k+1|k +Rk+1,

E(zkz
T
k |Y1:k) =

� (
(1 + βk)h(xk) + vk

)( · )TGk|k(ζ)dζk,

: vk+1 βk+1 Y1:k , E(βk+1v
T
k+1|Y1:k) = Lk+1.

,

Pxy
k+1|k = π̂k+1|kP

xz
k+1|k + (1− π̂k+1|k)P

xz
k+1,k|k,

Pxz
k+1|k =�
xk+1h

T(xk+1)Gk+1|k(x)dxk+1 − x̂k+1|k ẑ
T
k+1|k,

Pxz
k+1,k|k =�
f(xk)

(
(1 + βk)h(xk) + vk

)
Gk|k(ζ)dζk − x̂k+1|k ẑ

T
k|k.

p(xk+1|Y1:k) p(yk+1|Y1:k) , Y1:k
xk+1 yk+1 ,

p(xk+1, yk+1|Y1:k) = N (χk+1; χ̂k+1|k, P
χχ
k+1|k) =

1(
(2π)nx |Pxx

k+1|k+1
|)1/2

exp
{
−
χ̃T
k+1|kΞk+1χ̃k+1|k

2

}
·

p(yk+1|Y1:k),

:

χk+1 = (xTk+1, y
T
k+1)

T,

Ξk+1 = (Pχχ
k+1|k)

−1 −
(
O O

O (P yy
k+1|k)

−1

)
,

Pχχ
k+1|k =

(
Pxx
k+1|k Pxy

k+1|k
(Pxy

k+1|k)
T P yy

k+1|k

)
.

,

p(xk+1|Y1:k+1) = p(xk+1, yk+1|Y1:k)/p(yk+1|Y1:k).

, p(xk+1|Y1:k+1) ,

p(xk+1|Y1:k+1) = N (xk+1; x̂k+1|k+1, P
xx
k+1|k+1),

x̂k+1|k+1 Pxx
k+1|k+1 (12) (13),

(14) .

C 3 (Appendix C Proof of

Theorem 3)

βk+1, vk+1 Y1:k , p(βk+1|Y1:k)=N (βk+1;

0, sk+1), p(vk+1|Y1:k) = N (vk+1;0, Rk+1). 2

, p(yk+1|Y1:k) , Y1:k βk+1 yk+1

,

p(βk+1, yk+1|Y1:k) = N (λk+1; λ̂k+1|k, P
λλ
k+1|k) =

1(
2π|Pββ

k+1|k+1
|)1/2

exp
{
−
λ̃Tk+1|kΨk+1λ̃k+1|k

2

}
·

p(yk+1|Y1:k),

:

λk+1 = (βk+1, y
T
k+1)

T,

Ψk+1 = (Pλλ
k+1|k)

−1 −
(
O O

O (P yy
k+1|k)

−1

)
,

Pλλ
k+1|k =

(
Pββ
k+1|k Pβy

k+1|k
(Pβy

k+1|k)
T P yy

k+1|k

)
.

,

p(βk+1|Y1:k+1) = p(βk+1, yk+1|Y1:k)/p(yk+1|Y1:k).

, p(βk+1|Y1:k+1) ,

p(βk+1|Y1:k+1) = N (βk+1; β̂k+1|k+1, P
ββ
k+1|k+1

),

β̂k+1|k+1 Pββ
k+1|k+1

(26) (28) ,

(33) . , vk+1 βk+1, (27)(29)

(34) . :

Pβy
k+1|k = π̂k+1|kE

(
β2
k+1h

T(xk+1) + βk+1v
T
k+1|Y1:k

)
=

π̂k+1|k(sk+1ẑ
T
k+1|k + Lk+1),

Pβy
k+1|k =

π̂k+1|kE
(
vk+1β

T
k+1h

T(xk+1) + vk+1v
T
k+1|Y1:k

)
=

π̂k+1|k(L
T
k+1ẑ

T
k+1|k +Rk+1).



11 : 1441

, x̂k+1|k+1, β̂k+1|k+1 v̂k+1|k+1,

Pxβ
k+1|k+1

=

E(x̃k+1|k −Kx
k+1ỹk+1|k)(β̃k+1|k −Kβ

k+1ỹk+1|k)
T =

−Kx
k+1P

yy
k+1|k(K

β
k+1)

T,

:

E(x̃k+1|kβ̃
T
k+1|k) = O,

Kx
k+1P

yy
k+1|k(K

β
k+1)

T =

Kx
k+1(P

βy
k+1|k)

T = Pxy
k+1|k(K

β
k+1)

T.

, βk+1 vk+1 , (31). Pβv
k+1|k=Lk+1,

(32).

, p(xk+1|Y1:k+1), p(βk+1|Y1:k+1) p(vk+1|
Y1:k+1) , ζk+1 , (24)

(25).

D 1 (Appendix D Proof of

Lemma 1)

γn,k+1 , E(Γ̃n,k+1|k)=O, E(en,k+1|
Yn,1:k) = 0, (39) . ,

Vn,k+1 =

E
(
Γ̃n,k+1|kx

a
k+1(x

a
k+1)

T
Γ̃T
n,k+1|k|Yn,1:k

)
+

E
(
Γ̃n,k+1|kx

a
k+1û

T
k+1|kΓ̃

T
n,k+1|k|Yn,1:k

)
+

E
(
Γ̃n,k+1|kûn,k+1|k(x

a
k+1)

T
Γ̃T
n,k+1|k|Yn,1:k

)
+

E
(
Γ̃n,k+1|kûn,k+1|kû

T
n,k+1|kΓ̃

T
n,k+1|k|Yn,1:k

)
+

E
(
Γn,k+1en,k+1e

T
n,k+1Γ

T
n,k+1|k|Yn,1:k

)
,

:

E(Γ̃T
n,k+1|kΓ̃n,k+1|k|Yn,1:k) = αn,k+1

(
1 −1

−1 1

)
,

E
(
xak+1(x

a
k+1)

T|Yn,1:k
)
=(

Pxx
n,k+1|k Pxx

n,k+1|k
Pxx
n,k+1|k Pxx

n,k+1|k

)
+

(
x̂n,k+1|k
x̂n,k|k

)(
x̂n,k+1|k
x̂n,k|k

)T

,

E(Γ̃n,k+1|kx
a
k+1(x

a
k+1)

T
Γ̃T
n,k+1|k|Yn,1:k) =

E(Γ̃n,k+1|kE(x
a
k+1(x

a
k+1)

T|Yn,1:k)Γ̃T
n,k+1|k|Yn,1:k) =

αn,k+1(P
xx
n,k+1|k − Pxx

n,k+1,k|k − Pxx
n,k,k+1|k + Pxx

n,k|k) +

αn,k+1(x̂n,k+1|k − x̂n,k|k)(x̂n,k+1|k − x̂n,k|k)
T.

, Vk+1 2–4 . ,

E
(
γn,k+1(1− γn,k+1)|Yn,1:k

)
= 0,

E
(
Γn,k+1ek+1e

T
k+1Γ

T
n,k+1|k|Yn,1:k

)
=

π̂n,k+1|k(P
zz
n,k+1|k −Π11,n,k+1|k) +

(1− π̂n,k+1|k)(P
zz
n,k|k −Π22,n,k+1|k).

Vn,k+1 , (40). Pxx
n,k+1,k|k,

P zz
n,k+1|k P zz

n,k|k 1–3 .
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