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Distributed estimation for nonlinear systems with correlated
multiplicative noises and randomly delayed measurements
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Key Laboratory of Information Fusion Technology, Ministry of Education, Xi’an Shaanxi 710072, China)

Abstract: This paper presents the distributed state estimation for nonlinear systems with randomly delayed measure-
ments under correlated additive and multiplicative noises (NSAMD). In the considered problem, the interested state is
observed by multiple sensor clusters, and the corresponding measurement data is sent to the remote distributed processing
network via data transmission, along with the random delay obeying the first-order Markov chain. Then, the distributed
Gaussian-information filter (DGIF) is presented to pursue a tradeoff between estimate accuracy and computation time, in-
cluding a novel Gaussian filter for NSAMD with the estimated delay probability online (abbreviated as GAMDF) in the
sense of minimizing the estimate error covariance in the single local processing node/unit, and a distributed information
filter form to give an efficient distributed fusion via consensus strategy based on the statistical linear regression applied to
nonlinear measurement equations. A numerical example is simulated to validate the proposed method in a single processing
unit and the distributed processing network.
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1 5|3 (Introduction)
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RS SR FE T R BT, B i i AR ) 4y B2 M R 0k
IEIENAS RS AELRIEIRES/ N T2, BFERT—ME
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BB, L5 2 55 R V% (Monte Carlo) /7 V2 R T
JEVE (particle filter)!M VRIS T[] 2 AU BB AR 40 1 = 1
o} 75 7 A1 % (Gaussian or Gaussian sum filter)!!>141,
Fe T SRR TR BRI O I R R B
A R ALRAS 1) J5 S ME 22 2 FE pR 28, ERAR T LAAS 3
B A TR BE, A A DA T SR A 9. A
XTI, EOA Ry TR AR T i S e 25 235 55 T M v 0 2
A, AH @ I A B ] e SR R R HAUE, BT LASEE
THEEAL VIR A B . R, TR
% B R AT Lo i S R A A e E T, IR
e BTN R 5 A L AE AN pE s TP A3 3 T — 2 1
S94k. H RUAETE 0 s e ik B LR B T AR e 1)
Tok-E /R 2 JED (unscented Kalman filter, UKF)!!, J&
T T 2RO R SRR 2 F0 00 1) vy 39— 2R OK R B
(Gauss-Hermite filter, GHF)!'3, & T 45 28 % [3] 13 1)
SRR R 2 3EY (quadrature Kalman filter, QKF)!61,
FETHRE = A4 38 5 i SR AR 53 = IR 2 38K (square-
root quadrature Kalman filter, SRQKF)!!7VF1 3% T ER
12 1) 25 AR L ) 25 AR /R 2 )8 3 (cubature Kalman
filter, CKF)!8125 SR, b3 (1) v i 38t 7 AN =)
PRT- I Em i R 4.

TEVF 2 SEPRI R 540 R G, i HE0A s b
HUCMI AR AR R BEREATLZE IR, 5140, 75 X 484k 2245 J%
ARG, Ty v BRSO R, 7R
26 B Ak T2 B ) 4 1 22 A JBds AN T et 2
HILEEHLLEIR. PRk, (28 7 SO0 i 25 St (8]
LR Ge PR Al T 78 109210 B ok 348 40 4 B0 4 4
MIBEALLEIR T ) BECHL ) R4, SCHR 22142 7 —Fh
BENLY R /R 2 P8, £ XA B85 (Bernoulli) ML 7
AR I — 2 I R AL ZE IR B S ] JE LR M R 4, S
HR (2304 F T AT R /R S8 ATCR R /R 28
PR, D, i R A R — P
DR FRUM A 8 ML AE 1R B0 1) Ji5 B =565 B2, Sk [24]
AISCHR [25153 A T B — A0SR BEN LRI RER
AL M R G0 WP A . R 2 FE S e
PLAEIR 5 5 B B 15 BE LIS i e AN 256 8 60 AR 411 25 )
AT SR, TESERBR I 28 A B AL S, B ¥ nl e Rt
HH IR DA BE PR 6 I — Bl B s 381 5 — s 51261,
[F I, 7E P28 40 2 Gi, 41l I 20 I 0 H S 48
FESRT— I ZIAH T, R, SR 5 /R AT R kAR i A
(Markov process) & RAH &1 s 21 8] (1) I A7 40 5 N AF
G RIEN, HE /R0 R BAR AR 7] LUR b Alfn 5%
FRE RS, SCRR (20152 HE T AR I8 I 26 T TR BE L
FEIRAELR M 2R 45 vy 30— B JE B 592: (Gaussian-con-
sensus filter, GCF), J H 2 411 & Il BE AL 4E 38 ik A\ —
B Ty R A R B AR AR, AR %y v, RN AL
PRAT A WUT 12 T AR MR AR AR 2R A T 8 ey DR
5 V% (Gaussian filter with estimated delay probability,

GEDPF); [A]i, 7EAHAR 7 4b 227 m 8], A — S H
1% (consensus algorithm) SEH T PLid 7 A7 Nk & 24
M, R TEIR R B TS R B LAE IR 8 A AR ) /R A]
KEENUAER 77, B R T R4ttt RS2 2N
W& (RN,

H5L b, bR R G et e 0 M e L
1. CLEHAREREZ NG, £3CHR (301, FEBEE B hr 56
LAt KA A AR BRBS BE A B FRiiz sl Ae ik, 12
Iri) L 1 22 R A T 2 BRI R PR3 KT A2 K,
AHE, TR 1] R o e 7 RS- BR 8 A e M 7 ok 7
BOXMIR NG L. el S VE N RGREN LS4,
— 7 THI T LA R SFe B0 4 it 2 A4 Js 1 0 e 7
7 22 it AT EE B8 (AR AT AR AN, 55— 7 TH R AT DA
R G AEAE I SRS AH G AT 2 LR, 91 tn 3¢
R [31-321F FH 5 R A AH SR BEATL 2 2, Bl et nge 75,
KR 2 H bR 545 A% 2 (B 8] AR E R R, 2
TSRS fli T 5 8 IR — AL R PSR S I
Sk, Tt 75 7RI 0 H ARERERI) . AR RS A 13
Ak I B 2 1S5 TR LA T 2 N, R
fhivh Sl i) — A R L BT 5 I, 4 AL
Tt R G0 I8 H 2 AR AE AN E SR B SIS
RS EE R A O, Rtk % R @R S /R a] Kt
T (1) B N Pt AL A AR T Ffe v A D 1 M 75 RS A SR A7 1 3
LNE RGURSAE T RA — v B R 5 S2Br. [F,
N TR UL AR AR AL B, 5 L& M A RS
AT R A AL BEEE ), BEREF] FH 246 a8 3L
R THRERE, RS R AR T S R R
AR, HEAA PUs A Re 2300 28 BRTIR, B 5T
B IR X 2% R S B AL A 2R LN 4 R e e g 75 A G
FEZME RGRPIRESAG T 2 sl G2 —
WAL H T TR I .

ASCHIBIHT R B TR IR SR 28 T S REAL
IR Byt e A 5% 1) JF 4 M & 48 (nonlinear
systems with randomly delayed measurements under
coupled additive and multiplicative noises, NSAMD) ]
I3 AR S S Bk (distributed Gaussian-infor-
mation filter, DGIF). 55, 7/ =ML ZEIR R+ 1
UK 2 Gk 75 G A5E 9 i M 75 5 afe e M 7 AR S Sk
17, RAIRAE AW 5 W 7 22065 H AR 5 AR A0
PRES AT ARG R, EEXT TG A L n e
N 5 R B2 0 B AL A AR T R AR B IR ] R AN E —
F A7, B H £ 48 J7 i (multiple model method) %5
7 IR MEE AR S HE A T AR S, il A B
W e st Ze i, R/ M TR ZE I T ZHHER T,
T 7% I8 RGUE ALY U BT B IR MEF A
2o At 1T 1Y = 3 3% 4 € U (Gaussian filter for NSAMD
with estimated delay probability, GAMDF); /5, 2& T
LA T RGeSt [ A0 B 5 I GAMDE,
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Peth T 2 AT fUR T E BB TR,
GBS, 451 T DGIF, 5230 T itk B 54045
AP RLA 1A 2.
2 b @ (Problem Formulation)

2 S BB Rl SR e R A TR AR ME R G
TR

T = (1 + o) fxr) + wpe (1)
R A AT s E ARSI T AR
Znk = (1 + /BH,k)hn(xk) + Un,k» (2)

Hrhgy, € R Mz, , € R 73 5ERRGIREMEn
AT U EAR B N AsnfE 2 h g — %R
FEn AT AHAT ). P, 247 AT S L
T oA AL E M, AR R EG = (V,€). Tiisin €
G :={1l,- -, N}FRRFEA TR /50, e,
€ & := {emn|m,n € V}ERE LT LB TTm AN
n R B, W RLEEAT AR B A ). {a ), {ws ],
{ B i P v 1 } BN FIE, W T7 2 (ET7 22) 53 N
Chs Qrs Sn MR, 1 =T EME R P31, H
E(ayw,') = Jiplw, E(ﬁn,kvil) = Ly, 10

X5, 6 72Dirac deltabf (M k = IR HAE VL, BN
0). [RIESF, e 3fe 4 J=b 7 ngie 75 AR5 ) g 735 AH B G OK,
H: E(arfn,) = 0, E(agv, ;) = 0, E(wfBn,) =0,
E(wyvy ;) = O. MRz AEIETo T TT Z P i)
FRHTBEHLAL R, L5 {ae}, {we}, {Bor VI {0y o IR
R BE— 2D L, X T om # n, E(Bmfay) =0 H
E(Un vy ;) = O, BIAR TR ST 2 RIRENE R
FEAHEH AL

TEEARNE LT, SEn AN A03S ) EN L 2
I ZRIX FF 22 S BIA 7 AbER A0y, TTREAT 1)
ZI PR AL TF. SR, A% B AT Beazs 25 22 i [X B 2% i
DXz 25 Al T AR ER Gy, EH T A 8 B R A X 4%
PZE, S FEATIE BRI G A AT 38 5 23-25.29) ) R[]
IR 24 BN 22 AR B DAE AR N RPIRAS A TH 2 5 A A
2 8 Y FTE Z) S 2 S AR IR b —i Z 2 15 2B IR A
R126-27.291 " | fg s SE IR AN I R S 1124231 ) ) s B
FIE A LB I AR

Ynk = YnkZngk + (1 — Yok) Zn k-1, (3)
Hr: g, p € Ry, AR BB (8] B 7K A] FEE 1)
0 — 1HPENIAS & H R N
P(Ynkt1 = 7[Vnk = @) = Mgkt 4)

Hr g =0, 1. v, SHIEIR S 20 SR 5 51 {ay ),
{wi}, { Bk P v 1 }EIAAEK.

FIRFE R RS —G) R ARG AT g tERE S L
PEREFS | HH I BE ML 5 | 2 A e 5 2 a8
R AEE R WS TAT. RN TR BT, BE R 2L

FRE A AR R, RN B 7R 225 2 A E A
N R B UEE. £ L PTIR, ASCHE 1 DGIF, HAE B
ARBEAT R A B R R, SRR Al S
i S HHRR B S Ak, DUESRAS ks BEAS Tk BE:
[FI, Gt 2P a1, 45 ARt R G AE 2 b PE
TN AR U BB &, JREs & — BRI,
g oA bR R 5 S

3 ENREHLAER B0 A0 3Rtk e 7S A 5< Y

JELtE R 4 5 37 98 ¥ (Gaussian filter for

nonlinear systems with randomly delayed

measurements under coupled additive and
multiplicative noises)

AN T B R A B R T B, PR e i
HEJE P HELE T (Kl 11595 e., GAMDEF). Jy fil i i
WL, REE TR TTH T ARnAEATT B0, I R A
Mg ke RN k-

AR EIF 5y, - -+, yp } Y 1. R
FEY 1, T, gt g X

Oun = B(dn|Y1a),
Piﬁu = cov(or, & Y1) = E(ékllgﬁz%
Hor: <f;k|z = dp — ék\z, ét|l =& — ét|z7 PRERTAER
(ERAE e, 2Ry, P, FE P M B S = ¢,
RKRQRARG), H
Yierr = Ver1 (1 + Brgr)h(Tpg1) + vs) +
(T =y ) (L + Be)h(zr) +vk). (5)
55 T A A FR g ) B g RO ], (5)
Be & 1 Al RS SR e A, SR 1T
ZIIRAES KB 7= . 55— 7 T, 55 SR [23-24] BCHR
2914 1 — B BEHUEIR AN, (ST H R T RGHFAE
PRIGT RS IO ANA 5 1 (B0 e 75 7 22 (M T4
HIPRES) 51N SRk 7, 2% fEsfe g A S5 n 1
FRAE. DI, R SRS T, 45 i Bt

B TR, RS B %

MR Ry m A, B
P(@pia[Yin) = N(Trpas; Trgages Pipagn)- - (6)

B2 ST EIMFIY, R B %

MR B A, B
PWUr+1Y1) = N (Yrs1; Tos1 ks P;ﬁl‘k)- (7)

A e 0 JE Y MR AR T, RS Al T B HE
THAR S J5 96 M2 85 B2 I 3 K b T 22, AEK(T) o,
G M PLY ) BT, AU BRI p(2411 [ Yip) H
p(xg|Yig), T HIE T ZB AL E By Mok £
RO G SRR 85 BE . e th i MR

B3 ETENFIIYL, KRS A v,



1434 oA it s5 N

33 3%

0By = SR 2 8 B g v oA, B
P(V[Yi) = N (vg; Oxpr, Py, (8)
P(BrlYik) = N(Bk;Bk“c; P;ﬁi) 9

WY S, vy AN By 5 &I 7 51 Yo, 6K, B
&) = N(vrg1; 0, Ry ) Mp(Brga|[Yi) =

N (Br415 0, sp41). 108G = (7, Bry vy ) T BRI L,
P(Crosr |Yar) R R T 50

5E Xty := P(ye=1|Y1a) WER Z1%5 5 20 751
Y, FXTATREANEIR Al 1h. TR E B A H 7B
B HETT 5.

EE 1 ek 20 fE 1R 5 56 M 2 Ak
T, Bk + 1 Z1, /\FGA%KMH\HMEMDT
P(yet1ver1 = 1, Vi) Tsapn

P(yri1|Yix)

»(

1|kl = , (10)

Hrp
1k = M1kTrke + Aok (1 — Tpr)- (11)
WE ILBHERA.
ﬁi, P(yk+1”¥k+1 = 1,%%)%%%%%%%“
RNERAR I 2 VSARER. P(ypi1|Yie) NEPRE
MWHE Y1 FEEII TG 1 (y) PRI EUE. 745
7€ 1] BEAS RER MR A TH AR b, IRAS 5 IR 1 3
18 R 7 ZA5THE IR E B2 2 .
T2 45 7€ kI Z0 M 5% Ak T Ty, P Ck|k,
k‘k&ﬂ'k\k» TEAR 137, IR 5 St 222 B Ir A
oA HIHIE W5 2 b v an R
Trprperr = T + K (Weenr — Okagp),  (12)
Pifiesr = P — K/f+1pk+1\k(K1f+1) , (13)

X SR W

Ky = P (B0~ (14)
H
Trpip = ff(xk)Gk\k(x)dxky (15)

lfil\k =

(14 cx) f f () f1 () Gy (z)day, + Qx +
Trprpde + T Bpape — Brrer ki (16)
Jrrk = Fearpite + (1 — Frgan) Zuges (17)
ngil\k

”k+1\k(1+3k+1)fh($k+1)hT(')GkH\k(m)dmkﬂ+

Trrfe (Zrpapn L + L 2 + Riga) —

D1k + (1= Rrgae) X

[ (4 BOR@) + ) (1) Gu(QdG,  a8)
IR AN (64; dut, P2 BITIEN G (0).

P = s Bian + (1= Foe) P agns
(19)
Horr:
Zhtilk = fh($k+1)Gk+1|k($)d$k+1, (20)
G = [ (14 Bo)h(ae) + v) Grp(€)dG, @1)

P = jfﬂk+1hT($k+1)Gk+1|k(fE)d«’L“kH -

Eor116Zng 1o (22)
Pfjl,klk =
ff(wk)((l + Br)h(zr) + i) Gy ()G —
Ths 1k 2 (23)

ik JLFfRB.

FEEH2H, k + 1 Z)SEBr B My, AT RE Rk 1
) 2 AR B P 2y g, T BE AR RN 2 3 AR 5 2,
LHZ E Y41 EP@A/\T ﬁkﬂlvk B’J—fﬁg, @i?%kaEYm
FHIR, AL E BE2 T 75 B B 5 ., B v FE YT
YRR G BTl FAGTHE IRAE A R e B3 rh g .

EE3  HE kI ZAH KA T 2 Tilk» Pk [ Ck\k,
P Bt TEBRI-3F, gkﬂaﬁ}:wa%fzf@ﬁw
e A HHSAE S 5 22 At T T

2 _(xT AT ~T T
ettt = (Trpajprns Brgrpsts Onsappsn) > (24

PI;&-.l\k-&-l P/f+1\k+1 Pk;&-l\k+1
P;fi1|k+1 Plcﬁfl\kﬂ Pk:+1\k+1 Pk:il\k+1 )
P Prtien Piiies
(25)
o
Bk+1|k+1 = K;f+1(yk+1 — Ukt1ik), (26)
Vg 1]h1 = K1§+1(Z/k+1 - @k+1|k)> (27)
Plffl\k:+1 Sk+1 — Kk+1PIgJyrl|k(KI€+1)T7 (28)
1:11\k+1 = Ry — Kk+1plg+1\k(KlZ+l) (29
Plj-fl\lc-&-l = _Klf+lplg+1|k k+1)7 (30)
k+1\k+1 - Klf+1Pk+1|k:( 1)7 (31)
Pkﬁ-zl\k-&-l = Ly — k+1 k+1|k( k+1)’ (32)
MK MK,
Ky = PP ™ (33)
K;:H = PI:JZin(ijLl\k)il’ (34)

Pkﬁﬁuk = 7ATkJrllk(51~c+1213+1|k + Liy1), (39)
Pl = Trark(Dhga 2y + Riga). (36)
ik JLpfsRC.
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F T [ RF (D) RN Ty, o TRAASEH]
oA, AT $E H I GAMDFIR A6 R & B A LA 25 R 4E
IR IS et e R S AR L It R G e TR . LR,
JEW MR o I S EEL B HHE
Pry1 e = L Yi) MP (Yrra [y = 0, Vi), IF
HEAT A —AL. SRR, BT A AR Z1 & B A7 AR LB R AH B
PRSL, WS 45 SR 0T DL B AR AN L 1R /AE IR A
R, A RS R S AR IR IR A R 5 O
0, AT AR E B2 -3 R EHEARR T2 7y 1
4 (R E S S I8 ¥ (Distri-

buted Gaussian-information filter in sensor

networks)

TE25 H AL BR AT 5N GAMDEFR) At I, =5 & 3
& AR IR AT AT A5 7 T8 PR 1 2 I R 15
M, A5 42 H 22 AR BETT f N AR R oA Uk S Al
T, AT EVE B A Ay et (@ T 9 . s

A 5E MU BIEHIE AU S BURAS S5 B T
Ok = Arpp@rp, Awp = (D)~ FETCHH L itk
ETRGE T, AR RS SIS T Prs:

~ R N
Do =0kje—1 + D nk
n=1

N
A =Akje—1 + > Lo,
n=1

Hin,k = Hg,kR;,lkyn,ka In,k = H;{kR;}cHn,k Yn,k
RERAFACBR TR I, H,, , A RS R

XTIy = g(o) AR T RE (e Ry 35 A BEHL
IF) &), M St 2t 5] H (statistical linear regression)
JiEBTE8 e — | R A I, AR R y =
g(x) ~ Br+ u. HA ke e/ —ILRLE N, 45 B =
(P7vYT(Pre)-1, =Bz, 1%, P, Pre, 3y
FHRAZ S My W B W5 2 W5 22 DL P M 1Y)
itk it iR ZEe = y—gBA W F R IR Ele)=
0, P = P — BP* BT HikZeHa A k.

iE X Z?L,k—&-l = (Zg,k—o—l? Z;f,k)T Al Thyq = (ﬂfgﬂa
1), RIS, 22, | AT RTFAF:

Zz,k+1 = Hi,k+1$2+1 + fbi,k+1|k +enkr1,  (37)
XM HY L = (Pffjf:uk)T(Pﬁikiuk)_lv Ugy o1k
= 23,k+1|k - Hz,k-‘rli%,kﬁ-l\k' E(en,kH’Yn,l:k) =0,
Ps,ek+1|/c = Pszjuk - Hs,k-i-lprf;f—il\k(Hs,k—i-l)T’ H
en,k—i—l‘iszrlZ:*H?%.

W e = ~('Yn,k+1’ 1= Yogt1)y Dngrrpp =
E(Fn,kJrl’Yn,l:k)a Fk+1\k = Fn,kJrl - Fn,k+1\k~ ¥ =K
BDHHRAKEG), H

Ynk+1 = Ynk+1 — Fn,k+1\kﬂz,k+1\k =

Ho 12541 + fn,k+1|kl‘z+1 +

~a
Lo g1kl gyape T Dng1€n k1, (38)

;H\:EPHTLJ{;J,_l = Fn,k+1|ng,k+1-

1okt = Doprak@ign + Dok nl e +
Ly o161 HEB8) HHISE RIS, LA
7 ZE4E PR B B s

SIZR1 BIWFINY, 10 Fom e FIEIE L)

T 22030 (39) M (40) (WL EE6 1) Fi
E(O-n,k-‘rl‘yn,l:k:) = Oa (39)
E‘O[n,k—i-l = ﬁ-n,k-ﬁ-l\k(l - ﬁ-n,k-‘r1|k)7 ﬂz,k+1|k =

(ag,k-&-uk’ @Z,Hk)T- Hll,n,k+1|k$usz,n,k+1\kﬁ‘%u7'3%ﬁ
BEH o P (R )R BRI T, X on 4
PR, b,

Pvf,JI:c+1,k|k =

ff(ﬂfk)fﬂan,k\k(ﬂf)dﬂfk — 1 g i

P;,Zk+1|k =

(1+ snes1) | Fon (@) BE () G () d, +

Zn 1k Lngrr + Lz,kﬂéz,muk +

Ry k1 = Znkt1ikZn pr1 o

Pk = fzn,kz;l;an,kw(C)de — Zn kel ke

Vi1 = cov(0p k41| Y1) =

et (Pyhsan — Posngn — (P;fﬁcﬂ,k\k)T +

P;fﬁdk—i- (ii‘n,k+1|k —in,k\k)(@n,muk — T kel T)

H

) )+
Wit (Znger1ik — Enoli) (G — Qnppe) - +
Qo1 (U ot 11 — Unog) (Tnkr 1)k — Tookli) +

( )"+

H

an,kﬂ(ﬁn,kﬂ\k - fén,kuc) ﬂn,kﬂ\k - fbn,kuc

T k1|6 (B e — inkrage) +

(1= Fopsr o) (P s — Tha2n kyijk)s (40)
iE JWHIRD.

T & A0 BT f P RIS 2 2 Shor 1, Hae
THE B H R Z e 5IRE 2y 88, I
E(enit1€m 1) = O, FISKH TANFE 5 AL BT £1H
GV Rl R 22 2 TE ). R (38), g5 e HE L
=3, T2 I8 R GAE AL A (R HE T ) F & s
{5 B e T2 2 (centralized Gaussian-information fil-
lter, CGIF)TEWT & #4145 .

EIR 4 ZAOFET ST 2D BEALE R o
PERE PSR A AR LR R G W5 RIS B A W R e
A

Tpgrpr = Alz+11|k+11§k+1\k+1v (41)

Pitiner = At 42)
o

7§k+1\k+1 = 1§k+1\k + Niji1, (43)

Apiprr = Agpap + Ny, (44)
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IXH:
N N L
- 2—:1 Unk+1 21 Hn,k+1vn,k+1yn,k+1
Tp+1 = N = N )
(45)
N N .
_ len,k-‘rl ZlHn,k+1Vn,k+1H7l,k+1
k+1 N N )
(46)

Gy 1 A T4 0 R U SB35

uE RGNS 2GS BUEsE L a(38), IS
H(43)—(44). HARAHRIIA] 8T 2 e 1-33k13.

MOEH 4 HHR] LA, 21 B THOOHCRE T 3948
g 1> Lopt SJOREFT TR, T 5 8AF A BT
0y, gyt P, gy A LB R R X B B RS (R 5K
BRAti v, AN T A AL BRI IE 1Y), MESLEE 4, 4y
HNT, oy 1 R RAG T 28 SR 13 ATy, T T TR
BRSO OREENH i1 ML, (=1,
oo N FEBGEERE b, — SRR — R A R
FH 8943 A5 S5 7 R129:360 n DLgh s B, A
Tho o FERFAS AL EET e () B AT, 32 i SE B A A
5 W5 S JE P (distributed Gaussian-information fil-
ter, DGIF). X T8 n 1403815 55, H

id+1

nk+1 — 5i,k+1 +e ) (ﬁn,kﬂ - {?L,k+1) +
meM,,
Y (imr — ), #7)
meM,,
Iilil = Iff,kﬂ +e ) (Igz,k+1 - Ig,k+1) =+
meM,,
e Y Tnwnr — I pia)s (48)
meM,,

o gt R Ok + LR 20 S n AN A A A
FEHd+ DEEAH A BIIME, R REK, @,
FILE o 53 X By gt FIT g1, M RN 575
FAT I T AT HoAd 45 45, M, := M, U {n}. &AL L
9%4¢79|ﬁ?}$1—5ik+1|| < h(sz*/;lH - :Z_’—:zlk+1H < h)
Bd > dipax, | - AR R B FE2VGEL 0 < B
< VRIERE L BME, dpa HIRKIERPEL i —F
i, 5K (47) A (48) HINSA S A FIUSSIAE T 22 ik
[39].

B0 e BE2AN 5| B B sy B AL AR 4y, 7 RS dE Lk
PRI TR TCVEIRAT BRI b R0, e 24
B BUE R 53 77 1. R UKEDS! ) g vk A8 6
GHFU3 Hh 1 i3 - JE R K AR SR AR 43 0 BRCKEUS)
(143K T 426 1) 2 AP T S5 AN [) s 0 B R B A SR A
TESRIAGH N (I, 7T LAAS 2IDGIF AN [ S {E S B
DGIFFISEBLRAE A

DGIFi HifE

1) ¥kt

Xﬁ%ﬁ}$$fﬁn, &E%ME@O‘O?FDPO‘O, &7}”70‘0.

2) TAFEHITHIGAMDE

a) fi 4 & 2 K (15)-16), T H 2y M
Pt

b) R 4% & F 2 X 17)-18), 1T 5 Gryrpp M
Plgjil\k;

o) MR E B2 o 1 (12)-(13), 1 5 Ty M
Pkg:il\k+1;

d) M E B 3 h 30(26)-29), 2 BIHH By,
Pkﬁfl\kﬂ’ ®k+1|k+1$uplgil|k+l;

CCe) AR 4 5 783 1 3 (24)-(25), 1 5 Gy s

P

k+1]k+1°
f) AR E 1 010), R TCRER IR 3K AT
Tt 1 |k+1-

3) A AT

a) 454G GAMDE, R4 51 2173 (40), 3GV, ks

b) MR E 4 3(45)~(46), KT, s KTy o s

) HR4E R (47)-(48), FRIFIERL L )E 14, 5 X
j.n,k—O—l;

d) H4E 5 Fah R (41)—~(42), IR T
ﬁ?ﬁg‘%kﬂ\kﬂﬁpﬁ:ukﬂ-

4) .

Lk + k + 1IHR[E2.

5 {jE (Simulation)

I ()— ) s 1 AR 2 P I8 i b )
R B B AR AR R A KA Y 7 an B TR ER
Z KBNS RN = Q)R AL BRI Ak i fi ik ik
ATHSALE:

f(xr) = axy + bxp/(1 + x7) + 8 cos(1.2k),

{h(a:k) = cxy, + dcos(z/1 + z7),

Hr:a =05, b=2.5, c = 10f1d = 0.2. ¥JUHIRA
To = 0. BB A B E N, = 0.95, Qp=0.5%, J,=
psc2QY2 Firip, = 0.6. RGHEIT200%5.

507

Bl 1 AR AT/ R ) 3 A AL FR R
Fig. 1 The distributed processing network constructed by

multiple processing units/nodes
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G AT AL B B ST B AR B 7 R E TR, Hs,, .
=0.87, Rnx=5% Lys= pusii RY2, Hrhip,=0.7.
HUIR AR By, AR T s I AL R BEATL A 55 )
IrA.

% 1 FMEZy, 090 TBRE(P (Y, = 1))

Table 1 The time-varying probability of
YngoP (Ve = 1))

KREXE [1,50]  [51,100] [101,150] [151,200]

TRHERITTL 03 0.4 0.3 0.5
FAFREIT2 0.2 0.5 0.4 0.3
TARFEEIE3 04 0.2 0.3 0.2
FabFEIT4 0.5 0.3 0.6 0.4
FAHEILS 0.3 0.2 0.5 0.3
TFAFELERIT6 0.2 0.3 0.5 0.3
FLRHEERITT 05 0.6 0.4 0.5
FaHEIES 0.3 0.2 0.5 0.6
TARFREEITY 0.6 0.3 0.2 0.5

TEFREFE B e, T2 GAMDE S o 2% F& i i (1)
UKFUS! 530 — 35471 %5 7 B Al & 38 UKF(UKF with
one-step Bernoulli random delay, OSUKF)>-24 D) %
GEDPFVE A7 Ll SRIGIE ST 55 N Wi R 17
i, AT $EDGIFY 4 45 2GCF) ¥ J5 % %¢ X (covari-
ance intersection, CI) @ & T £ 7 X OSUKF (CIOS
UKF), DL CGIFIEATHE EL, SRIGIE 22 A FE .76 53 A1 3
SER TN TR RE.

FAA S EERRE WA R E N Z 010 =0, Pojo =5
FEOSUKF, COSUKFH, AR3 A TG &l 43R (1) B A1 A2
iy, R O H 5 R 19 9 B AH— 2 7/EGEDPF,
GCF ) GAMDEF, CGIFAIDGIFH, ¥JUE} % T i /45
I i (R BE3 A70 010 = 71,00 = 0.5, HALFEBERIERE
Mook =M1k =095(k=1,2,---, n=1,---,9).
TEDGIFMIGCFH, — 8 FIE MRS H I T e =
0.1, =107, dmax(fmax) = 50, H H1ly,0 NGCFH
() B REARIREL. RIS, BT v 0 B AR 3 R BTG R AR
AT R SR AR, BARSEL TR [15].

25435l 45 H T 100007 22 5 R 1 S B R AH 9%
o L SRV PR Ak T B 50 A A B X (A TR Y AR
% 7 (root mean square error, RMSE)E{RMSELtL CH &
b S AH SR LB ) i 2k, LGAMDFEDGIF Ay
#E). BT &3 5T 05 B4 R0, Hutk
AbeE H BT A ER BT Il THEE AR AR, K2
30 A T B A B B T R A 3 R A S L B
(IRMSEXMHE. ok, AbFE R AR LB sk S0
RS A E T 3538 AT I (R A0 SRAFT R, 1 A5 ROk
HF PCHL, HH5Z500: Intel(R) Core(TM) i7-4770
CPU @ 3.40 GHz, 1§/l MATLAB2015 4 ¥ IFATIE 5.

==#-GEDPF
-~ GAMDF

B R

0 50 100 150 200
RN %

B 2 SO EESEAE SO T AE B AT T R T AR %
Fig. 2 RMSEs of related compared methods in
the 9th processing unit

By iR ZE b

100 120 140 160 180 200
AAENT %
-+ -0OSUKF --+- GEDPF —%— GAMDF

B 3 AHSCR EEBVEAE SO TAR B BT T (M3 U R
7 L(LLGAMDFFRMSE gk k)
Fig. 3 RMSE ratios of related compared methods in
the 9th processing unit (based on the RMSE

of the GAMDF)

Btz

Bz
®

1 1 1 1
100 120 140 160 180 200

e %)
——CI-OSUKF -—#*—GCF —e—DGIF
P 4 RSO EEBVEAE AR R R T AR R ZE EE
(LADGIF¥JRMSE i)
Fig. 4 RMSE ratios of related compared methods in
the whole processing network (based on
the RMSE of the DGIF)
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12 :

—&e— GAMDF
1r ——CGIF
ok —e— DGIF

7 MR 2

3

0 50 100 150 200
HAEm %)
Kl 5 AHSON LEBRAEARER M R I T AR R 2
Fig. 5 RMSEs of related compared methods in the whole

processing network

k2 FONTRIEE AT A8 X H K9 RMSE# A
Table 2 Mean values of RMSE of compared methods
in the 9th processing unit

¥k UKF
HE  8.9998

OSUKF GEDPF GAMDF

79767  7.8218 7.6192

& 3 A3 M T AR XA A A9 RMSE#{E
Table 3 Mean values of RMSE of compared methods
in the whole processing network

#%  CI-OSUKF  GCF
A 7.8563

CGIF  DGIF

7.4948 6.4324  6.8926

K 4 IR T AR IR LR TR AR
BB 47 RE IR
Table 4 Mean running time of a single MC realization
of compared methods in the whole
processing network

¥k CI-OSUKF GCF  CGIF
e 0.1561 0.0262  0.4381

DGIF
0.0623

TERASFROERR T, ME2FIZR 2T DA H, H
T AR G E I AT e i A e g 7S | UKFRYRMSEIZE
KT HARX AL, WEB3F T LA B, T A5
TEDIBEALAER | i i 7 5 afe i RS R A SR AE, B
$& GAMDEF (1) RMSE 1 K 73 RAEIS Z1] /ST A8 L)
OSUKF #1 GEDPF. [d] B, M 3£ 2 0] BL & H, B $2
GAMDF[JRMSE¥J{H /N OSUKF ) GEDPF. % | fit
IR, 7E AN A0 BT R BT R GAMDFELEAL T4 |
fIt- T UKF. OSUKF & GEDPF#i.iZ.

TE 22 A B BT A4 B AL B A, A4 0T BLE H,
FriDGIF T [Fi 25 58 1A e e 75 fh 6 3
A7 S B BB LEIR , AH N RMSELE K 70 AT %) /)N

T-CI-OSUKFAIGCEF. [Af}, FoXJ M [ RMSESMEIESR
3 1t /N F CI-OSUKF F1 GCF ) RMSE 5 {#i. #H %
DGIFT 5, CGIFKH 14 Fh il & &5 46 m] LAIRTS 5
Z A BRI E B R, £ ESFIR3 %, DGIF
THFE FERSAR T CGIF, {H AN T8 B It i T AR HE s
) GAMDEF. % — J5 [fil, fEia 47 I [8] b, BT P
DGIFH L 25 (& 2 Bl H 8 2247, 51N T HHCHRE
BE, HITE R4 IR SR RIg i & T HEE T
I 1] 5 T GCF. (B i T'DGIF 53 24 20 A b & 45
14, BT LABRIR SR RIS B SE I T [ 318 AT [R) iz
/NTF-CGIF. %5 LRI, 7253 AL EE W R, BT DGIF
4k T1RE B2 AL T GCF, 1% % T-CGIF, {H 2 T H 2 A
AT EEN, RIS TR 8] _La /N FCGIF, SE8l 1 kit
¥ FE S84 T RIS T .
6 Z518(Conclusions)

ALHRE T A IRES N B — B BEN LR N B
AH R AN e 75 AR 2R 1 2R B R4 A SOIRZS A
iF, P2 T A S e B, o, EMIEEYLIER
RN IR A SE bR — M S R A] KA ik
. TE AR FE s T, I 2 48R VA R il 2
T HER BN LA R TR S BRI R HER. [FIR,
I A PR JE SN T A, SR T RGUIRS
f)— B RIS HER T, B, @R &
AL R B GE R RN AL, K AL i
FEHBENLR R — YRR S ROV I T A
Ke— AL IS, R — B0tk SR AT A AR
FE= | WITAE S A A HE P FR 545 T 4 R i — 35
it

S W #k(References):

[11 WANG S, FENG J, TSE C K. A class of stable square-root nonlin-
ear information filters [J]. IEEE Transactions on Automatic Control,
2014, 59(7): 1893 — 1898.

[2] RENGASWAMY R, NARASIMHAN S, KUPPURAJ V. Receding-
horizon nonlinear Kalman (RNK) filter for state estimation [J]. IEEE
Transactions on Automatic Control, 2013, 58(8): 2054 — 2059.

[3] LIU Y, HOU C. UKF based nonlinear filtering using minimum en-
tropy criterion [J]. IEEE Transactions on Signal Processing, 2013,
61(20): 4988 —4999.

[4] YIN S, ZHU X. Intelligent particle filter and its application to fault
detection of nonlinear system [J]. IEEE Transactions on Industrial
Electronics, 2015, 62(6): 3852 — 3861.

[5] WEBSTER S E, WALLS J M, WHITCOMB L L, et al. Decentral-
ized extended information filter for single-beacon cooperative acous-
tic navigation: Theory and experiments [J]. IEEE Transactions on
Robotics, 2013, 29(4): 957 — 974.

[6] HU J, HU X. Nonlinear filtering in target tracking using cooperative
mobile sensors [J]. Automatica, 2010, 46(12): 2041 — 2046.

[71 BAR-SHALOM Y, LI X R, KIRUBARAJAN T. Estimation with Ap-
plications to Tracking and Navigation: Theory, Algorithms, and Soft-
ware [M]. New York: Wiley, 2001.

[8] PAN Quan, WANG Zengfu, LIANG Yan, et al. Basic methods and
progress of information fusion (II) [J]. Control Theory & Applica-



11

WfiTedse: ENBENUEIR T ARGk A RO AR et R G A it

1439

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

tions, 2012, 29(10): 1233 — 1244,

G2, IR, R, & (5 R GER AT E SR AD [3]. 32
HIHEIS 5N, 2012, 29(10): 1233 — 1244.)

SCHEIT S. A finite-difference method for linearization in nonlinear
estimation algorithms [J]. Automatica, 1997, 33(11): 2053 — 2058.
NgRGAAD M, POULSEN N K, RAVN O. New developments in s-
tate estimation for nonlinear systems [J]. Automatica, 2000, 36(11):
1627 — 1638.

ARULAMPALAM M S, MASKELL S, GORDON N, et al. A tu-
torial on particle filter for online nonlinear/non-Gaussian Bayesian
tracking [J]. IEEE Transactions on Signal Processing, 2002, 50(2):
174 - 188.

SIMANDL M, DUNIK J. Derivative-free estimation methods: new
results and performance analysis [J]. Automatica, 2009, 45(7): 1749
- 1757.

ITO K, XIONG K. Gaussian filters for nonlinear filtering problems
[J1. IEEE Transactions on Automatic Control, 2000, 45(5): 910 —
927.

KOTTAKKI K K, BHARTIYA S, BHUSHAN M. State estimation of
nonlinear dynamical systems using nonlinear update based Unscent-
ed Gaussian sum filter [J]. Journal of Process Control, 2014, 24(9):
1425 — 1443.

JULIER S J, UHLMANN J K. Unscented filtering and nonlinear es-
timation [J]. Proceedings of the IEEE, 2004, 92(3): 401 — 422.

ARASARATNAM I, HAYKIN S, ELLIOTT R J. Discrete-time non-
linear filtering algorithms using Gaussian-Hermite quadrature [J].
Proceedings of the IEEE, 2007, 95(5): 953 — 977.
ARASARATNAM I, HAYKIN S. Square-root quadrature Kalman fil-
ter [J]. IEEE Transactions on Signal Processing, 2008, 56(6): 2589 —
2593.

ARASARATNAM I, HAYKIN S. Cubature Kalman filters [J]. IEEE
Transactions on Automatic Control, 2009, 54(6): 1254 — 1269.

HESPANHA J P, NAGHSHTABRIZI P, XU Y. A survey of recen-
t results in networked control systems [J]. Proceedings of the IEEE,
2007, 95(1): 138 — 162.

YANG Y, LIANG Y, YANG F, et al. Linear minimum-mean-square
error estimation of Markovian jump linear systems with randomly
delayed measurements [J]. IET Signal Processing, 2014, 8(6): 658 —
667.

YU Han, ZHANG Xiejie, CHEN Jianwei, et al. An improved Gaus-
sian filter with randomly delayed measurements and synchronously
correlated noises [J]. Control Theory & Applications, 2016, 33(2):
133 — 145.

(T8, TRFA, VR, 45, 25 P8 BN L DN AR [F) 2 A5G 7
BEEHIEIE 0], EHIEE SR, 2016 33(2): 133 - 145))

SU CL, LU C N. Interconnected network state estimation using ran-
domly delayed measurements [J]. I[EEE Transactions on Power Sys-
tems, 2001, 16(4): 870 — 878.

HERMOSO-CARAZO A, LINARES-PEREZ J. Extended and un-
scented filtering algorithms using one-step randomly delayed obser-
vations [J]. Applied Mathematics and Computation, 2007, 190(2):
1375 - 1393.

WANG X, LIANG Y, PUAN Q, et al, Gaussian filter for nonlinear
systems with one-step randomly delayed measurements [J]. Automat-
ica, 2013, 49(4): 976 — 986.

WANG X, PUAN Q, LIANG Y, et al. Gaussian smoother for nonlin-
ear systems with one-step randomly delayed measurements [J]. /[EEE
Transactions on Automatic Control, 2013, 58(7): 1828 — 1835.

HE X, WANG Z D, JIY D, et al. Networked-based fault detection for
discrete-time state-delay systems: a new measurement model [J]. In-

ternational Journal of Adaptive Control and Signal Processing, 2008,
22(5): 510 — 528.

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

WU J, SHI Y. Consensus in multi-agent systems with random delays
govened by a Markov chain [J]. Systems & Control Letters, 2011,
60(10): 863 — 870.

SERFOZO R. Basics of Applied Stochastic Processes [M]. Berlin
Heidelberg: Springer Science & Business Media, 2009.

YANG Y, LIANG Y, PAN Q, et al. Gaussian-consensus filter for non-
linear systems with randomly delayed measurements in sensor net-
works [J]. Information Fusion, 2016, 30: 91 — 102.

WANG X, FU M, ZHANG H. Target tracking in wireless sensor net-
works based on the combination of KF and MLE using distance mea-
surements [J]. IEEE Transactions on Mobile Computing, 2012, 11(4):
567 - 576.

LUO Y, ZHU Y, SHEN X, et al. Novel data association algorith-
m based on integrated random coefficient matrices Kalman filter-
ing [J]. IEEE Transactions on Aerospace and Electronic Systems,
2012, 48(1): 144 —158.

YANG Y, LIANG Y, PAN Q, et al. Linear minimum-mean-square
error estimation of Markovian jump linear systems with stochastic
coefficient matrices [J]. IET Control Theory & Applications, 2014,
8(12): 1112 -1126.

YANG Z, SHI X, CHEN J. Optimal coordination of mobile sensors
for target tracking under additive and multiplicative noises [J]. [EEE
Transactions on Industrial Electronics, 2014, 61(7): 3459 — 3468.
LUO Y, ZHU Y, LUO D, et al. Globally optimal multisensor distribut-
ed random parameter matrices Kalman filtering fusion with applica-
tions [J]. Sensors, 2008, 8(12): 8086 — 8103.

TALEBI H A, KHORASANI K. A neural network-based multiplica-
tive actuator fault detection and isolation of nonlinear systems [J].
IEEE Transactions on Control Systems Technology, 2013, 21(3): 842
- 851.

OLFATI-SABER R, SHAMMA J S. Consensus filters for sensor net-
works and distributed sensor fusion [C] //Proccedings of the 44th
IEEE Conference on Decision and Control, and the European Con-
trol Conference. Seville, Spain: IEEE, 2005: 6698 — 6703.
VERCAUTEREN T, WANG X. Decentralized Sigma-point informa-
tion filters for target tracking in collaborative sensor networks [J].
IEEE Transactions on Signal Processing 2005, 53(8): 2997 — 3009.
LEE D. Nonlinear estimation and multiple sensor fusion using un-
scented information filtering [J]. IEEE Signal Processing Letters
2008, 15: 861 — 864.

YANG Y, LIANG Y, PAN Q, et al. Distributed fusion estimation with
square-root array implementation for Markovian jump linear systems
with random parameter matrices and cross-correlated noises [J]. In-
formation Science, 2016, 370/371: 446 — 462.

Bt A =& E 1 #UE B(Appendix A Proof of

Theorem 1)

W VU AR, A7

Thr1jhtr = POk+1 = Uyks1, Yig) =
Pyk+1lvk+1 = L Y1) Tpya )i
P(yk+1/Y1:1)

HI Ty A B /R AR L S B2 Y Tk, A1

1

g1k = ZOP(%H = 1,7k =n|Y1.) =
n=»

1
ZOP(’Yk+1 =1y =n)P(v = nlY1.) =
=

A1fg ke + Ao(1 — fp )
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MxB € B 2 i UE B (Appendix B Proof of Sy = (PXX, )1 0 o)
kAL = Witk o (P, )7l
Theorem 2) k+1|k
T wy flag HEMF A Y, TR, IR, A o P Plﬁuk
Pk+1|k “\(prv T pyy :
(Pei1pe) k+1|k

Ehrn = B(f @) Vig) = [ f(ar)Grpp(@)dag,
P =
Btk 410k 41| Y1k) — i‘k+1|ki’;£+1\k =
(1+cx) j Fa) £ (@) Gy (@) dag + Sy i di +
T g1 + @k = Bop1 i1
HAE(apw) [Vig) = Jp. 351, v 51 TR, AR
%2, H
Uk+1k =
Bt 1 Y1) Zrgr i + (1= EOm41[Yir)) Zuppe =
Ttk 2hr1)k + (1= Fag1e) Ze)k
Plﬁuk -
B +11Y1k) Bz 412041 Y1) +
B((1 = k+1) 202k [Y1k) = Ot |p0mgap =
7ATIc+1\}cE(Zk+1ZIF£+1|Y1:k) +
(1= Fp e Bz Vi) = Th1 ke Pa g o

o

2k+1\k:E(h(1’k+1)|Y1:k):fh($k+1)Gk+1|k(f)dl’k+h
2|k = f (1 + Br)h(zr) + v ) G (C) A,
B(2ht1% 41 Yik) =

(14 sk41) [ Al@rs)h" (@hs1) G (@)dargr +
Btk lrrr + Lie1Zipa e + By,

E(zk2p Y1) = j (14 Br)h(z) +vi) (- )TGk\k(C)de

KL vg BB 1 5 Y1 K, BB 1041 1Y1:k) = it
B,

Pﬁ”k = g1k Pesae + (1= Toaain) Pt ke
Pk =
T . T
f«’rkﬂh (@k+1)Gry1 (@)A1 — g1k Bt 1o
P ke =
N AT
ff(wk) ((1+ Br)h(ar) + vk) G ()G — g1k Zi) k-

T p(h1 Y1) B (ygopr Yo ) & 9 204, 507,
Tapp1 Gyp WA AR A= B0, B

P&kt 1, Yh+11Y1k) = N (Xt 13 X1 1o Py i) =

~T —_ ~
1 exp {_Xk+1\k:k+1Xk+1|k} .

P(Yrt11Y1:),
X H:

T T \T
Xkt+1 = (Tht1s Yieg1) s

A DU, 7
P(@r411Y1:41) = (@t 1, Y1 1 Y1) P(Wrt1 1 Y1:8)-

JH:, p(wk+1|Y1:k+1)ﬁ§%ﬁﬁ%§ﬁﬁj\%ﬁ, R
P@kt1 Y1kt 1) = N(@r 13 g1 ht 15 Pt 1)

HH 2y, o 1 MR o EHTANA)HI(13), ARSI 7
FERE = (14) .

ftsxC x&# 3 ik B (Appendix C  Proof of
Theorem 3)

T Brt1, v 1 Y1 B K, #p(Brga [Y1:k) =N (Brt1;
0,8%+1), P(vgps1|Y1:) = /X(Ukﬂ; 0, Ryq1). 5 % B21E W]
KL, T p(yhg1 | Yaoe) A, 88010 F B 1 Sy 1 1
A AR T H v oA, B

N A\
PBr+1, Yk+11Y1:k) = N (N 15 Ap s Ploa ) =

1

o7 -
)‘kJrl\k V1 A kt1)k
172 &XP {_ 2 } :

(27T|Pl?fl|k+1|)

P(Yk+11Y1:8),

Horp:
T \T
Met1 = (Brt1,Yier1) s

o o

AN —

Vs = (Pitye) ™ - (O (pzfyuk)_l) 7
+

BB By
pM Pk+1|k Pk-i—l\k )
BT P

AR DU,
PBe+1Y1k41) = PBrt 15 Y1 Y1k )P (Yot 1 [YV1:k)-
KL, p(Br1|Yiok1) W BB A E A0, B
P(Br+1Y1:k41) = N(ﬁk-{-l?Bk+1\k+17plz§fl|k+1)a

KBy 1 PLY, o WSROI @8)FTR, LA SR 2
R R@B3)FTR. AL, Pl B B, T R(27)(29)
SRR in X (34) . 3K HL:

Pfi’l‘k = 7Ark+1|kE(ﬂl%+1hT($k+l) + Br1vihg1 Vi) =
Aot 1k (k41 241k + L),

P/ffuk =

7AT1¢+1|kE(v/c+1ﬁ;g+1hT(ﬂ%H) Fopp1pg|Yig) =

~ T LT
Tt 1]k (L1 21k + Brt1)-
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11 AT FEEHLAEIR A Ao N
T, MRS 1 10 Bropt ot POk 110 B
Plffl\k:+1

_ = _ T
E(Z416 — Ki410k+11%) Brot11k — K}f+1yk+1|k) =

Y B \T
7K’:§+1Pk+1|k(Kk+1) )
Horp:
- 5T
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