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Performance limitations for spacecraft drag-free control system in
the presence of multi-sinusoidal disturbance
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Abstract: This paper is to contribute to the understanding of performance limitations for spacecraft drag-free control
system. Environmental disturbance is modeled as a linear combination of a step component, a stationary stochastic compo-
nent and several sinusoids with different frequencies. Disturbance rejection is measured by the steady-state variance of the
residual non-gravitational force, and Wiener-Hopf design method is used to solve the minimizing sensitivity function. To
guarantee the asymptotic stationary of the residual non-gravitational force, the minimizing sensitivity function accounting
for the toplogical structure of the feedback system is used to derive the limiting performance. By using the drag-free control

requirement, performance budgeting of actuator and sensor in accelerometer mode are discussed.
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1 5|5 (Introduction)

AR FERR A oA A% 1] R G RE R PR 11 .
oAt R A 24 HIRT AR R AT T2 A 55 Hh i) — T
FEROR, JUHAERF AR AU BTG B2 i Sy T A 2
F . B T B I BORAE 51 13RI 45 B (gravity
probe B, GP-B) I /£ | H /37 5 12 4 ¥ AR I 2%
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HRE AL T70.025 (um - s~ 2)/Hz'?, T B R AL B #
MG JIRRRETE . BT BEXT RIS B e S 48 b
SHET2 x 10712 (m - s2)/Hz"? 55 mN/Hz Y2 13,
AR FRUE, X TR MEAL RGN & UL R3S S5 AT
ax PRARI, R Gt AR A U7 22 ] DA BT =
RHERAE . SR, X T AR/ ME AL 5 40 RIE G B A
PR )AL A ST 25, RSt th 77 25 AN R
BT RN S b, R IEI R EU AR R/ ME
A2 R ANERE B R R B 357 %6 425 1) 22 G PRI A SR A i
Sy GE N — N ERNZ R, T BUE i R4
SR AR A R L XTSI 1], SOk (716
T H% N L  H (single-input single-output, SISO)
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ANSE GO0t BT A A BB, SCHR (813 7
T Bt N £ (single-input multi-output, SIMO) %
G0 Ik i i NS A AR PR, SRR [9—1 1155 R S
BABTNE A T BB R G BENLI R R Goxt T
FRBEALES IR PR

FLR 2% e B 4% R B AN PR I AL 46 1) 72
el % R G AR AR S AT AR SR AR T ET R T,
SRR T Hi B A7 1 R Gt PR ] B AR R, ATAT & 3
Tt R HIFR ARk M ANE B Z R IR 203K ; 2) 7
RAEMEIRAS SPAT AR IEPR I TE N, SRE A ]
RE S I I — TG i HO A% il H A P A5 B3 5 AT S g 7S
PERERCE, RIJCHE 535 ] R G BB Fabn 0.
2 S i [ % e AR IS R I, SCHR [S1RI A RGiRads
i th 7 25 B AR BN LS DRI RE, S T R
A L N E7 i E e VA E I TN 7 T 2
BRI B BN LI AP AR, SR STk (ST AH DG4S
WMo HE B RGO PEREAR R AR H R AR, B
BT OG- JoHi B i) P R A PR RO 2 1w A L 281 SC R
T, A% SOR 2% 8] 0 55 40 2 0 AL A 38 — AN B BR 4y
B, AT REEN B AN IEZ S RS,
TN IESZ o B A AR, {55 S0R (4] 52 H 1
Wiener-Hopf % 117 153K fiff PR R G0 1) e /> R R
5, IS XS 2 B2 Eh AR R 3D 4,
B 0 HE RS HIFE PR LI PR, 1 I B A AR K
A PATERFEbR A [ 7.

ARLHIFF 5 X s Lapace L H 1, A FAL
R BB M (s) I # B LU B B R RN
M (s)MM*(s), £ BIFFIH AR A, A
I 10 AR 2 2 5P ST T SR IR 23 3l 9Re(s) > 0,
Re(s) > 0, Re(s) < 0, Re(s) < 0, £{-} TR
Hr, A2 AL 3 R Ea (s) I FT K 7R Adeg a,
RH o R T A A ERAE 128 bR R B 23 18], 755 ]| - |2
FIRE AR H o 210 LRI H1EL, O(-) ForFME
5371\,

2 ARG (Problem statements)

2.1 JoHs B %] (Drag-free control)

LR A8 ot A 1) R G RS AR S B & 7
22 s PR IR BT B A S, A 2 s S s B A
ARSI T K BHO G 15 SRR BRI 4R,
ZBUE RS AR FHAEINRA T & FoR B T IR S A 1 5%
UNE 51 /7 FRBCRREARE S I RENS 27 i 1K R B )
AN i T S S R PEAR ) L VAR 25 704, AT L
AT B R PUE A B AR 5] JiE. T s
PR AR ) B AT, AERENTR 28 BB JEOR ST
DI 35 D6 Z5UR M, BTG e B A 1) 3 12140 Sz gy
R AT B AT B —Fh 7 SR LR #5 BR R I 1205
&, AR AR . AR AR R I & S R A ]
(IR 2 P] AL R A SR AR D T4, [R)IN =2 2 1)
RS G 1R 2 LA ] /D, 8 H v — AN B NI

MR PR SR AL 5 RO AR P % T R
P v B 25 T A 45 G A B0 T8 25 18] R 2k (evolved
LISA, eLISA) L 245, i 05251 FE E 51 186 % 7 HI|
FEE (RO TER. AR 5 A 5 2 TR £ 7 DO FEE A T 3R
e R BE AT TR AT — M, AR 1
R R A 7E FEER AL 6 R UL A I B /NS 2 B
LB R GBI RS US) . B —Fh oy S ik R
R, B 00505 R 58, I R B
() L5 AR 48 2 1Ay e — 5 BRI BT T, % sk
VIR HRE 2 W I R B B AR A 5 77 o o
(IR, SR B R FEE T P 0 T B o vt
AT AME.

11 2% T HE B ) 2 45 1 SR FAE I, [ M, m
Sy B FTRR L SRR R &, Gse, Gruar i3
TR SRR T 5 T2 KARI 5] 1, 7 — Rl
R AR TR 8 (AR A LR, doy 87 R A 7 52
W 75 A1 T VE FE LR 52 L AR ST A, do 5
1 FAE DR Bt 7. L ep i B v R
{1y J52 455 ) R 2R 3 7%, LA AR T (0 S U P S 8 s
i1, Mo, T30 B FE R HE 7 B 0GE 7 | iy B A K B 1R 7 A1
IS RE S s

Fww] [ &7
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Fig. 1 Diagram of drag-free translation control system

2.2 PeFhEK (Modeling of the disturbance)
AR AT IR A%, V2 RN R ) 2 i
FERRENIE, WA — A e AR BEN LT R Hodk
A7 AR UOT SRR (17148 H ) o B R ) R R
FEBEN LI R IR W
d(t) = do(t) + dp(t) + ds(2), (1)
Hor: do(8) R A2 s Eea R &, d,(t) Rk
W&, d(s) T PrRabilas & A TETERHS
HANR TRERE S, RSO dy (6) BN B =, dy (t)
QPR % B 5%y S I T
dy(t) = Zn: (a; sin(w;t) + b; sin(w;t)), 2)
i=1
Hor: w RIEZIZ Hw, # w; (i # 7), ai, biN
AE, R TR S AAHAE B TR (2), dy (8) 4
AT EAS 5, H DB LR 5 B 5, FEA AR
d(t) hEE )& e o 181,
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2.3  PEREFEHR(Performance index)

ARt 2 WE 2RI SISO R R 4. &
W P(s) NN R, T(s) NIAT 38 8h 1124, H(s) N
FRIRZR ) 122, N1(s), No(s) 5 AN HAT #8 5 % By
W 75 AL 338 PR AR, my, o R IRBN MRS, u, d, eFly 23 53
FRRPAT A - RS R SRR AECR ST I R Seka
H. R Ry, no, u, d, e Fly 1) A BE 3% 25 B 4 5 A
G, (—8%), Guy(—5?), Gu(—5%), Ga(—5*), Go(—s?)
MGy (—s?).

"
d
—¢ (76 |~ @@ P |-
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Fig. 2 SISO feedback system

B 1 ng, no MdPIFIAHEIRL;
B2 P(s),T(s), H(s), Ny Ml Ny & A7 Bl A%

HeREL, T'(s), H(s), Ny Al Ny fERe(s) > 0 it A
P(s),T(s) M H(s) &AL B AE NS Z 5. [
BFRP(s), T (s)F1H (s) 22V
s AT gt o (s), BeRIEPRSE J1h
e(s) = u(s) + d(s) + ni(s). 3)
KRR AELRT T E‘Jﬁ%lﬁ%ﬁtiﬂﬁﬂ%ﬂﬁﬁ‘é
= ;ﬂj Iij; E{e*(s)e(s)}ds. “4)
2 FEHE 148 S B ORHE TR ZE I 2R, AEFE bR A AT X HE
JTRA AT IR
1 i
E, = o I_joo Q(—s*)E{u*(s)u(s)}ds, (5)
Hrr: Q(—s)=—s(—s%Iw2 + 1), BRw KT HK
a5, T
EFE=F,+kFE,. (6)

e

RIEE 275
Ny

e(s) =S(d+ Niny) — (1 — S)ﬁng, (7)

w(s) = —(1 = S)(d+ Nimy + 22n,). (8)

PH
Forr S (s) R PHPR R B
1
1+ TPHC’
B ()-@) A (6)1F
omiE = foo S*SG.ds +

(€))

ffo (1- 81— 8)Gpds,  (10)
i

Hr:
Ga:Gd_‘_NleGnla (11)
N3N,
Co = pepgeg O TG T
N3N,
NN —2 = . 12
1 1Gnl + P*PH*HGHQ) ( )

R R P(s) AR EE N H B R T P(s)
= 1/(s2+w?) Ul 5 W A7 S 8 w? < 0,
H(s) =1, No(s) =1+ s 1 I B -4 =0T S
PR PR INTE S 1A 08, B e A0 I i H i 45 il
E WA B SRS < [RIAEXS 12 3, S8 5 R ot
WA TS AMEIR ST B 7). B P(s) = M1, ik
FETE AL B ) R EEA I B 1 T IR N H (s) =
(aps + p*)/(s* + aps + p*) "L, BAEEAX IR 4
AL HRBURMER A3 AN R 70, X6 2 1) e s DR B AR R S Ny
= s*/(s* + aps +p°)7, Noy = (aps + p?)/(s* +
aps +p?) 7, Nog = s L BB A S ngy, noo
Fllngs BXBNM. SEFRA IO T\ AL RS FL S B AT
ZH RN R R f R T g N A Y,
A PR T 5 AT R Be ) FL i 2R 34T B 4 HIBE AL E
A _ np(s (s (s
0p(s) = 22 i) < B, g el
C(s) = ”((g P27 7 IR 3 R P TR
FHE T2
A(s) =dy(s)dn(s)ds(s)dc(s) +
np(8)nn(s)ne(s)ne(s) (13)

3

=9

EX 1 HAAEEGEC(s) /R H P(s), T(s)
MLH () K9 B A 2R Geinin i e B AA RBUSE R E
S(s), ABLMS (s)F2& A L.

SIFR 1 X TARERRELP(s), T (s)FIH (s), R
FERRHELS (s )2 FTSEBL ) 2 HAX 2: 1) S(s)fERe(s) >
0_Ef#T; 2) Z2550d, (s)dn(s)d, (s)fERe(s) = 0.1

Hnp (s)nn(s)ny(s)fERe(s) > 0 EMIE fisdl — S(s)
1% A, 22/ B A IR S A

B3 WiRKH, Gy(—s?) = Ow?), 1 > 0.
R4 WRKE, G, (—s%) = O(w™2"), v = 0.

Rk s T(s)fEmfl ERFSHP(s)H (s)TEME
Hh EE S jw, # Ejw;.

BiZ6 G.(s)+ Gy(s)fEjwih LAEE.

N HHE PR AR (6) 5N R B BRSO AR PR
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FEP5.
3 Wiener-Hopf>Kf#(Wiener-Hopf solving)
EX 2 WRABEHULRE (8L D Mt —
oofif, B, (t) — 0;2) 24t — cofif, X+ A i 7 IR
tli}I?o cov(z(t)z(t + 7)) = o (1) #AEAE, I AFRBEALIT
P (t) Wi ~F R f). %€ LW [8) 5 55 K, B8
FUSFERI R T BT 2 RABUAAE, SR 2 TRANME
ERZECHR(9).
AR ZAT BEAL 1 bR AL A () T LLBEAT Laurent i JT, 44
HAERe s > 0_LAHTHIES 2 o N { A(s) } 4, HRHRIY
FFIA), FRA

A(s) = {A(s)}+ + {A(s)}- (14)
EE1 4
n(s) = nu(s)ny(s)ny(s), (15)
d(s) = dn(s)di(s)d,(s), (16)
x(s) = d(s)n(s). (17)
B x (s) N
xX(s) = xi(s)x:(s), (18)

Horp: 200y (s) B Wiy fERe(s) < 0 LT H
T, e (s) B (s)fERe(s) > 0 LIIATEZ A, 4

3

o(s) = s [ (s +w}), (19)
1=1
BEAT RS
0o X X1 (Ga + Gy) = 02427, (20)
Hoh Q1ERe(s) > 0 LA % AN A, 7618 % &

1-5 ORI T, B

1) /N R B RN

X: X1 G
o
17}

F()R—1MERHETA, \THE < coflS,(s)&n]
SEHIEE— T

2) /N RBIERELS,, (s) IS

1—Su(s)

P(s)T(s)F(8)Sm(s)’
Ch ()2 AR #, BIRC,, (s) T LLZAEENK)
ANFEE 1, (R PR Z5 S 2 A e 1, T HL R 5% o
S, (s)ZIEMF HAERes > 0_-fifr.

UE R R PR LS (s ) A TSI, N
T ORIR AR AECR ST ST R WL~ Aa ), REBE R B 7+
BFEEEFo(s) = s n (5 + w?) UL A MR E

b ELAL A R R IE 320 B B et/ R R B
Sun(s), AR, WS (s) 0T AT N

+f

Sm = ' > (21)

Cu(s) =

(22)

S(s) = Sm(s) +exe(s)e(s)d(s),  (23)
JLH 6(s)TERe s > 0 LARHT, 25 5 KIS ()2 AT 52
(9. P X () = nu(s)de(s), Ferfidy(s).n.(s) 730 9 6
T2 d,(s)dn(s)di(s), np(s)nu(s)ny(s)fERe s =
0 LFmrZui. AL, (s) WERZS (s) 1)

AT R 05 i LA RS () =22 IEMUA. BS (s) AR
KA D, HikEX RS, H

dE
Tl =0. 24)
EER
fp_o A*(s)ds = IJOO A(s)ds, (25)
—joo —joo
M2,
dE joo
T lemo = 2f_joo X*(s)0*ds,  (26)
/\I:':l
X7(s) = Su(x:0)"(Ga + Gb) — (Xa0)" G-

27
H T 0%(s)fERe s < O fif##T, LR X*(s) Wb i fERe s
< O_Bf@ b, Se B I AN 6 AL, i AT R 6
X7 ey, 15

S XeXs (Ga + Gb) — XX "Gy, = X2 X" (5).
(28)

HET MR
040

XXy (Ga+ Gh) = (29)
P

fERe s > 0 ERERA TR G B, 4
S, i 3 XrX:QQO:Gb _ Xr)é ’1(8)' (30)
HEOITES N
s .2 {xrx]’f(ﬁ*Gb L, =
{LX?;*Gb b+ XT);;(S). 31)

$5 BRI N F (5), BT S 27ERe 5> 0_LARHT, L
4RI FR M o(s) f(s)fERe s > 0_Ef#dT, T4
HiHFRWp(s)f(s)TERe s <0 L AET, I o(s) f(s)
TEREASP I EAEHT, B p(s) f (5) 7258 R B2 T,
W4, MR RSTFoR N

o {vr S
S = v (32)

o
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BIRSm(s)TERe s > 0_LfiFHf. VEFE s = jw,, XK
A _
2 1—Sm:1—£<p—f s @)
(e Gy - hls)  als) gy . “ “
0+ T g(s)’ b(s)’ T
LA 1‘5@:@ CfG). (45)
o PE)(s)b(s) + o(s)(5)g(5)b(s) 35) R _
m = a(s)g(s) : e N(1D)-12), /E EXEUREvEE s = jw,,
4
B o5 [Rl1 — Egodz‘@jﬁﬁ TS = jw, MITTATHIf — W_
deg g > degh, (36) WIHEArEFENs=jw,. TR&X*(s)fERe s<ONfE

dega = degb+degx, +degp +1. (37)
NERIES R TENU Y, 25K
deg a + deg g > max{deg(phb),deg(pfgb)},

(38)
TR
deg f < degx, + 1. (39)
NTREE < 0o, Hw — colif, H
S (iw) S (jw) Ga(w?) — 0, (40)

(1= 8;,(jw)) (1 = Su(jw))Gu(w?) = 0. (4D)

FEAER3RATT AL — S (jw) = O(w=(FD), X
AN R RS BRI A B KT L4 1. A TR S ()
e TSI, AR 51 BRI 45 A 2 (1 — S (jw)) =
O(w=HD), e deg x, +1+ 1 MR, IR deg f =
deg x, + UHLATME—E Z T f ().

TR X (s)#ERe s < O_EfEHT. HREDMAAN
Rent, 5

v+ fee 2

X*(s) 5 ., . =

2w, )

FH LT WX *(s)fERe s < O f#MT, 1 H 7 2t —
A ULIA X (s)TEjwil E R ARNT 1. R, 23R, (s)
Rif(s) — U_(s)TEjwith LI AR, ikt f(s)fif
13S0 (8) 72 AT SL I UE, X H SR 15 X (s) TEjw il I
WM. VBT : ks = jw e, (s) I puEE

e P(s)H (s)ZE . FHEMEOIE: 1) ks =jw,
& P (s) PR S, At/ REUE RELS,, B p H % R
5 = jw,, IEEZ

(f+P)p=(V+f— V) (43)

s = jw, e P(s)H (s)MvEE R, BA1-S,, BIAEA

#T. EEE.
N H AR AR bR, 7T 4 k= 0384 G.(—s?) H
G, (=) AT AL AR
Ga(=5%) = a’(s)a(s)
Gy (—s?) = B"(s)B(s)
TRARBRFER AT LARIR N
B = [|Swa(s)[5 +[1(1 = Sw)B(s)[l5. (48)
AT 58 [ JCHE B R AR 2 D6 200 2
v > E,. (49)
4 HH|(Example)
DL 7 Wl TR i, A 2% R %AT 7 Tm] )
JoiE B, B2 SRS RN

(46)
(47)

)
Y

—TS

(&

T(s) = (s/(,ut)2 + 2¢ (slwy) + 1’ >0
Mi(s) = (8/wy :si-/al};(lz—/olJt +1)’ oD
P) =1 652
2
H(s) = ;P (53)
Noi(s) = 27 (54)
No(s) = %’ (55)
Nag(s) = SQMS;SW (56)

Hr:
7=0.01s, ¢, = 0.7, (27) 'w, = 10Hz,
(27)'w; = 0.28 Hz, (27) 'wy = 2.8 mHz,
a =14, (27)"'p = 20Hz, M = 1000 kg.

N, (S>, Nzl(S), N22(8)$DN23(8)ﬁj\%U%}§Z_|%—,ﬁﬁEIHST%
FEny, not, Moo Fngs BRAN. B FE v I K& IR 3
i Mgy, Mgy Al moz BELRIEARS BETH A 2500 &5 55 5
mHz%0.1 Hz, 1€ 11, nat, Nao Mngs M5 ZE 53508 o3,
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031, 055 Mos, M-SR IRBRE A TT 22 LN
o5, /o5, = 1.588 x 107,
Oa5laa, = 6.434 x 10°.

AR VAT BV E R LI R DR, 5 R
B I 5 RS B 5 B ERAERR RSN Jo, J3T0
1 A IE 52 43 B A S R £ 3 5 RS I RE AL ) &,
RBCR IR &N

do(t) = =8 x 1073, (57)
di(t) = —3 x 107? sin(wot), (58)
dy(t) = 2 x 1072 cos(2wot), (59)

HPAEN. 2 f > bwo(2m) !~ 1 mHz, 5] 1534
fIT 25 B B — (40 + 20) dB/dec) FBERER, S8R
A HE BT 2 B[R RE B — (40 =+ 20) dB/decff T B
REZ, IR BRENL S B
slw, + 1
Ni(s) = (slws + 1)2’ 60)
Ho: w, =2nf,, fs > 1mHz, (27) 'w, = 0.03Hz.
Ny(s) HH MR ng IX3), 77258 02 = 1.5915 x 1074,
HEAT B 3 B w45 S H BT 9 B T 2 % B
R Hh 23 i, RS B R D 3 2 T R 0
Gy=d, (61)

Hor:
o = 2.9822x107"py (5)p1(—5)p2(5)pa(—5) -
P3(8)ps(—5)pa(s)pa(—s)/
ps(s)ps(—s)p(s)e(—s),

pi(s) = s +0.1621,

pa2(s) = s+ 0.01195,

p3(s) = s> +0.001809s + 1.558 x 107,
pa(s) = s> +0.001113s + 4.531 x 107,
ps(s) = s* + 0.087965s + 0.003948,

s(s*+ 1.579 x 107%)(s*+ 6.317x 107°).

©(s)

PSDY?/(mN - Hz''?)

LU R R R R RN L A

f/Hz

Bl 3 KA KIPSD Y2 i 4%
Fig. 3 PSDY2 curve of the airdrag

A HAT 38 554 B (R DR S L Py, o PR BRI
T A AE A2, 2, A
—0.003231s%> + 1
Go=Gat o5larst a1 11 0
12,0788 10" q1(5)q1(—s)q2(s)q2(—s)
- 2(s — 89.76)(s + 89.76) 2
(63)

Gy,

Hrr:
q1(s) = s+ 0.0126,
q2(s) = s> +0.6274s + 0.1969.

LRI L = 1. B PAT 8 80 7722 I I i 255 B — By
Padéirfel,

—78/2+1
05T — 7_8/7—{_’ (64)
Ts/2 +1
s — 200

By =5 mN/Hz'?, 95 =2x107*? (m-s~2)/Hz'"?,
IR XX (G + Gh) HATHESHF, 1

7
4.5594 x 107 _Uori(s)

(s + 89.76)(s + 62.83) (s + 0.01759)p5(s) "

(65)
Hor:
ro(s) = s + 200,
r1(s) = s+ 63.06,
ro(s) = s+ 17.49,
r3(s) = s + 0.004023,
r4(s) = s* +0.001934s + 1.769 x 107°,
r5(s) = 57 4+ 0.001176s + 4.691 x 10~°,
r6(s) = 5% + 0.1221s + 0.003802,
r7(s) = s* + 28.75s + 580.5.
i
X .0024
ey m (66)

JS2 P s B R] 550/ N RABUSE pR AN
XrX:QO*Gb
AArE Y
(X2l
Q )
HAZIA f(s) = azs® + a8 + ag, /DR REL
So(8) W20 AL i3 A2 KA
1 —5,(200) =0, (67)

1= Su(s) = O(L). (68)

82
g4 30 (67)F1 3K (68) n] ME—Hf i 2 I f(s) I R EL,
T ay =4.559 x 1072, ay = 7.144 x 1077, ag =

Sm=1¢
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