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摘要: 大多数现存的谱聚类方法均使用传统距离度量计算样本之间的相似性, 这样仅仅考虑了两两样本之间的
相似性而忽略了周围的近邻信息, 更没有顾及数据的全局性分布结构. 因此, 本文提出一种新的融合欧氏距离和
Kendall Tau距离的谱聚类方法. 该方法通过融合两两样本之间的直接距离以及其周围的近邻信息, 充分利用了不同
的相似性度量可以从不同角度抓取数据之间结构信息的优势, 更加全面地反映数据的底层结构信息. 通过与传统聚
类算法在UCI标准数据集上的实验结果作比较, 验证了本文的方法可以显著提高聚类效果.
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Spectral clustering with mixed Euclidean and Kendall Tau metrics
GUANG Jun-ye, SHAO Wei, SUN Liang, ZHANG Dao-qiang†
(Department of Computer Science and Engineering, Nanjing University of Aeronautics and Astronautics, Nanjing Jiangsu 211106, China)

Abstract: Spectral methods have been largely utilized in clustering problems. Most of existing methods ignore the
useful information from neighborhoods and only employ conventional metric to evaluate the similarity between pairs of
samples. Accordingly, this paper proposes a novel spectral clustering method with mixed Euclidean and Kendall Tau metrics (SCMEK), by which similarities between pairs of samples and their neighbors are both considered for learning the
underlying structure of the datasets. Specifically, the new similarity metric is a fusion algorithm, which outputs enhanced
metric by combining multiple metrics (i.e., Euclidean metric and Kendall Tau metric). Moreover, the proposed method utilizes the non-linear fusion of different similarity metrics to tackle the dataset from different aspects and thus can effectively
utilize different information from the data structure. Experimental study on various datasets demonstrates that the proposed
approach achieves superior performance to state-of-the-art methods.
Key words: Kendall Tau distance; distance metric; similarity fusion; spectral clustering

1 Introduction
Spectral clustering algorithms have gained close attention due to their very good performance on arbitrary shaped clusters and their well-defined mathematical framework[1] . However, the performance of spectral clustering heavily relies on the constructed graph
or the distance metric. The most widely used distance
metric is the Euclidean metric, which treat the input
space as isotropic. However, such an isotropic assumption may not hold in many practical applications, and
thus the Euclidean distance metric cannot reflect the underlying relationships between pairs of input instances,
which further limits its performance in many applications[2–4] . Accordingly, some researches focus on replacing this widely used distance metric with other metrics[3, 5–6] . Specifically, Roy et al[6] proposed a Mahalanobis distance based affinity matrix for spectral clus-

tering that can be effectively used for outlier detection.
However, it is no doubt that every metric has its own
advantages[3–4, 7] , applying one metric can only depict
the structure of the dataset from one perspective, and it
may miss the information derived from other views. In
other words, different metrics can make the description
of the dataset from different angles, and mixing different metrics may provide complementary information of
samples from multiple views.
From the perspective of metric fusion, most previous ideas endeavors to gain complementary similarity
information by linearly combining multiple similarity
graphs[8–9] . However, this linear combination is also
sensitive to the weights assigned to each metric. In addition, in most cases, the complementary information
from multiple similarity graphs is not linearly related.
To overcome the above mentioned drawbacks, at the
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same time inspired by the recent progress on metric fusion[10–11] , we propose a variation of spectral clustering
model based on a novel mixed similarity metric, which
considers the geometric distribution and the topological
distribution of the neighboring points.
The remainder of this paper is organized as follows.
In Section 2, we present our proposed spectral clustering method with mixed metrics (i.e., SCMEK). Then we
show the experimental results in Section 3. Finally, in
Section 4, we draw a brief conclusion and elaborate future research directions.

normalized by dividing n(n − 1)/ 2.
In order to describe the Kendall Tau distance, we
illustrate a toy example as follows. Suppose there are
seven samples ({A, B, C, D, E, M, N}) and we have
known the Euclidean distances between any two samples. We show the ranking results of the distance between pairs of these samples in Table 1.
Table 1 Ranking results
M
N

2 Method
In this chapter, we will focus on the detail contents
of our approach. Specifically, in Section 2.1, we present
two kind of distance metric. Specific metric fusion will
be presented in Section 2.2. Finally, we present our proposed spectral clustering method with mixed metrics.
2.1 Distance metric
2.1.1 Euclidean distance
Euclidean distance is the most popular metric in
conventional distance functions and often used to measure the distance between two samples in many clustering algorithms. Euclidean distance is easy to understand and implement, it assumes that the input
space is isotropic. Given a set of data points X={x1 ,
x2 , · · · , xn }∈RD , the Euclidean distance which is the
most popular metric to measure the distance between
points xi and xj is defined as follows:

(EU)ij = (

D
∑

|xim −xjm |2 )1/2 ,

m=1

(2)

Here, Li1 and Li2 are the ranking numbers of the ith
element in L1 and L2 , respectively. The | · | denotes the
number of elements in a set. KT(L1 , L2 ) equals to 0
if the two lists are identical and n(n − 1)/2 if one list
is the reverse sequence of the other one. Kendall Tau
distance will lie in the interval of [0,1], when it was

B

C

D

E

1
3

2
4

3
1

4
2

5
5

Table 2 Pairing and counting results
Pair
(A, B)
(A, C)
(A, D)
(A, E)
(B, C)
(B, D)
(B, E)
(C, D)
(C, E)
(D, E)

i = 1, 2, · · · , n; j = i + 1, · · · , n.

KT (L1 , L2 ) =
|{(i, j) : i < j, ((Li1 < Lj1 ) ∧ (Li2 > Lj2 ))
or ((Li1 > Lj1 ) ∧ (Li2 < Lj2 ))}|.

A

For calculating the Kendall Tau distance between
samples M and N, we need to compare the ordering information (shown in Table 2). Specifically, we count
the number of pairs according to the equation (2).
Since there are four pairs whose values are in an opposite order, the normalized Kendall Tau distance between
4
samples M and N is
= 0.4.
5 × (5 − 1) / 2

(1)

In equation (1), xim represents the mth feature of
sample xi and (EU) is a symmetrical matrix.
2.1.2 Kendall Tau distance
Kendall Tau rank distance is a metric that counts the
number of pairwise disagreements between two ranking lists[12] and can reflect the information about global
structure of original data if we can apply it to metric the
distance between two samples.
Kendall Tau represents a probability. Specifically,
given two ranking lists L1 = (L11 , L21 , · · · , Ln1 ) and
L2 = (L12 , L22 , · · · , Ln2 ), every ranking is an array of
N integers (i.e.,1, 2, · · · , N). Then, the Kendall Tau distance between the lists L1 and L2 is defined as follows:
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M

N

Count

1 <2
1 <3
1 <4
1 <5
2 <3
2 <4
2 <5
3 <4
3 <5
4 <5

3 <4
3 <1
3 <2
3 <5
4 <2
4 <2
4 <5
1 <2
1 <5
2 <5

√
×
×
√
×
×
√
√
√
√

In this paper, we plan to rank the samples based
on Euclidean distance, then use the Kendall Tau distance to metric the global relation between two samples.
Specifically, sorting the ith column (EU):,i of Euclidean distance matrix (EU) , we can gain an orderly list Listi = (List1i , List2i , · · · , Listmi , · · · ,
Listni )m̸=i;m̸=j and Listmi represents the ranking of
the distance between points xm and xi in (EU):,i .
In the same way, we also gain an orderly list Listj .
Then, counting the number of pairwise disagreements
between two ranking lists (i.e., Listi and Listj ), we
can gain the normalized Kendall Tau distance. That is
to say, the Kendall Tau distance of points xi and xj can
be defined as follows:
(KT)ij = KT(Listi , Listj ),
(3)
i = 1, 2, · · · , n; j = i + 1, · · · , n.

2.2

Similarity matrix
Next, we will introduce two kind of similarity matrix based on different distance metric and the fusion
process of similarity matrix.
2.2.1 Similarity matrix about Euclidean distance
The similarity of two points is reversely related to
their distance. In this paper, we choose a Gaussian
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kernel function based distance to compute the similarity
between two points. The similarity between points xi
and xj based on Euclidean distance can be defined as:

(SE)ij = exp(−

(EU)2ij
),
2ε2ij

(4)

i = 1, 2, · · · , n; j = i + 1, · · · , n,
where, (SE) is a symmetrical matrix. Inspired by paper [11, 13], we set an adaptive scale parameter instead of fixing. In our method, we use parameter εij to
eliminate the scaling problem that will be discussed
concretely in later. Then, we can compute the normalized similarity matrix as follows:
(SE)ij
(FSE)ij = ∑
,
n
(SE)im
(5)
m=1

i = 1, 2, · · · , n; j = i + 1, · · · , n.
It is also called a full similarity matrix. At the same
time, if choose the K nearest neighbor to measure the
local affinity, we can define the local sparse similarity
matrix as follows:

(SE)ij


∑
, if j ∈ KNN (xi ),
(SSE)ij = m∈KNN(x ) (SE)mi
i


0,
otherwise.
(6)
Note that KNN(xi ) represent the neighbors of
point xi . The operation in equation (6) sets the similarity value between non-neighboring points as zero.

2.2.2 Similarity matrix about Kendall Tau distance
Similar to equation (4), the similarity based on
Kendall Tau distance between xi and xj can be defined
as:
(KT)2ij
(SK)ij = exp(−
),
2ε2ij
(7)
i = 1, 2, · · · , n; j = i + 1, · · · , n.
In the same way as last section, we can measure
the normalized full similarity matrix (FSK) and local
sparse similarity matrix (SSK) for Kendall Tau distance
as follows.
(SK)ij
(FSK)ij = ∑
,
n
(SK)im
(8)
m=1

i = 1, 2, · · · , n; j = i + 1, · · · , n,

(SK)ij


∑
, if j ∈ KNN(xi ),
im
(SSK)ij = m∈KNN(x (SK)
i)


0,
otherwise.
(9)
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2.2.3 Fusion of similarity matrix
As we all known, the similarity matrix based on
Euclidean distance can reflect the geographical similarities between pairs of points while the similarity matrix based on Kendall Tau distance considers the topological similarities among points. For the purpose of
generating enhanced similarity matrix and avoiding the
limitations of only using geographical or topological similarity metric, we apply a promising nonlinear fusion
method based on message-passing theory[14] and crossdiffusion process[10–11] . In this paper, our algorithm always start from full similarity matrix as the initial status. And we use local sparse similarity matrix as matrix in the diffusion process for computational efficien(1)
(2)
cy. Let Fh=0 = (FSE) and Fh=0 = (FSK) present the
initial two status matrices at step 1 (i.e., h = 0). The
key step of similarity matrices fusion is to iteratively
update similarity matrices corresponding to each of the
metrics as follows:
Fh+1 = (SSE) × Fh × (SSE)T ,

(10)

Fh+1 = (SSK) × Fh × (SSK)T .

(11)

(1)

(2)

(2)

(1)

(1)

Here, Fh is the status matrix of the first metric based on Euclidean distance after h-step iterations
(2)
and Fh is the similarity matrix for the second metric
based on Kendall Tau distance after h-step iterations.
This procedure updates the status matrix each time generating two parallel interchanging diffusion processes.
After h-steps, the overall similarity matrix W is computed as:
(1)

(2)

Fh + Fh
.
(12)
2
Since local sparse similarity matrix is a KNN graph
of similarity matrix, which can reduce some noise between instances, the similarity matrix fusion method is
also robust to the noise in similarity measurement. Due
to the space limit, we refer the reader to [10] for the detail about the cross diffusion process and convergence
analysis.
W =

2.3

Spectral clustering with mixed metrics

2.3.1 Our proposed algorithm
The pseudo-code of our proposed method, which is
named as spectral clustering with mixed Euclidean and
Kendall Tau Metrics (abbreviated as SCMEK), is shown
in Algorithm 1.
Algorithm 1 Pseudo-code of SCMEK.
Input data set of n samples X ∈ RD , number of
clusters k , number of neighbors K , the number of iterations h.
Output a partition of data into k disjoint clusters.
1) Compute the Euclidean distance matrix (EU)
and the Kendall Tau distance matrix (KT).
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2) Compute the similarity matrix (SE) using (4)
and (SK) using (7).
3) Compute the full matrix (FSE) using (5) and
sparse matrix (SSE) using (6).
4) Compute the full matrix (FSK) using (8) and
sparse matrix (SSK) using (9).
5) Construct the final similarity matrix W ∈Rn×n
using (12) by iteratively updating similarity matrices using (10) and (11).
6) Compute the normalized graph Laplace L =
−1/2
D −1/2 W
, where D is a diagonal matrix with
∑D
Dii = wij .
j

7) Let U denote a n × k matrix with columns as
the top k eigenvectors of L.
8) Normalize each row of U to obtain V .
9) Run K --means algorithm to cluster the row vector of V .
10) Assign example i to the cluster c if the ith row
of V is assigned to cluster c by the K --means algorithm.
Last but not least, an unresolved problem in this algorithm is how to get the scaling parameters εij in formulations (4) and (7). Ng et al. in [15] suggested that
selecting ε automatically by running their clustering algorithm repeatedly for a number of ε-value, and selecting the one which provides the least distorted clusters.
However, this method will significantly increase the
computation time. Additionally, the range of values to
be tested still has to be set manually. Moreover, there
will not exist a single value of ε that works well for all the data. In order to better show the similarity of two
points, we follow the study in[11] and define the scaling
parameters εij as

εij =
mean(d(xi , Ni ))+mean(d(xj , Nj ))+d(xi , xj )
.
3
(13)
Here, mean(d(xi , Ni )) is the average value of the
distances between xi and each of its neighborhoods.
2.3.2 Complexity considerations
The complexity of SCMEK is composed of four
parts: estimating distance, computing the similarity matrix, fusing the multi-similarity matrix and executing the
spectral clustering algorithm. For the space limit, we
omit the process of analysis.
In terms of simple, the complexity of the algorithm is O((n3 + n2 )log2 n) which is acceptable in
the case of small sample size. However, the algorithm will take too much time when need deal with large
scale data. In this case, we can apply our fusion metric
to improved spectral clustering algorithm, for example,
Landmark-based spectral clustering (LSC) proposed by
Chen[16] , compressive spectral clustering proposed by
Nicolas[17] . These methods can greatly reduce the com-
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plexity of the spectral clustering algorithm. So we don’t
need to be overly tangled in the complexity of the algorithm.

3

Experimental results and analysis

In this section, we validate the efficacy of our proposed method (i.e., SCMEK) on a synthetic data and
some real UCI benchmark datasets. We also compare
our proposed method with state-of-the-art techniques
which without using fused similarity matrix.
3.1 Experiment setting and evaluation metric
All of our experiments are performed on a PC machine configured with Intel (R) Core (TM) based system
with 4*3.2 GHz CPU and 16 GB RAM memory under
MATLAB platform.
In following experiments, we validate the efficacy
of our proposed method SCMEK in comparison to several cluster algorithms, including K --means, traditional spectral clustering[15] method based on Euclidean
distance (abbreviated as SCE) and spectral clustering
based on novel Kendall Tau distance (abbreviated as
SCK). And K --means algorithm was set as baseline and
executed for a maximum 50 iterations. Clustering accuracy and normalized mutual information (i.e., NMI)
are used as the evaluation criterions to assess the performance of clustering. The latter can be defined as follows:
I(A, B)
NMI (A, B) = √
,
(14)
2
H (A) H(B)
where I(A, B) is the mutual information between vector A and vector B . The H(·) is the information entropy of vector. Of course, higher NMI value indicates
that the result of prediction is more similar with the
ground truth.
3.2 Simulation on synthetic dataset
In this section, we conduct a simulation on a synthetic dataset with controllable structure to examine the
effectiveness of our SCMEK algorithm.
3.2.1 Synthetic dataset
The synthetic dataset consists of 339 data points in
a plane of two dimensions. The dataset is supposed to
be classified into three disjoint clusters. Fig.1 shows the
real distribution of original data set.

Fig. 1 The real distribution
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3.2.2 Experiment result
We test the efficacy of our proposed method
SCMEK in comparison to several clustering algorithms. Fig.2 shows the experimental result of different
methods on the same synthetic dataset. The clustering
result of the K --means is shown in Fig.2(a). The clustering result of SCE method is shown in Fig.2(b). At
the same time, for the sake of fairness, we conduct experiment of SCK method. Fig.2(c) shows the clustering
result. Additional, we set the number of neighbors (i.e.,
K ) as 10 in the process of constructing similarity matrix. And we set the number of iterations (i.e., h ) as 20
in our proposed SCMEK method. Fig.2(d) shows the
clustering result of our proposed method. Compared
with the real distribution of original dataset (i.e., Fig.1),
we can see that only the SCMEK method can thoroughly classify correctly while other three methods obviously lead to some obvious errors.
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(d) SCMEK
Fig. 2 Experimental results of different methods

This result shows that our algorithm is effective for
dealing with such dataset. In addition, we also test the
various algorithms from clustering accuracy and NMI
value. The detailed experimental results are shown in
Table 3.
Table 3 The experimental results of algorithms
Methods Mean-Acc/% Max-Acc/% NMI
K --means
SCE
SCK
SCMEK

(a) K --means

(c) SCK

82.30
82.30
75.51
100

0.72
0.72
0.69
1

Observed from Table 3, firstly, in terms of mean accuracy, the result of our proposed method is the highest
and nearly 13% higher than other method. Secondly,
the result of our method can be quite same as the ground
truth of the synthetic dataset. So our method is the most
suitable to such dataset and the fusion similarity metric
is effective to the clustering.

3.3

(b) SCE

74.66
74.66
74.63
87.43

Experiment on real dataset
In this subsection, we test our proposed method
on some Benchmark UCI datasets and compare it with
state-of-the-art techniques.
3.3.1 Dataset
Firstly, we summarize the data sets in our experiments in Table 4. These data sets can be download from
http://archive.ics.uci.edu/ml/datasets.html.
3.3.2 Experiment results
In general, a method can benefit from its robustness
to the parameter settings. In our proposed SCMEK, the
number of neighbors K and the number of iterations h
are used in constructing the similarity matrices. In the
following experiments, we set different values of parameters to examine the effectiveness and robustness of
our method.
In Table 5, we report the clustering results under
the number of neighbors K = 10 and the number of iterations h = 20. Note that the best results are shown in
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boldface. From Table 5, we can see three main points.
Firstly, our proposed SCMEK usually achieves the best
performances than other methods (i.e., K --means, SCE,
SCK). For example, on“Labor” dataset, the accuracy of our proposed SCMEK is 91.44 %, which is superior to the other three methods. This result indicates
that single metric can not properly reflect the distribution of the datasets, but the mixed metric can help enhance the expression of relationship information. Secondly, for most of the datasets, the results of SCE are

Vol. 34

higher than the method of K --means. Thirdly, except
for the dataset of“Spect”, SCK method can achieve
higher clustering accuracy than SCE, Specifically, for
“Heart”dataset, the SCK method achieves the accuracy of 80.41 %, which is 2.05 % higher than that of SCE
method. For the“Lung-cancer”dataset, the clustering
result of SCK is 59.06 % and it is still higher than SCE
method. This result also demonstrates the advantage of
using Kendall Tau distance to measure the similarity among pairs of samples.

Table 4 Description of datasets
Datasets

#Points #Clusters #Dimension

Heart
Labor
Hepatitis
Heart-statlog
Spect
Wdbc
Dermatology
Lymph
Lung-cancer

270
57
155
270
267
569
361
148
32

2
2
2
2
2
2
6
4
3

Table 5 The clustering accuracies of algorithms
Datasets
Heart
Labor
Hepatitis
Heart-statlog
Spect
Wdbc
Dermatology
Lymph
Lung-cancer

K --means

SCE

SCK

SCMEK

58.97
58.42
69.59
59.02
55.95
85.41
28.62
44.53
52.75

78.36
73.02
54.90
78.37
84.27
90.66
84.19
42.01
59.06

80.41
77.23
65.81
80.40
84.27
92.09
85.90
46.24
57.88

81.53
91.44
80.00
81.53
84.27
92.62
86.26
52.09
59.31

Besides, we also compute the mean NMI between
the experimental result and ground truth on some
datasets. The detailed results are shown in Table 6.
Table 6 The NMI of clustering algorithms
Datasets

K --means

SCE

SCK

SCMEK

Spect
Wdbc
Dermatology

0.13
0.55
0.82

0.19
0.58
0.85

0.19
0.57
0.86

0.19
0.59
0.87

Next, as introduced before, our model has two parameters (i.e., K and h). Firstly, we set a fixed number of iterations h = 10 to study the influence of different number of neighbors K to the result in SCMEK.
Fig.3 shows the clustering results of different number
of neighbors K on some datasets. As can be seen
from Fig.3, with the value of K is gradually increasing, the results have been improved and will tend to
stable. It shows that our proposed method is robust.
Secondly, we set a fixed number of neighbors K = 10

13
26
19
13
22
30
34
38
56

#Points in per cluster
120, 150
20, 37
32, 123
120,150
55, 212
357, 212
110, 60, 71, 48, 52, 20
2, 81, 61, 4
2, 13, 10

to study the influence of different number of iterations
h that influence the result in SCMEK. Fig.4 shows the
clustering results of different number of iterations h
on some datasets.
From Fig.4, we can see that the value of h in some
degree impacts the performance of SCMEK. For example, when h = 0, the accuracy is lower than other
results. This is because the similarity matrix:
(1)

(2)

F + Fh
W = h
=
2
(1)
(2)
F0 + F0
FSE + FSK
=
.
(15)
2
2
And the process of constructing W is a simple
linear fusion without using the interaction information. So the similarity matrix is not very effective.
However, when the value of iterations increases, the
results will be delicately changed. So our proposed
method SCMEK is convergent and robust to the parameter variation.

Fig. 3 Clustering results of different K on some datasets
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Fig. 4 Clustering results vs number of iterations

4 Conclusions
In this paper, we propose a variation of spectral clustering model based on a novel mixed similarity metric that considers the geometric distribution
and the topological distribution of the neighboring
points to learn the underlying structures in the dataset.
Experimental results demonstrate that our proposed
method is effective. However, the algorithm will take
too much time when deal with large scale data. So we
plan to try our best to reduce the time complexity of
our SCMEK algorithm in the future.
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