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Output stability and stabilization of Boolean control networks
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Abstract: Semi-tensor product of matrices is the main tool in converting logical variable to its vector form. Using
semi-tensor product of matrices, the logical dynamical system is converted to discrete time affine linear system. Under
framework of state space expression of Boolean network, the output stability and output stabilization are discussed in this
paper. First, the definition of output stability of Boolean network is given, and the necessary and sufficient condition for
output stability of Boolean network is obtained. Second, the output stabilization of Boolean control network is investigated
and the different conditions for output stabilization are obtained. The output stability and stabilization discussed in this

paper are generalizations of the known state stability and stabilization.
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AN A RO B R 023, R TH 2 #ER TAE (Preparations)

B 1 > 7k B ARUTE AL HE B HUE R G ARV, 78 SCHR
[12], FIFHERER sk AR, B4R 10 -5 1 HUA B %R
ARNTAE(0, D) TAI(1,0)T, FFZHARAGWERNE
BRI 8] 2 2 & S8, WA 15 38 48 R S0 1) R 3% e W
P A2 0E MEAE AR DCHE ) 1) jUAS LR DOt 9, LS T
— RINIMEER. X — TR NI R A REPPIRES
)7V, FERAS 25 [ HEZE T 6 A1 JRK X 2 AT RIE 72 A
T BRI, SR [141485&E Bt 7B A /R 240k
AR BE TR B2 E. SCHR[1STIF IS 1 A1 K IR 285 11
fian th BR R B o) 1) R, S A — RYIMBEIASE A, X
T HUIR A S 54 il i 9 2% BB % BRI (ELAS 5. X
R (1610 7T 1 IIHATi /R 8 FRDIR 25 S A5t ol A HE e
i ], 45 T V1A R MG AR B YIS 5 T
AR s i L BEAE A, I HAL S R i
.

SR A IR 2% R G0, SCHR (17148 H I R
VELEIEAT FE O 5 43 Bt 77 T A A 2. SCHR[18-19]
B 5 5 A B s R e ) 2 (1 = DA R 8% 56 4 [ 25 )
A, TR R BERLAR R X2 1) 56 A A0, SCRik (2013817 T
BT, KIS AT R 2, SCHR (21 et B e s s A 2K )
PR SIRERESEE, S T IR R A S, ()
RO IC T B A R X R AS e k. I 4K, A 7K
W25 Al 52 B T R 2 B3,

RGN E ST R AR I AR & AT
FIA, AR AR RIS KA MiRE s
BUE R RGEY)F AU S — AR AE DA R
W26 R IIE R RS, &N AR AN F]
(138 18 PR R IR, BT A B2 [0 R 44, (E19XT
A RGUIRES I AL R A, Lo R HPIRES 2B
EHA A EFRERE 0. 55, A AT 5
53 AR BB, B BT HR 5 R — LA e
TEIGE, Xt E 20T R Ge b T DLl )4 AR )
BALPERS. RIXHZ 5 R 40004 AR R A e S e )
PRI 7 LA B R R SORIS A

ASCFERFIT T ARG NRER 1B 5 RS
i ART SEUE . SCEEE L HE R B2
B[R] T AR Rk AR B DG T, R R
FEURE A 7R I 285 (PR A 25 1) J i B B T L. 23347
5 AT 7R IR 28 R E A58 S, FETHE T A1 2K I £ 4
RS E AR AR AT, S4B AR T T A 2R 45 ] ) 2% i
HHBEE 0], JF 53 B4E T A R i 4 mT LUodid
EFEHI P PR CIRES S I ) FFER s HHl(E
F 42 1) 737 410 ) B A PR 2% A 565 S 201 o R s ol
7 BRI T B lac i 075 80 o (1 4 H e 31 H AR

& HOE LA,

FERE Ik ERURE iR R GUIRA S ) 7 32 2
TH, fRiERIA AR ARBFRR.

EX 1Y A € Myyyp. B € M,y ot
= lem(n, p) AnFIpl) i /N A £ 50 56 FEAFI BT
FRERUE LR

Ax B=(A®1;,)(B®I,). (1)

R B 11 2 ik AU M T O R R ) AR
n = pif, FERER Tk A o A R . s
Biafeyd: B T, ok SRR AL, [ e — 1
e BV, B an O 22 #e 2 ASBURE B LT,
NI R Lk B A, A <. N T AR T
18, ASCHBIFHC S FIR U

B4, = {8, on), s R AL,
FiF. Hn =20, HA = A,.

AR B~ 1, B~ 0.98D = {0, 1}. 4 i25E
WA S =4 B S RT ~ (1,0), F ~ (0,1).

8Coly (L) AR LI 25341, Col(L) AL
FmEEA.

BAEFEL = [0 672 - . 0] € Ly, HHCol(L)
C A, KCFRFERE L2 BB, 5 SRR R
NL = 6,[iy iy -+ ).

Sefhn x sHIZRAEFERIESIEN L, s

TR AR R PRAS 2 RN R T ook
YEH.

1Y Faey, - Lz, € AR 0 MEREE,
f(xe, - m,) € AR— N AA/RREL. A1 ME—FE [E
My € Loyon, 115

f(-%'la ce
Fort MFROS AR 7R R f B2 R
SE SCUIR R B 121
@j == lf[l ]Qi—l ® [(IQ ® W[Q’Qj—i])Mr], (2)

H M, = 041, 4]. KT BRI, 7700 MR

gl # 11
1727"' aj’ %K/Z\

7.I'n) = Mf D(;lzl Tiy Ty S A,

Wz; = pip2- - pj, HeHp, € Ayi =

z? =d;z;. 3)
3 HilB %% (Output stability)
TG SRS B TR R TR
zi(t+1)= fizy,-- - ,x,), i =1, ,n;
{yj(t) = hj(z1, - 2a), j =1, ,p,

Hhz, €Di=1, nR&ELH y, €D, j =
L. 7PIEé¢ﬁﬁtH§E%,fi,hj,i:1,-n n;j=1,---,

4
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p%ﬁmlﬁiﬁ COIJ(L):K:L:I(COlJ(Ml))? .7 = 17 ,2717 3

TRTHIZA AR R AR e AR R O E XL

EX 2  FEAIRMNEKE), y* € DPRHHUIRE.
WHRAAAE IEBET, 43 ML R IV IR &S 20 € Dan
R, KRG WLy (t) =y, Yt > T, WHRAG R
IR 2 (4 H R By, B IR Sy RO R Gud) %
H e A

Bl 1 HBREEEANGE S IR, SR
FoRUTR:

w1 (t+1) = z1(t) = (-23(1)),

za(t + 1) =[(zs(t) Vaa(t))] <> (21(2) <> 22(2)),
x3(t +1) = za(t) A xs(t),

Ta(t+1) = (22(t) <> z4(t)) V 21(1),

y1(t) = x1(t) > z5(1),

Ya2(t) = 2(t) V 24(t),

S)

W28 FPRA AT FR I 1. AT LR, AR

ML S)MMIERRE R, B2 ET4D )5, MARER

A BIME— AR BR2A: {(1,1,0,1),(1,0,0,1)},

PRPRFR R EPIRAS (1, 1, 0, 1) F1(1, 0, 0, 1) R FFTH HR

SEA (Y1, y2) = (0,1), BIA/RMZS (5) % H AT AR
SEFN(0,1).

B 1 AR 2 (5) BRI AL

Fig. 1 The state-transition diagram of Boolean network (5)

9T A3 3 7R X245 (4) iy tH RS E 1) 78 2 554, I
B4 A 1) m IR A, Wa(t) =2 (t) € Agn,
y(t) == xP_ y;(t) € Agw, H Ay @1, 73 73 M AN,
TR R EL [0 D I ESHAERE, A

{a:i(t +1)= Mx(t),i=1,---,n,
yi(t+1)=N;z(t), j =1, ,p.
H2(6) Hh & ek 2 A 1 i R FH R O P = o B A
FPerE— 3 2 (4 rAREOR 2 an R 12
x(t+1) = La(t), x € Agn,
{y(t) =Hax(t), y€ A,
FRL € Lonwon FNH € Lo yon 5 HINZ(4) FPIRAS L
SR RN R 25 R R
77T, LA H ] DL 3R H 24,

(6)

)

Col;(H)=wx!_,(Col;(N;)), j=1,---,2".  (9)
A AR N 4 B A BRAVIRAS, S — 2 25k

BLAAF S BRINCE A B A ) R AR S X S ) i HH 35
Ry AT B R N 255 AR e B — AN A

SE2 WO = (0,0 AR )
AR — R PR IR, A7 7K W2 (7) i H g By L L
S EIHERER 2 € C, #0F

Hx" =y*. (10)

F b, iy A2 I 0 SR At A 2K Y 2% (7) i
FoE Blly* 78 20 26 AF. T T - 3R AE TR 38 1 A7 7K Y
25 (4 AR T TREE A

WRE3 AR AR E Byt = 05, 19T
FRMRAFAE I REHLT, (15 > T

Col(HL") = {05}, (11)
BUARRE H LT (5513565,
UE WA R M4 R G WTEE R ZES e (0) =
63 € Ao, HIR(T),
y(t)= Hx(t)=HLx(t—1)=--- =
HL'z(0) = HL'6}, = Col;(HL"). (12)
VBV AR. RAE 78 M RAETE IR BT
i £FCol(HLT) = {6, }, W AL = 1t > T, b
Col(HLY)={6i,}. Hsz I, HL'=HL"L" T, 1 T
Col(HL™) = {8, }, X H FEL:-THI AT & — %1l I &=
Col, (LT, ¥ HL Col,(L=T) = 6%, Bl
HLT[Coly (L' T), -+, Colyn (L7 T)] =
Sapliyiy -+ ). (13)
B, Col(HL') = {6i,}.
M ARG 2 (0) = 6%, &, 155
y(t) = Col;(HLY)&3, = 6, Yt >T.  (14)
H A HE R (58 SURN, AT R 26 (4) i AR E 3003,
EAFIIE.
B2 XFFMES), B (t) = z1(t) x- - x 24 (t),
T THEAS 3 R 2% (5) AREOE 0

x(t+1) = Lx(t), (15)
y(t) = Hu(t),
Hor:
L=06[13137311113712388783],
H=0,1133123433113412].
(16)
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BRI, FAEB/NAIT = 4, 24t > 4R}
HL! =04/3333333333333333].
ER] b AT 7R X 285 (5) i HE A 21003 ~ (0, 1), Frf3 45
W56 1201,
4 %82 (Output stabilization)
A IR¥E I 2 (P BN T FEFR NN T
B (1) = Fi (1), 2a(t), wa (),
un(t)), i=1,--- n; (17)
yj(t):hj(xh v '7xn)a j:]., Yy
Hp: g, €D, i=1,-- nERELTE, u,€D,i=1,
o mAEEhE AN R, y;, € D, j =1, pRfit
A, fii=1, -, nie A K R R, Wa(l):
=X @i(t), u(t) == xu(t), y(t) = xi_yi(t) €
Ao, FI N ZRIRZ R REL f G RE, A

zi(t+1) = Nyu(t)z(t), i=1,--- ,n. (18)
ATREE BN 2% (18) I AREE AR i T

x(t+1) = Lu(t)x(t), z € Agn, (19)
y(t) = Hx(t), y € Ags,
Horp
COlj (L>:[><?:1<COIJ' (Ml))7 .7:17 72n7 (20)
COlj (H):[szl(COlj (Nz))J ]:17 ’271. (21)
TN THIZE HA AT IR X 248 P RS R X
EX 3 FHEARERINLE(17), L2 By
i, € DY B RAT L I BT ) P S u(t),
t=1,--- \ THAER R G MEE R W 46K Bz, €
Dy K, it 2
y(t)=y*, vVt =T,
DUIFRAT R 428 1] 288 (17 ) A i RS o * AT BUE ).
AR AN T 3R
) AR A, = 55,
2) 5 il i N O FF BR ) B, O e N AR
u(t) = K}rlzluj(t)ffﬂzm o E HEUE.
3) Pl NN PAIEREE ], BRI i), el
W2 AL TR A
ur(t+1) = gi(z1(t), - za(t)),
: (22)
um(t + 1) = gm(x1<t)7 T 7xn(t>)'
4.1 ¥ {H ¥ %) % 1B B 2 (Output stabilization via
constant control)
T a8 R G AT LA (A% ) N EEE R AR 5K
F. B A IR EE AT I BTUE R ES Ty o, BUE (B 56

Uy = . TEREFLAE—AN2" x 27 (B AR HE R, 5
FERE LS55 N2m A3
L := [Blk;(L) Blky(L) - -+ Blkow(L)].  (23)
R 4 ARMNZE(17) R DA I B (A% o B HY
B I 7 A R R A 1< T <27, 1< <2,
{8115 H (Blk; (L)) "o Jy i {E G .
UE () B A P g = 8 A R I 44
ANEE T, [FmtEE Ry = 65, B
y(t) =05, vVt =T.
X TAEERWIIEIRES o, X (19)77
(L’(t + 1) = (LUO)t+1fL’0 = (Blkj(L))tJrl.To.
St > T, B Ty(t) = 05, Btk
H(BIk; (L)) xo = 05,
Mo AR RN, 4t > T, H(Blk; (L))t fH
5.
T N 2 BB/ ZIT, FUET, < 2.
TCAR R ES (1T PRSI N
z(0)— z(l)— - —
z(s))—= z(s;+1)— - —
x(sg) = = x(Ty)— -+, (24)
AH . B AR ZS 751N
y(0) = y(1)= -+
y(si)—ylsi+1)— - —
y(sg) = - = y(To) — -+ . (25)
WRT, > 2, T4 A RN (17 A H
R 2 AR RIRGARES, WIAERA 714y b s BT
R AYT s (s1) = x(s2), WARE 7 51(24) 7] LATE]
AN
z(0) > z2(1) = - = a(s;— 1) —
x(sy) = - = x(Ty) = - . (26)
B 7 B A8 45 g = 00 BIE T R, DR S 5
B4y K BE 05 4R /0 T2, AL 19 4 4R 45 5 91125)
fafe N
y(0) = y(1) = - = y(si —1) =
y(s2) = - = y(Ty) — - . 27
Rl A RISy = 0, s KA &2,
Feat) WRAFEL ST, <271 <5 <2m, fif
1% (Blk; (L)) A fE g, B
Col(BIk; (L))" = {63,},
TECHAER A g = 64, AT EFVIIERS 20, 24t >
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AREBRAE A /R P P2 ) AR E S HRE 1205

Tolt, Hithy(Ty) = 05,.
y(t) = H(Blk;(L))'zo =
H(Blk; (L))" [(Bli; (L))" 2] = 85,
M 7873 PEAFAE.
4.2 JF ¥ ¥ % % 1B 81 %2 (Output stabilization via

free control)
B Je7E I8 B R R By = o5, B
DES LT
QO == {€|H§ = 6(;1;, 5 S Agn}.
U AT R WA 2% (17) 7] i HEBROE By = 03, M Q20N
Y B BN AR SEMAHE = 63,): I 25
17 AEQ ) — /A % 7 3 25 20 B il 1 79 70 2
HRAE RS,
Lu.n € 2.
FeAI, 21020 = {2 — MRS, /R ME17)
B EUE Byt = 09, S TAT /RIS I 2% (17) RS
TEFHE.
F—Ji, BT
HLu(to+ k)x(to+ k) =--- =
N T By (1) RS B LB Ely = 63, —
AN IEREH ke, (6573
HLu(k)--- Lu(l)x = 05,,Y x € Agn,
Q1PN
Col(H Lu(k) - -+ Lu(1)) = {45, }.
F—J7,
HLu(k)Lu(k —1)--- Lu(l) =
HL(Iyn @ L) -+ (Iy-1ym @ L) xj_, u(i). (28)
i
L(Igm () L) s (IQ(k—l)m ® L) =
[LY, L5, Lyen]- (29)
25 L I RAFAEL < < 28, FEAS H Col(Ly) =
{08}, BUZHIFFI X _u(i) = 03m, B
HLu(k)Lu(k —1)--- Lu(l)z =
H[LY, HY -+ Hyo] xi_p u(i)x =
(HLE, HLE, - HLY. |0, =
HL:x =63, V. (30)
VERNAS o (R4, 4 N N e ZEac k.
L 5 AREERIL%(17) T E B 5
HEE Bly* = 05, 1 78 70 Wb B SRAF R AFAER C (2,

AR
i) A7 7E— N IE BBk > 0F1 309 i 7~ B LE,
1< j<2M A7 Col(LY) = 2
i) AR flue, WHEENIE € 2, 13 Lu& €92.
i R AR A A T ORIE RGUETE S 1 IS
SRR BFRRA, BAF S, FHAH—
151 B LA
53 HREU AT/
x1(t+ 1) = =(x1(t) Aul(t)),
Tt + 1) =(u(t) A (z2(t) = 21(t)))
Az (t) > 2o(t))),  (BD

Ba(t) = z1(t) x 22(1), y(t) = yu(t) x ya(t). A
IRMZE G RIRETE R E RN
x(t+1)=Lu(t)x(t) =
53321122 1u(t)z(t), (32)
y(t) = d4[1 2 3 4]z(t).
IHERIVIIEIREE € Ay, IR Hu(1) = 63, N
x(2) = Lu(1)§ = 041 2 2 1)¢.
H—PHu(2) = 63, 4
x(3) = Lu(2)x(2) =
(04[3321])(04]1221])¢ =
04[3333]¢ =082, VEE€ A,
M (32) AT LA AR e, 875
y(t) = HLu, 035 = 6;.
I JE, TR B w(3) AT ME (u(3) = 0385u(3) = 62), fi
AR B RPIRASHCE By = 65, AN vl BHANBE R T
Wl () RFEG D EE Ry = 65
4.3 RE & B 1 B 2 (Output stabilization via
state feedback)
FLURBTE 2R G0 AT DA HRAES S it H 4H € 1 A8 2 5%
. BOIRE R i 8 (22), 1Wu(t) = ug (t) x - -
X Uy, (t), N2 IRECIRESTE AN
u(t) = Gz(t), (33)
HAG € Lomon. FHHAAKA9)7
{ 2t +1) = LGa*(t) = LGRa(t), 0
y(t) = Hz(t)
Hrh@, o H1 R, T2
ylto+k+1)=Ha(to+k+1) =
HLG®,x(ty+ k) = -+ = H(LGP, ) z(t,).
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N7 AE S oy () RS AW By = 65, — & 2(t+1) = Lu(t)z(t), 38)
FAE—NIEBEE, 415 y(t) = Hz(1),

H(LG®,)"r =65, V& € Agn,
RIEER
Col(H(LG®,,)*) = {65.}.

A AN N ARAERAS R A At BUE I R 2 2% A

TR 6 A /R4 (17) AT HRAS S i 4
JE Bly* =04, 1 78 B 2%k F R AF 1L HE FEG € Lom yan
FIEBHT, 415

Col(H(LG®,)") = {44, }. (35)

SCHER (15101 F A 7R 48 1] W0 28 R N ARAS RE R 25
TOIRES RIS 7. SCIR15] B 5 5
FgnT LU 5 B i 51 e 2 A

FESCHR (151908 T 2 Ge Hh a8E 21 B Anfr ok
AT, FF HLGH T IIEIRES St ) X 25 1)
J1d N T RS EDE By = 05, STER[15]H
Mg 7T —EE Q= {{HE =05, ) M— A KA
Ry(S)InF:
Ry (S)={x(0) € Asn |[FHEIEHIFHu(t) € Ao,

t=0,1,-- -, k—1, if5z(k, 2(0),u) € S},

HpS C Ay, FHHSIER

i 7S AR 2 (17) PE R AS A
i BELE Blly* = 05 R B FZMF R — N ET
&S C QoFIIERE < 7 < 27, {H15

S C Ri(S)
RT(S) - Agn.

5 ¥ (An example)

1E KT B lac i A 15 815 252200 e i oy SRR FL
PEER I\ T I mRNA, xR =ik B FUBE, 23R s
SR FLIE. S TR R R

z1(t+1) = ~ui(t) A (22(F) V 23(t))

xo(t 4+ 1) = —uy(t) Aug(t) Az (t)),

w3t +1) = ~ui () A (ua(t) V (us(?t)

)

Aaq(t)))-
(36)
ZAE T R OR T FL P I mRNAF LR K R T K g AT
PR lact 0 1 IR AZ O, 21 SR LG 280 9 O v 9K B2 1) 7L B
(209) P PP AR P2 A LM () BRPIR S, U
y1(t) = za(2),
37
{yz(t):%(t)- 7
K AR B R UE, B (t) = 21(t) x 2o(t) x
£alt) € Ao, (1) = 3 (1)  a(t) € ApFlu(t) =
wy(t) X us(t) x uz(t) € Ags. HHFEFFKEF, 152
ARG Go)IABIEA T

5
K}

L =0,[3888888 8 838388888
8888888 8 88888888
1115333 711153337
3337444 8 44484448,

H=6,[12341234).

R HARA (v, o) = (1,1). F % &4
HE 4 ) Blu(t), 15 R G000 B R 2 D B
(yl,yz) = (1> 1) ~ ‘H-

o Fu(t) = 65,1 <j <8, 1 f3H (Blk; (L))" A
HA W 0 B N Ty AN 1. 1 o R R AEAE
W KT,

PRIE, A T4 2 G i HEOIR S B E B (g1, 1) =
(1,1) ~ &}, T LLHCH 8 43 1 290%, k € {5,6}, RIHL

(u17u27u3> - (0,1,1)32(’&1,11/2,“3) - (07171)’ ﬂ
PAASE K i #F T lac #0712 24(36) ) i HH (38) 4
Fl(y1,92) = (1,1) ~ 5.

&1 TyAfetk

Table 1 Existence of Tj

w6 03 63 o 03 o8 &% o

T, @ © © © 3 3 o @

6 Z5i(Conclusions)

AN EERIT T AR N2 i B AR ST
I @3, At 5 AR i) R A AR i PR B R SR R
AR B AR HEUE TR 121 RHe RS R
'?%%EI’JTET“ I b, FE T EENES RGN

WAR R, w78 A JK WX 25 (4 B S HE A Ry, () =
'Ii(t)vi =1,---,p, ¥p=nhHHEes5ECR
FESCHR[12] F A RS B E 5808 Mp <nif,
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