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机械系统的快速有限时间跟踪控制及其在航天器交会中的应用
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摘要: 针对一类具有匹配干扰的二阶机械系统, 本文研究了快速有限时间跟踪控制问题. 结合有限时间反步法和非奇
异快速终端滑模, 本文提出了一种新的快速有限时间控制律, 并给出了控制器参数所需满足的充分条件以保证系统的快
速有限时间稳定性. 进一步地, 在一定情形下, 所设计的快速有限时间控制律能够退化为经典的反步法、有限时间控制
律和非奇异快速终端滑模控制律. 最终, 将所设计的控制律应用于航天器交会系统, 数值仿真结果验证了所提方法的有
效性.
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Fast finite-time tracking control for the mechanical system and its
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Abstract: This paper investigates the fast finite-time tracking control problem for a class of second-order mechanical
system with matched disturbance. By employing the finite-time backstepping design approach and nonsingular fast terminal
sliding mode (NFTSM) concept, a new form of fast finite-time control (FFTC) approach is proposed and the sufficient
conditions of the controller parameters are given, which can guarantee the fast finite-time stability (FFTS). Furthermore,
the FFTC law can be reduced to the classical backstepping control (BSC) law, finite-time control (FTC) law and NFTSM
control (NFTSMC) law in the particular situations, which validates the completeness of the work. The simulation results
of the application to spacecraft rendezvous system have demonstrated the effectiveness of the proposed approach.
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1 Introduction
Many mechanical system governed by Newton’s
Law or Angular Momentum Law, such as spacecraft relative motion model[1–3] , robotics manipulators[4] , missile guidance and attitude control system[5] , can generally be described by second-order nonlinear differential equations, hence the research on the nonlinear control problem for the second-order nonlinear mechanical
system is essential. Further, to satisfy the system stability and other performance requirements, it promotes the
research on powerful design approaches, such as feedback linearization[6] , backstepping technique[7–8] , slid-

ing mode control (SMC)[9–10] , and so on.
Note that the classical backstepping control (BSC)
approach provides a constructive, recursive and Lyapunov-based procedure to construct the controller, it
has been widely used to control the nonlinear system in
strict-feedback form[7, 11] . However, the classical BSC
approach employs the Lyapunov function in the positive
definite quadratic form and the design procedure is formulated based on the classical Lyapunov stability theory, the resulting closed-loop system can only converge
to the equilibrium asymptotically and the convergence
time is actually infinite. From the practical view, it is
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more desirable to obtain the advanced nonlinear control
method, which can guarantee the higher tracking precision and faster convergence speed in comparison with
the conventional control method such as BSC approach
and feedback linearization method.
As a result, the finite-time control (FTC) methods
arise naturally and have attracted much research focus
due to their finite-time convergence, stronger robustness
and better disturbance rejection properties[4, 9, 12] . Especially, the Lyapunov theorem on the finite-time stability (FTS) was proposed in [12–13] and the homogeneity based method was studied in [14], which provided
the basic theoretical tool for the design of FTC law and
analysis of the system FTS. And to speed up the convergence rate at the distance far away from the equilibrium, [4] developed the Lyapunov theorem on the
fast finite-time stability (FFTS). Based on the works
of [4, 12, 14], a series of FTC approaches have been
proposed, which can be mainly classified in three categories: terminal SMC (TSMC) method, high-order
SMC (HOSMC) method[14] , finite-time BSC approach.
TSMC method adopted the fractional power function to
achieve the FTS[15–16] . To achieve the FFTS, [4] has
adopted a fast TSMC (FTSMC) method. To overcome
the singularity problem around the equilibrium in the
TSMC method, [17–18] have proposed two forms of NFTSM concept. In [19], based on composite learning
using neural approximation and disturbance estimation,
the TSMC approach and nonsingular TSMC approach
were synthesized to obtain the finite-time convergence
performance of quadrotor dynamics. The finite-time BSC approach inherited the stepwise design procedure of
classical BSC method and employed a strong Lyapunov
function in power integrator form to construct the control law, which could relax the assumption on sufficient
smoothness of nonlinearity and avoid the nonsingular
problem effectively[20–21] . [21] proposed a novel FTC
law for a class of integrator system with system uncertainties. An interesting finite-time tracking control
problem for the high-order integrator system is investigated in [22]. [23–24] considered the FTC problem for
a class of pure-feedback systems with input dead-zone
nonlinearity. A new finite-time output regulation approach is proposed for a class of lower triangular nonlinear system in [25]. Besides, [26–27] investigated the
adaptive FTC problem for a class of strict-like feedback
system with high-order power term. A new approach to
fast finite-time stabilization was proposed in [28]. Although there have been some reported results, the design of the FTC law is still challenging and it is interesting to synthesize the NFTSM concept and finite-time
backstepping design procedure.
Motivated by the above discussion, the fast finitetime tracking control (FFTTC) problem for a class of
second-order mechanical system is investigated in this
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paper. By employing finite-time BSC approach[21] and
NFTSM concept[17] , a new form of FFTTC approach
is proposed, which can achieve the FFTS than [22, 25],
and the controller is more concise than [24].
The remainder of this paper is organized as follows.
Section 2 introduces briefly the necessary notions and
lemmas. In Section 3, a novel FFTC approach are proposed. Then, simulation examples with the spacecraft
rendezvous system are performed to verify the proposed
control approach in Section 4. Finally, Section 5 draws
the conclusion.
The notation used throughout the paper is fairly standard. The superscript‘T’stands for matrix transposition. φd = [φdi ]q represents a q -dimensional column vector with the elements φdi . diag{·} denotes the
diagonal matrix of the corresponding vector. For a real matrix M , the notation M > 0 denotes its positive
symmetric-definiteness.

2

Preliminaries and problem formulation

2.1 Preliminaries
For the design of the control law, the following notions and lemmas are introduced. The definition of power function sigκ (x) is given as follows[4, 17] :
sigκ (x) = diag{|x|κ }sgn x =

[|x1 |κ sgn x1 · · · |xn |κ sgn xn ]T ,

(1)

where x = [xi ]n is the function variable, |x| =
[|xi |κ ]n , κ > 0 is the fraction power parameter. The
derivative of (1) can be obtained as follows:
d
(sigκ (x)) = κ diag{|x|κ−1 }ẋ
dt
and there will exist a singularity when x = 0 if 0 <
κ < 1.
κ

Lemma 1[4] Consider the system ẋ = f (x)
with the initial condition x(t0 ) = x0 , the equilibrium point x = 0 of the system is globally finite-time
stable if there exist λ1 > 0 and 0 < γ < 1 such
that the continuous positive definite Lyapunov function
V (x) satisfies V̇ (x) + λ1 V γ (x) 6 0, and the setting
1
time Ts can be given by Ts 6
V 1−γ (x0 ).
λ1 (1 − γ)
Furthermore, the equilibrium point x = 0 is globally fast finite-time stable if there exist λ1 , λ2 > 0 and
0 < γ < 1 such that the continuous positive definite
Lyapunov function V (x) satisfies V̇ (x) + λ1 V γ (x) +
λ2 V (x) 6 0, and the setting time Ts can be given by
1
λ2 V 1−γ (x0 ) + λ1
Ts 6
ln
.
λ2 (1 − γ)
λ1
Lemma 2 [21] For any real numbers x, y , let c, d
be positive real numbers and χ(x, y) > 0 a real-valued
function, then the following inequality holds
|x|c |y|d 6

cχ(x, y)|x|c+d dχ−c/d (x, y)|y|c+d
+
.
c+d
c+d
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Lemma 3
For any positive real numbers x, y
and 0 < γ < 1, the following inequality holds
(x + y)γ 6 xγ + y γ 6 21−γ (x + y)γ .
Lemma 4 For any real numbers x, y and 0 <
γ < 1, the following inequality holds
|sigγ (x) − sigγ (y)| 6 21−γ |x − y|γ .

(2)

Although Lemma 4 is similar with the results in
[20–21], the term‘(·)γ ’ is replaced by the function
‘sigγ (·)’in this paper. Thus, we need to prove the inequality (2) again, and the corresponding proof is given
in Appendix.
2.2 Problem formulation
Consider a class of second-order mechanical system
described by the following equation:

 ẋ1 = f1 (x1 ) + x2 ,
ẋ = f2 (x̄2 ) + b(x̄2 )u + d,
(3)
 2
y = x1 ,
where x1 = [x1i ]q and x2 = [x2i ]q represent the
state displacement vector and the state velocity vector,
respectively; y is the system output; u = [ui ]q deT T
notes the control input; x̄2 = [xT
1 x2 ] , f1 (x1 ) =
[f1i ]q , f2 (x̄2 ) = [f2i ]q and b(x̄2 ) = diag{[bi ]q } are
the known system functions and input function, respectively; d = [di ]q denotes the matched disturbance.
The following assumptions are made:

Assumption 1 The function f1 (x1 ) is smooth
(In this paper,‘smooth’ denotes‘the continuously
differentiable’) and input function satisfies b(x̄2 ) ̸= 0.
Assumption 2 The unknown terms d are assumed to satisfy the following condition:

formed into the finite-time stabilization problem of the
second-order integrator system, then we can construct
the controller by following the design procedure in [22].
However, the obtained controller can only guarantee the
FTS, this paper aims to develop a new FFTC law for the
(3) without the primary system transformation, which
can guarantee the FFTS.

3 Controller design
In this section, based on the finite-time BSC approach[21] and NFTSM concept[4, 17] , a novel FFTC approach is proposed to guarantee the global FFTS of the
mechanical system (3). The detailed design method and
derivation procedure are demonstrated as follows.
Define a new variable ξ1 = [ξ1i ]q =
µ1 T
x1 −yd , consider the Lyapunov function V1 =
ξ ξ1
2 1
and its derivative is

Step 1

V̇1 = µ1 ξ1T (x2 − ẏd − x2d ) +
µ1 ξ1T (f1 (x1 ) + x2d ),

For the spacecraft rendezvous model[1–2]
and robotics manipulators[4] , the system function term has the
form f1 (x1 ) = 0. Besides, there exists the smooth system
function f1 (x1 ) for the spacecraft integrated translation and
rotation model[29] , missile attitude dynamics[5] . The system
state is always smooth and the external disturbance is actually
bounded for the practical mechanical system, hence the above
assumptions are reasonable.

Remark 1

The control objective in this paper is to design a
FFTC law for the mechanical system (3) to render the
system output y to track the reference signal yd =
[ydi ]q in a finite-time, where yd is supposed to satisfy
that ẏd , ÿd are bounded and continuous.
The theoretical frame of FTC law design for a
class of integrator system with system uncertainties has
been established in [20–22]. With the primary system
transformation such as [24–25], the finite-time tracking problem of the mechanical system (3) can be trans-

(4)

where x2d = [x2di ]q is the virtual control law to be
designed and µ1 is the positive constant to be tuned.
Refer to the FTSM concept in [4], choose the virtual
control law x2d as
{
x2d = x2l − β1 sigγ2 (ξ1 ),
(5)
x2l = −f1 (x1 ) − α1 ξ1 ,
where x2l = [x2li ]q is the smooth part, α1 =
diag{[α1i ]q } > 0, β1 = diag{[β1i ]q } > 0 and
1
< γ2 < 1. Substituting (5) into (4), one can imply
2
that

V̇1 = µ1 ξ1T (x2 − ẏd − x2d ) −
µ1 (ξ1T α1 ξ1 + ξ1T β1 sigγ2 (ξ1 )).

|di | 6 dmax ,
where dmax > 0 is a known constant.
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(6)

Step 2 Refer to the NFTSM concept in [17], define a new variable ξ2 = [ξ2i ]q as
ξ2 = sig1/γ2 (x2 − ẏd − x2l ) −
sig1/γ2 (x2d − x2l ) =
sig1/γ2 (x2 − ẏd − x2l ) + β11/γ2 ξ1

(7)

and construct the Lyapunov function as
q
∑
V2 = V1 +
W2i ,
i=1

where

W2i =

w x2i −ẏdi −x2li
x2di −x2li

sig2−γ2 (κ2i (σ2i ))dσ2i

(8)

1/γ2
with κ2i (σ2i ) = sig1/γ2 (σ2i ) + β1i
ξ1i being the function about variable σ2i and κ2i (x2i − ẏdi − x2li ) = ξ2i .
Firstly, the positive definiteness of the function W2i
is demonstrated in Appendix. Combining with Lemma
4, it yields that

W2i 6 |κ2i (x2i − ẏdi − x2li )|2−γ2 ×
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|x2i − ẏdi − x2di | 6
2
21−γ2 ξ2i
,

(9)

which implies that

V2 6

q µ
∑
1 2
2
( ξ1i
+ 21−γ2 ξ2i
).
i=1 2

(10)

Then, the positive definiteness of V̇2 will be demonstrated in the following. The derivative of W2i along the
system (3) is

Ẇ2i = sig2−γ2 (ξ2i )(ẋ2i − ÿdi − ẋ2li ) + Γ2i ,

and c1i is the positive constant to be tuned, µ1 plays the
role of adjusting the value of c2i .
Together with (6)(16) and (17), the derivative of V2
is

V̇2 6 −µ1 ξ1T Ψ1 ξ1 + ξ2T D2 ξ2 − µ1 ξ1T Ψ2 sigγ2 (ξ1 ) +
ξ2T (c2 + C2 )sigγ2 (ξ2 ) +
(sig2−γ2 (ξ2 ))T (f2 (x̄2 ) + b(x̄2 )u +
d − ÿd − ẋ2l ),
(19)
where

(11)
where
1/γ2 ˙
Γ2i = (2 − γ2 )β1i
ξ1i Λ2i ,
w x2i −ẏdi −x2li
Λ2i =
|κ2i (σ2i )|1−γ2 dσ2i .

Dj = diag{[Dji ]q } > 0, cj = diag{[cji ]q } > 0,
Cj = diag{[Cji ]q } > 0, j = 1, 2,
Ψ1 = diag{[Ψ1i ]q } = α1 − D1 ,
Ψ2 = diag{[Ψ2i ]q } = β1 − c1 − C1 .

x2di −x2li

Choose the control law u as

Combining with (7), it can be obtained that
|ξ˙1i | = |x2i + f1i − ẏdi | =
1/γ2
|sigγ2 (ξ2i − β1i
ξ1i ) − α1i ξ1i | 6
γ2
γ2
|ξ2i | + β1i |ξ1i | + α1i |ξ1i |.

u = −b−1 (x̄2 )(f2 (x̄2 ) − ÿd + dmax sgn ξ2 −
ẋ2l − α2 sigγ2 (ξ2 ) + β2 sig2γ2 −1 (ξ2 )), (20)
(12)

In addition, it can be obtained that

Λ2i 6 |κ2i (x2i − ẏdi − x2li )|1−γ2 ×
|x2i − ẏdi − x2di | 6
21−γ2 |ξ2i |.

(13)

1/γ2
Γ2i 6 γ̄2 β1i
|ξ2i |(|ξ2i |γ2 + β1i |ξ1i |γ2 + α1i |ξ1i |) 6
2
µ1 D1i ξ1i
+ µ1 C1i |ξ1i |1+γ2 +
2
D2i ξ2i
+ C2i |ξ2i |1+γ2 ,
(14)

where

γ̄2 = (2 − γ2 )21−γ2 ,



1/γ2 2


(γ̄2 α1i β1i
)

D2i =
,
(15)
4µ1 D1i


1
/
γ
γ
2


γ 2 (γ̄2 β1i β1i )1+γ2
1/γ2

 C2i = γ̄2 β1i
+ 2
(1 + γ2 )1+γ2 (µ1 C1i )γ2
and C1i , D1i are the positive constant to be tuned. Furthermore, by substituting (14) and (3) into (11), it yields

Ẇ2i 6 sig2−γ2 (ξ2i )(f2i + bi ui + di − ÿdi − ẋ2li ) +
2
µ1 D1i ξ1i
+ µ1 C1i |ξ1i |1+γ2 +
2
D2i ξ2i
+ C2i |ξ2i |1+γ2 .
(16)
Besides, it can be obtained that

(17)

where

c2i =

µ1 γ2 2(1−γ2 )(1+γ2 )/γ2
c11i/γ2 (1 + γ2 )(1+γ2 )/γ2

where α2 = diag{[α2i ]q } > 0 and β2 = diag{[β2i ]q }
> 0.
By applying (20) into (19), it can be obtained that

V̇2 6 −µ1 ξ1T Ψ1 ξ1 − ξ2T Φ1 ξ2 −
µ1 ξ1T Ψ2 sigγ2 (ξ1 ) − ξ2T Φ2 sigγ2 (ξ2 ) (21)

Combining with (12)–(13) and using Lemma 2, it results

µ1 |ξ1i (x2i − ẏdi − x2di )| 6
µ1 |ξ1i |(21−γ2 |ξ2i |γ2 ) 6
µ1 c1i |ξ1i |1+γ2 + c2i |ξ2i |1+γ2 ,
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(18)

with Φ1 = diag{[Φ1i ]q } = α2 − D2 and Φ2 =
diag{[Φ2i ]q } = β2 − c2 − C2 , which implies that the
following sufficient conditions should be satisfied

0 < Dj < αj , 0 < cj + Cj < βj , j = 1, 2.
(22)
By using (10) and Lemma 3, it yields that
µ1
V̇2 6 − ξ1T 2Ψ1 ξ1 − 21−γ2 ξ2T 2γ2 −1 Φ1 ξ2 −
2
(1−γ2 )/2
µ1
min(Ψ2i )(µ1 ξ1T ξ1 )(1+γ2 )/2 −
min(Φ2i ) (1−γ2 ) T (1+γ2 )/2
(2
ξ2 ξ2 )
6
2
2(1−γ2 )/2
(1+γ )/2
−λ1 V2 − λ2 V2 2 ,
where

λ1 = min{2Ψ1i , 2γ2 −1 Φ1i }
and
(1−γ2 )/2

λ2 = min{2(1+γ2 )/2 µ1

Ψ2i ,

Φ2i
}.
2
(1−γ
2 )/2
2

It can be concluded from Lemma 1 that the global FFTS
is guaranteed. Then, we can have the following result.

Theorem 1 Under Assumptions 1–2, the virtual
control law x2d in (5), the new variable ξ2 in (7), and
the actual control law u in (20) are constructed. If the
design parameters αj and βj are appropriately chosen
to satisfy the sufficient conditions (22), the mechanical
system (3) can track the reference signal yd in a fast
finite-time by the proposed control law.

ZHANG Kai et al: Fast finite-time tracking control for the mechanical system and
No. 1

its application to spacecraft rendezvous system

Remark 2 It is noted that the existing results have the
problem that the selection of the control law parameters lacks
flexibility, and it is not suitable for the practical system such as
spacecraft rendezvous system, this is the reason why the regulated parameters D1i , C1i , c1i and µ1 are introduced in this
paper. The adjustment procedure of the control parameters αj
and βj can be given as follows: Firstly, choose the appropriate α1 and β1 . Then, by regulating the parameters D1i , C1i ,
c1i and µ1 , we can adjust the values D2i , C2i and c2i , and the
parameters α2 and β2 should satisfy the sufficient conditions
(22). Finally, if the performance requirements such as the convergence time and control input are not satisfied, we will repeat
the above process. Especially, one of the cases about the values
of D1i , C1i and c1i are given as follows:
1
1
1
β1i , c1i =
β1i , D1i =
α1i ,
(23)
C1i =
p1i
q1i
t1i
1
where p1i , q1i , t1i are the positive constants and satisfy
+
p1i
1
< 1, t1i > 1.
q1i
The proposed FFTC scheme inherits both advantages of the BSC approach and NFTSM concept, it can
not only guarantee the globally FFTS and avoid the singularity problem in the conventional TSM surface, but
also follow the recursive and Lyapunov-based design
architecture of the BSC approach. Further, the FFTC
law (21) can be reduced to the BSC law, FTC law and
NFTSMC law in the particular situations, which validates the completeness of the work. The detailed cases
are shown as follows.
Choose the parameter γ2 = 1 and control gain
matrices β1 = β2 = 0, the FFTC law (21) is reduced
to the traditional BSC law with the following change of
coordinate

ξ1 = x1 − yd ,
ξ2 = x2 − ẏd − x2d
and the virtual law is x2d = −f1 (x1 ) − α1 ξ1 , the control law is

u = −b−1 (x̄2 )(α2 ξ2 + f2 (x̄2 ) − ÿd −
ẋ2d + dmax sgn ξ2 ).

(24)

Besides, define the control gain matrices α1 =
α2 = 0. The FFTC law (21) is reduced to the FTC
law in [21–22].
Finally, redefine the variable ξ2 in (7) as the sliding
variable and the NFTSM surface can be rewritten as[17]

ξ2 = sig1/γ2 (ξ̇1 + α1 ξ1 ) + β11/γ2 ξ1 ,
which can avoid the singularity problem in the conventional TSM surface. The following SMC law is proposed for the mechanical system (3):

u = −b−1 (x̄2 )(Θ1 + dmax sgn ξ2 +
γ2 Θ2 + γ2 β2 sigγ2 (ξ2 )),
(25)
where Θ1 = f˙1 (x1 ) + f2 (x̄2 ) − ÿd + α1 ξ̇1 , Θ2 =
β11/γ2 sig(2γ2 −1)/γ2 (ξ̇1 + α1 ξ1 ) + α1 (ξ̇1 + α1 ξ1 ).
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Remark 3

The most contribution in this paper is that
the virtual control law (5) is composed of the smooth part x2l
and the fractional power function β1 sigγ2 (ξ1 ), where can establish the FFTS in comparison with the results of the FFS in
[21–22]. Meanwhile, refer the concept in [21], the new form of
the variable transformation is proposed in (7). Besides, to guarantee the FFTS, the virtual control law (5) in this paper is obviously more concise in comparison with the virtual control chosen as the form x2d = (α1 + α1 diag{|ξ1 |2 } + β1 )sigγ2 (ξ1 )
in [24].

Remark 4

The introduction of the sign function in
the design of control law will bring the undesired chattering
phenomenon, which can lead to the frequent work of spacecraft
thruster and energy loss in application. In order to reduce the
ξ
effects of chattering, a hyperbolic tangent function tanh( 2i )
δi
is used to take place of the function sgn ξ2i with δi > 0, which
means that the FTS is lost and the system state trajectory can
only converge to a thin boundary layer neighboring the desired
state[29–30] .

4

Simulation example

In this section, to validate the effectiveness of the
proposed control scheme, the application to the FFTTC
of spacecraft rendezvous is demonstrated. The spacecraft rendezvous model is described as follows[1–2]

ẋ = x2 ,

 1
1
ẋ2 = A1 x1 + A2 x2 + g(x1 ) + (uf + d),

m

y = x1 ,
where




2µ
θ̈
0


R3


µ
2
A1 = 
0 
θ̇ − 3
 −θ̈
,
R

µ 
0
0
− 3
R


0 2θ̇ 0
A2 =  −2θ̇ 0 0  ,
0
0 0

µ (R + x) µR − 2µx


−
+
,


 |R + r|3
R3



µy
µy
,
g(x1 ) = −
3 +
R3
 |R + r|




µz
µz


−
3 +
R3
|R + r|

θ̇2 +

with the target spacecraft motion model

µ
2Ṙθ̇
, θ̈ = −
2
R
R
and r = x1 = [x y z]T and R represent the relative
position vector from the target spacecraft to the chaser spacecraft and the position vector from the center of
gravity to the target, respectively, |R| = R, |R + r| =
√
(R + x)2 + y 2 + z 2 , uf = [ufi ]3 is the thrust force
R̈ = Rθ̇2 −
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of the chaser, µ is the gravity constant, m is the mass of
chaser, θ represents the true anomaly of the target, and
d represents the external perturbing forces, mainly including residual atmospheric drag, geopotential anomaly, solar pressure[31] .
Assume that the mass of the chaser is m =
300 kg, the target is on the circular orbit of radius R =
42241 km and the gravitational parameter µ = 3.986×
1014 m3 /s2 . Thus, the angular velocity is a constant and
θ̇ = 7.2722×10−5 rad/s. Based on the analysis of perturbing forces d in [31], the external disturbance term
d is expressed by[29]

d = 10−2 ×


π
π
5 + 3.5 sin(
t) − 1.5 cos(
t)

100
100 


π
π

t) + cos(
t) 
 4 − 2.5 sin(
.


100
100

π
π 
−5 + 2.5 sin(
t) − 0.5 cos(
t)
100
100
To evaluate the robustness of the proposed controller with consideration of the saturated thrust and
sensor measurement errors, the thrust force uf is generated by the following saturated function
{
30sgn usi , if |usi | > 30,
ufi =
usi ,
if |usi | 6 30,
where us = [usi ]3 is the designed control input, the
feedback signals x̂i are mixed with the measurement
errors δxi as
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dmax = 1 and the hyperbolic tangent function parameter δi is chosen as δ1 = δ2 = 0.3, δ3 = 0.1. The
following first-order low pass filters are introduced to
attenuate noise and make the control input ui smooth
τi u̇si + usi = ui ,

where τi = 10, i = 1, 2, 3.
To verify the advantage of proposed FFTC law, the
comparison is conducted. By applying β1 = 10−2 ×
diag{[4 4 4]T }, β2 = 10−2 × diag{[6.5 6.5 6.5]T }
and leaving the other parameters intact, the FFTC can
be reduced to FTC law in [21–22]. Meanwhile, by applying β1 = β2 = 0, γ2 = 1 and α1 = 10−2 ×
diag{[1 1 1]T }, α2 = 10−2 × diag{[6 6 6]T }, the
FFTC law is reduced to the classical BSC law in [7].
Three cases are simultaneously simulated. Figs. 1–
3 illustrate the time responses of relative position x1
in three direction, respectively. Obviously, the trajectories of the system output tend to a residual set of zero point in spite of the external disturbance, saturated
thrust and sensor measurement errors, and the FFTC
law and FTC law have the better disturbance rejection
property than BSC law. The time responses of thrust
force uf are depicted in Figs. 4–6. As we can see,
the proposed FFTC law can achieve the faster convergence and higher-precision tracking in comparison with
the other two control laws.

x̂i = xi (1 + δxis ) + δxin , i = 1, 2,
where xi represent the true system state, the error terms
δxis are supposed to be white noise with zero mean and
dispersion 0.5% (3δ ), the relative position error term
δx1n is supposed to be white noise with zero mean and
dispersion 0.1 m (3δ ), and the relative velocity error term δx2n is supposed to be white noise with zero mean
and dispersion 0.01 m/s (3δ ).

4.1 Case 1: spacecraft rendezvous
Spacecraft rendezvous refers to with a series of
controlled orbital maneuvers in the close range phase,
the guidance, navigation and control (GNC) system delivers the chaser at zero relative position and relative
velocities to the target[31] . The initial states are chosen as x1 (0) = [800 600 − 500]T m, x2 (0) =
[0 0 0]T m/s, the desired state is yd = [0 0 0]T m.
The controller parameters αi , βi and γ2 can be used
to regulate the convergence rate and tracking error. Follow the design procedure in Remark 2, we can choose
α1 = 10−3 × diag{[5 4.4 5]T }, β1 = 10−2 ×
3
diag{[3.5 3.5 3.5]T }, γ2 = . Finally, we define
4
the controller parameters α2 = 10−3 × diag{[0.9 1
1]T }, β2 = 10−2 × diag{[4 4 4]T }. Besides,

(26)

Fig. 1 The relative position in x-axis direction

Fig. 2 The relative position in y -axis direction
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4.2

Case 2: spacecraft flying-by
Spacecraft fast flying means the chaser flies around
the target more than once in a designed period orbit under control. The initial states are chosen as
x1 (0) = [60 60 40]T m,
x2 (0) = [0 0 0]T m/s,
the desired state is chosen as
π
π
π
π
yd = [50 cos(
t+ ) 50 sin(
t+ ) 0]T m.
700
3
700
3
Follow the design procedure in Remark 2, firstly,
we choose the controller parameters
Fig. 3 The relative position in z -axis direction

Fig. 4 The thrust force in x-axis direction

α1 = 0.04 × diag{[2 2 1]T },
3
β1 = 0.15 × diag{[1 1 0.4]T }, γ2 = .
4
Finally, we define the controller parameters α2 =
0.01 × diag{[9 9 6]T }, β2 = 0.1 × diag{[3 3 1]T }.
Besides, dmax = 1 and the parameter δi is chosen as
δ1 = δ2 = 0.3, δ3 = 0.02. The first-order low pass
filters (26) are also introduced and the parameters are
5
chosen as τ1 = 1.25, τ2 = , τ3 = 2.5.
3
It can be seen from Figs. 7 and 8 that driven by
the proposed FFTC law, the tracking state can finally
converge into a neighborhood of the reference signal in
spite of the external disturbance, saturated thrust and
sensor measurement errors.

Fig. 5 The thrust force in y -axis direction

Fig. 7 The relative position in three axes directions

Fig. 6 The thrust force in z -axis direction
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Fig. 8 The thrust force in three axes directions

5 Conclusions

[13] MORENO J A. A linear framework for the robust stability analysis of
a generalized super-twisting algorithm. Proceedings of the 6th International Conference on Electrical Engineering, Computing Science
and Automatic Control. New York: IEEE, 2009: 12 – 17.
[14] LEVANT A. Homogeneity approach to high-order sliding mode design. Automatica, 2005, 41(5): 823 – 830.

This paper has investigated the FFTTC problem for
a class of second order mechanical system with the external disturbance. By employing the finite-time backstepping design approach and NFTSM concept, a novel FFTC law is proposed, which guarantees the FFTS
and inherits both advantages of the backstepping design approach and NFTSM concept. Finally, the proposed method is applied to the spacecraft rendezvous
system and simulation results have demonstrated the
effectiveness of the proposed method. In this paper,
the unmatched system uncertainties is not considered
and the proposed method will suffer the problem of
‘explosion of terms’with increase of the order of the
strict-feedback system, and how to guarantee the FFTS
in the presence of control input saturation is a challenging problem. Thus, we will focus on how to solve these
problems in the future works.
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Appendix
Proof of Lemma 4 The proof is composed of three different cases.
Case A1 For the case x > y > 0, it can be concluded
from Lemma 3 that
(

x−y γ
y
x−y
y
xγ
) + ( 1/γ )γ > (
+ 1/γ )γ >
,
2
2
2
2
2

obviously the inequality (2) is satisfied.
Case A2 For the case x > 0 > y , combining with Lemma 3, it yields that

then
|κ2i (σ2i )| > (2γ2 −1 |σ2i − (x2di − x2li )|)1/γ2 .

For the case x2i − ẏdi > x2di , we have
W2i =

(κ2i (σ2i ))2−γ2 dσ2i >

2

then the inequality (2) is satisfied.
Case A3 For the case 0 > x > y
γ

(−y)
x−y γ
−x
x−y
−x
) + ( 1/γ )γ > (
+ 1/γ )γ >
,
2
2
2
2
2

then Lemma (4) has been satisfied. It is obvious that the situation x < y is similar with x > y , the inequality (2) still holds.
The proof is finished.
Proof of the inequality (8) By Lemma 4, it can concluded that
|σ2i − (x2di − x2li )| =

x2di −x2li
w x2i −ẏdi −x2li

(2γ2 −1 |Π2i |)(2−γ2 )/γ2 dσ2i =
x2di −x2li
γ2 (2γ2 −1 )(2−γ2 )/γ2
(x2i − ẏdi − x2di )2/γ2 >

21−γ |x − y|γ = 21−γ (x + (−y))γ > xγ + (−y)γ ,

(

w x2i −ẏdi −x2li

0,

where Π2i = σ2i −(x2di −x2li ). For the case x2i −ẏdi < x2di ,
the proof is similar and above inequality is still true. The proof
is finished.
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