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Abstract: This paper investigates the observability of platform inertial navigation systems under the stationary base and
maneuver base, respectively. The main research methods are matching theory of bipartite graph and structural observability
of linear system. This graphic approach not only can analyze the observability, but also can determine the observable states.
For the stationary base case, the observable states associated with the left matching nodes of the bipartite graph. These
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.�Le A ∈ Rn×n0 �j5��´.�Le�_�7�¦,´�s3P�F65
�jM&�F65�j�=.ž�Ê,´MŽM&�s3P [21]. �)�¾5��´	F.�Le?ô
�Ê�¦F�1Ç�²�; : A1 +A2 = A, �¦�]5��´	F.�Le A,´
�=.ž�Ê�s3P�j aij �ƒ�D�õ�ƒ A1,´�s3P a1

ij �FA2,´�s3P
a2
ij �j�=.ž�Ê�s3P . �j�¶�Y+X5��´	F*6Aê , F	Gü5	�*3+

5�
. G,´>˜/j�’�? . �08\�•B$ , 3+5�
.�_�0�Z�9
A
. ,
�9�&�Ö0 �j#q
. . 5	�Ê.�Le A, �¦�=
<,´>|�>�G�6�[
�)�Ä�=
<,´(æ�1 , �²�Ì A�],´�s3P aij ̸= 0, �I�ˆ
X�þ
(æ �1xj �` (æ �1 xi,´ �9 
AEé (xj, xi). �² �ÌEÃ �* .� Le
C∈Rm×n, �́s3P ci,j ̸= 0, �I� 
̂X�þ(æ�1 xj �`EÃ�* (�P
�O�˜ )yi,´�9
AEé . 	£3+5��9
A
. G
���>˜/j�j GA,C

= (V, E), �¦�] :

V = VA ∪ VC, E = EA ∪ EC,

VA = {x1, x2, · · · , xn}, VC = {y1, y2, · · · , ym},

EA = {(xj, xi)|aij ̸= 0}, EC = {(xj, yi)|cij ̸= 0}.

�²�Ì�)�¾3+5�,´�+�?(æ�18²&é (.�Le A�)�Ä,´8²&é )G-
�ˆ
X�0�‘�����ZEÃ�* (.�Le C�)�Ä,´8²&é )�j4ø&é , �D
��F	�Z(æ�1�jC§&é,´�9
AFJD� , �IB$B�3+5��jEÃ�*
�
Eî,´ . AîV1
¼V2�j�Â�=-(�Ô,´�T�ZN¦&éLö
8 , 8�Lö
8
V1�`Lö
8 V2,´�9
AEéLö�j

EV1,V2
⊆ {(v1, v2) : v1 ∈ V1, v2 ∈ V2} ,

�I0 B(V1,V2, EV1,V2
)�j�0�Z�¼�6
. . �²�Ì�ˆ
X8�Lö


8 V1�] t�Z�=
<N¦&é�`Lö
8 V2�] t�Z�=
<N¦&é,´ t�‘�=

<�9
AEé , �I0 F	 t�‘ �9
AEé�´�@,´Lö
8�j�¼�6
.
B(V1,V2, EV1,V2

) ,´�0�Z t–	iG} , -(�Ä�¾!”	iG},´��
�F
#8²&é0 �j���F
#	iG}8²&é . 8�Lö
8 V1�`Lö
8 V2,´
�p�9�=
<�9
AEé�´�@�0�Z�0�W,´EéLö
8 , 0 B�Lö
8�j
�¼�6
. B(V1,V2, EV1,V2

),´�0�W	iG} . 3+5�
. GA,C,´
�¼�6
.Aà�j BG(A,C), �¦��EéN¦&éLö�j VA, 
#EéN¦&é
Lö�j VA ∪ VC, EéLö�j.�Le A
¼C�],´MŽM&�s3P>˜/j
,´�9
AEé .

�j�¶�é�ï*6@� , F	GüJ¸�)�:F 3+5�
.	ú�¦�)�Ä,´
�¼�6
.5	�*�0�Z�»�€�•F�>|B$�> .

�Á�Á�Á 1 63<•4ï�W5�� 	́F3+5�

ẋxx = Axxx, y = Cxxx,

�¦�]3+5�.�Le A ∈ R3×3
¼?ò#{.�Le C ∈ R1×3�6�[�§
�9�;F �’�? :

A =

 0 a1 0

0 0 a2

a3 0 0

 , C = [c1 0 0].

�¦3+5�
.
¼�)�Ä,´�¼�6
.�²
. 1�p/j , F	Gü
6�’8²&é
>˜/j(æ�18²&é (�¦�]8²&é 1, 2, 3�6�[>˜/j(æ�1�6Gÿ x1,
x2, x3), �9@��’8²&é>˜/jEÃ�*8²&é (�08\�7�P�O�˜ ).

. 1,´��Eé�_F	�Z3+5��)�Ä,´3+5�
. , �p�9,´(æ�18²
&éG-
����`EîEÃ�*8²&é , �uF	�Z3+5��_EÃ�*
�Eî,´ .

. 1,´
#Eé�_-(�Ä3+5�
.,´�¼�6
. , �¦�]8���Eé8²&é
�`
#Eé8²&éLö, �́+�?�0�‘�9
AEé , �² (x1, x3), 0 �jF	�Z
�¼�6
.,´ 1–	iG} . �+�?�T�‘�9
AEé , �² (x1, x3), (x2, x1),
0 �jF	 �Z�¼�6
. ,´ �0�Z 2–	iG} . �n 'fF	 �Z
. �] �ˆ

X�T�Z�0�W	iG} : (x1, x3), (x2, x1), (x3, x2)
¼(x1, y1),
(x2, x1), (x3, x2). F	Gü
���-;�* , 5	�Ê�0�Z�¼�6
. ,
�¦�)�Ä,´�0�W	iG}�_�=�_�0,´ , �v�¦�0�W	iG}�p
[�9
,´Eé� �_�_�0,´ .


. 1 3+5�
.	ú�¦�¼�6
.

Fig. 1 System graph and its bipartite graph

2.2 -(-(-(�£�£�£�E�E�E*6*6*6

�)�¾�08\4ï�WF�5��&�=
�3+5�F	Gü5	�*�¦
X5��´
	F�?�y�;,´
�?ò#{�W�T�ž , �¦5	�*F�5��&
�3+5�,´�6
!å�Ê�h�4*6�é#�
¼
�?ò#{�W�T�ž .

63<•5�� 	́F�?�y�;,´4ï�WF�5��&�=
�3+5� :

ẋxx = Axxx, y = Cxxx, (1)

�¦�] A ∈ Rn×n
¼C ∈ Rm×n�j3+5�.�Le
¼EÃ�*.�Le .
�;M’5	�*�¦5�� 
́�?ò#{, �́Ê�y .

�Ð�Ð�Ð�•�•�• 1 [21–22] �²�Ì�ˆ
X�>.�Le�) (A C)�§�9-(

<5��´ 1,´�¼�˜
�?ò#{.�Le�) (A0 C0), �I0 .�Le�)
(A C)�j5�� 
́�?ò#{,´ .

#�#�#� 1 �:F �Ê�y�Ö
�>˜F �j [26]: �²�Ì ∀ϵ > 0, �ˆ
X�>

(A C)�§�9-(
<5�� ,́ �́¼� 
̃�?ò#{�) (A1 C1)� �̄Ç ∥A1 −A∥
< ϵ
¼∥C1 − C∥ < ϵ(�¦�] ∥ · ∥>˜/j93�  2)�@0û, �I0 .�Le�)

(A C)�_5�� 
́�?ò#{,´ . F	�Z5��Ì�§�9�>�n,´(™*6�?�y . �ÎLu

�: , �)�¾�ÎLu3+5�,´.�Le�) (A C), .�Le A
¼C,´�WG��6�s3P

�_#{Gÿ�l,´F��l�l . FJ�h�õ�å�; , G��6�s3P2î.ž�jM&, �́}5ž�_

1�08\
` , 0 -(
<5$� , .́�Le�) (A C)
¼(Ã C̃)�§�9-(
<,´5�� �́_�7 , �²�Ì.�Le (A C), !́ÿ�0�Z
*�Ê (M&)�s3P, .�Le (Ã C̃),´-(�Ä
�s3P�•�_
*�Ê,´ (M&), 
<�& , �)�¾.�Le (Ã C̃), !́ÿ�0�Z
*�Ê (M&)�s3P, .�Le (A C),´-(�Ä�s3P�•�_
*�Ê,´ (M&).

2�»�² , �²�Ì aij 
¼bi�6�[�j.�Le A
¼b�],´-(�Ä�s3P , FÓ�xFJ�h
���
� ∥A∥i,j=1,2,··· ,n = max |aij |
¼∥b∥i=1,2,··· ,n = max |bi|.
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�".�,´ . 
�!” , F	Gü�wAî.�Le A
¼C�],´�0�Ë�s3P2î.ž�jM& ,

�¦���s3P�j�=.ž�Ê,´MŽM&�l�§�9
8*6�W .

�j�¶�;M’>˜F ,´�é�ï , F	Gü5	�*5•5�#q�],´�T�Z
�²�% , 1\ 1�Z�²�%�_J¸�)�08\,´�9
A
. , 1\ 2�Z�²�%�_
�)4ï�W�&�=
�3+5��•B$,´ .

�Ð�Ð�Ð�•�•�• 2 (Menger-type linking[27]) 5	�Ê�0�Z�9
A

. , �þN¦&éLö
8X �`N¦&éLö
8 Y ,´N¦&é�=�Ô,´�9
AD�
�´0 �j8�Lö
8 X �`Lö
8 Y ,´ Menger-type linking, �9

AD��´,´� -�0 �jK.�Õ, �́j�( .

�Ð�Ð�Ð�•�•�• 3 [27–28] 5	�Ê5��´	F4ï�WF�5��&�=
�3+
5� (1), 0 Gn

0 = (Xn
0 ∪ Y n

1 , En−1
0 )�j3+5� (1),´�&L$D�

�Ön, �́Ø�1
. , �¦�] :

Xn
0 =

n∪
t=0

Xt,

Xt = {xt
i|i = 1, 2, · · · , n}, t = 0, 1, · · · , n,

Y n
1 =

n∪
t=1

Y t,

Y t = {yt
j|j = 1, 2, · · · ,m}, t = 1, 2, · · · , n,

En−1
0 =

{(xt
j, x

t+1
i )|aij ̸=0; t=0, 1, · · · , n−1}

∪
{(xt

j, y
t+1
i )|cij ̸= 0; t = 0, 1, · · · , n− 1}.

�;M’+X�0�Z�»�€�•B$�> , 5	�Ê5��´	F4ï�W�&�=
�
3+5�
> , �²�…5��f�¦�Ø�1
. .

�Á�Á�Á 2 63<•�» 1�],´5��´	F4ï�W�&�=
�3+5� . F	
Gü+k�*B�3+5��)�Ä,´�&L$D��Ö 3,´�Ø�1
. . 
. 2�] , X0

= {x0
1, x

0
2, x

0
3}�j�0��Eé,´ 3�Z(æ�18²&é, X1 = {x1

1,

x1
2, x

1
3}�j1\ 2�G,´ 3�Z(æ�18²&é, Y 3

1 = {y1
1, y

2
1, y

3
1}�j

�0�;M’,´ 2�ZEÃ�*8²&é, �þX0�` Y 3
1 ,´ Menger-type lin-

king�j-p8¢�9
AD��´ x0
1 → y1

1 , x0
2→ x1

1→ y2
1 
¼x0

3→
x1
2 → x2

1 → y3
1 . �n'f , 
XF	�Z�Ø�1
.�] , �=�ˆ
X�¦�³

K.�Õ�j 3,´�9
AD��´ . �08\
` , 0 F	�Z8� X0�` Y 3
1 ,´

Menger-type linking�j�0�WK.�Õ .


. 2 �» 1,´3+5��)�Ä, �́Ø�1
.

Fig. 2 The dynamic graph associated with the system in exam-
ple 1

�;M’,´F	�Z�E*6�_3+5�5��´
�?ò#{, 
́.Aê�T�ž .

�K�K�K*<*<*< 1 [22, 24, 27] AîA
¼C�6 �[ �_ n× n
¼m× n

,´5��´.�Le , ���;
­NÈ�_1y�',´ :

1) 3+5�(1)�_5�� 
́�?ò#{,´ ;

2) i) GA,C�_EÃ�*
�Eî,´ ; ii) �¼�6
. BG(A C)�]
�ˆ
X�0�Z n–	iG} ;

3) 3+5�(A C),´�&L$D��Ö n,´�Ø�1
. Gn
0 �] , �þN¦

&éX0�` Y n
1 �ˆ
X�0�Z�W�?�j n,´N¦&é�Â�=-(�Ô,´ Me-

nger-type linking.

�K�K�K*<*<*< 2 [29] �� A�_�9
A
. G,´Fë�Õ.�Le (aij∈{0,
1}), 
X.�Le Ar�] , �s3Par

i,j1y�¾�þN¦&éi�`N¦&é j, 
[�W
� �j r�‘,´-(�2�9
AK.�  .

�K�K�K*<*<*< 3 (Linkage lemma[27]) AîG = (X ∪U∪ Y,

A;X,Y )�_�0�Z�§�9�• X 
¼�* Y ,´�9
A
. , BG = (X⋆

∪U⋆, Y
⋆ ∪U⋆; Ã)�j-(�Ä, �́¼�6
. . FÓ�x, 
XG�]� 
̂X

�0�Z8� X �` Y ,´ Menger-type complete linking�ƒ�D�õ
�ƒBG �]� 
̂X�0�Z�¼5¾	iG} .

#�#�#� 2 �E*6 3�],´�• X �_�7N¦&éLö
8 X �],´8²&é
��9

�*Eé , "Ñ�9�•Eé ; -(�Ä,´�* Y �],´8²&é
��9�•Eé , "Ñ�9�*Eé .

�¼5¾	iG}�_�7 , �¼�6
.�]?±�x��Eé8²&éG-�j	iG}, �́û&é , ?±�x


#Eé8²&éG-�j	iG},´4ø&é .

�)�¾4ï�W�&
�3+5� , ��0;�Ä+X�]
����6�¦?ö�Œ�=

<Lf!å,´4ï�W�&�=
�3+5��•�4*6 . �u6<, F	Gü5	�*�6
!å4ï�W�Ê�h3+5� (piece-wise constant system, PWCS)
,´�08\5�Aê . 63<•�;F PWCS[6]:

ẊXX(t) = AjXXX(t), YYY (t) = CXXX(t), (2)

�¦�] : Aj ∈ Rn×n, j = 1, 2, · · · , r, >˜/j1\ jLf!å,´3+
5�.�Le , C ∈ Rm×n>˜/j�=
<Lf!å�§�9-(
<,´EÃ�*.�
Le. �) YYY (t)F�>|"r�,� F�1Ç [1, 6], �¦�6F	�Ë
AGÿ�60�
X
�0C§
����Ç�`

YYY (r) = Q(r)XXX(t1), (3)

�¦�] : t1�j�M�û�&�k , YYY (r)�_	5
[�˜G�?ò#{
AGÿ	ú�¦
F@!Q�Þ�6(-$�` n− 1!Q), �́k
AGÿ . .�Le Q(r)�j

Q(r) =


Q1

Q2e
A1∆1

...

Qre
Ar−1∆r−1 · · · eA1∆1

 ,

F	Gü, ∆j(j = 1, 2, · · · , r)�j�&L$ tj �` tj+1,´L$LÄ,

Qj = [CT (CAj)
T · · · (CAn−1

j )T]T

�jF�5�3+5�
X1\ j�&L$!å,´
�?ò#{�W.�Le . �Ê�y Qs(r)

�jF�5� PWCS, �́Z
�
�?ò#{�W.�Le (stripped observab-
ility matrix, SOM): Qs(r) = [QT

1 QT
2 · · · QT

r ]
T.

�;M’�Œ�j�E*6 , 5	�*F�5� PWCS,´�0�Z�k?±5�Aê :

�K�K�K*<*<*< 4 [6] �²�Ì null(Qj) ⊆ null(Aj), 1 6 j 6 r,

FÓ �xnull(Q(r)) = null(Qs(r)), rank(Q(r)) = rank

(Qs(r)).
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�:F �E*6�]1V
' null(·)>˜/j.�Le�� ·��,´M&0ªL$ ,
1V
' rank(·)>˜/j.�Le�� ·��,´0� . F	�Z�E*6B$�> , 
XF2
�ƒ�‘�&�; , 
����Y+X�Z
�
�?ò#{�W.�Le Qs(r)���/.�
LeQ(r)�•.D0¦F�5� PWCS,´
�?ò#{�W . F	�g
���1°	F
L�NÈAêF .

3 �k�k�k?±?±?±5�5�5��Ì�Ì�Ì
F	�0G��6.D0¦�T�ZL�NÈ : 1\ 1�ZL�NÈ�_M‰�*�×�; INS

,´
�?ò#{�W�6�À
¼
�?ò#{(æ�1,´.ž�Ê , �Y+X,´
.Aê�]
,´�¼�6
.	iG}*6Aê . 1\ 2�ZL�NÈ�_�Ø�*�×�; INS,´
�?ò
#{�W�6�À
¼
�?ò#{(æ�1,´.ž�Ê , �Y+X�&
�3+5�,´�6!å
4ï�W�Ê�h�6�À�é#�
¼ Menger-type linking.�Aö , 5	�*
�&
�3+5�,´5��´
�?ò#{,´
.Aê�T�ž , F��0!•5	�*�¯�y
�¼�6
.�•�6�À�Ø�*�×�;���W�,8Z3+5�, 
́�?ò#{�W .

3.1 M‰M‰M‰�*�*�*�×�×�×INS,´,´,´
�
�
�?ò?ò?ò#{#{#{�W�W�W

M‰�*�×INS�M�û�)�ö, �́Ø�1B����é0;
��É�j [2]

ẊXX = AXXX, (4)

�¦�] :

XXX = [δv1 δv2 ϕ1 ϕ2 ϕ3 ∇1 ∇2 ε1 ε2 ε3]
T,

A =


A11 A12 I2×2 02×3

03×2 A22 03×2 I3×3

02×2 02×3 02×2 02×3

03×2 03×3 03×2 03×3

 ,

A11=

[
0 2ω sinφ

−2ω sinφ 0

]
, A12=

[
0 − g 0

g 0 0

]
,

A22 =

 0 ω sinφ − ω cosφ

−ω sinφ 0 0

ω cosφ 0 0

 ,

δv1, δv2�_FO�ÖB���"ï�L�Ã	G�é
A,´�Å�¡ ; ϕ1, ϕ2, ϕ3

�_�£
 B���@�"ï�L�Ã	G�Ã�Y 3�ZE¤,´�Å�¡ ; ∇1
¼∇2�_
�ÐFO�ÖAÑ"ï�L�Ã	G
A,´M&�• ; ε1, ε2, ε3�_Lp=ê"ï�L�Ã
	G�Ã�Y 3�Z�é
A,´%20+ ; 	ò�  ω�_
`*38�Eœ@�FO�Ö; φ�_
�ƒ
`4Ü�Ö .


����W�,8Z3+5�,´"d�£EÃ�*FO�ÖB����Œ�j?ò#{�l ,
	£Zj = δvj + ωj, j = 1, 2, �?�] ωj>˜/j,­�š� . �6�:
�?�É�@.�Le�’�?�²�; :

ZZZ = CXXX +WWW, (5)

�?�] :

C =

[
1 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0

]
,

WWW = [ω1 ω2]
T.

FJ�h�õ�å�; , �)�¾5	�Ê,´4Ü�Ö	ò�  , ?ö3+5��é0;
(4)
¼(5)�j�&�=
�3+5� , !”�&
��Y+X4ï�W3+5�,´*6Aê
�•�6�À3+5�,´
�?ò#{�W . �·)^ [1–2, 7] 
X.ž�Ê
�?ò#{
(æ�1�&, 
�(©!º,´4Ü�Ö�l�•�6�À . �\�·�i�ž4Ü�Ö	ò� 

,´�=
<
��l�p�EC§,´3+5�.�Le A�],´�s3P�jM&�>
VF�
>|�6�À . �ƒ4Ü�Ö	ò� 
��l�¯�Ç3+5�.�Le A�],´���Z�s
3P�jM&�&, 3+5�
.�]B��s3P�)�Ä,´Eé�=�ˆ
X ; �ƒ4Ü�Ö
	ò� 
��l�¯�Ç3+5�.�Le A�],´���Z�s3P�jMŽM&�& , 3+
5�
.�]B��s3P�)�Ä�0�‘�9
AEé . F�6<FJE÷+X
.Aê�6�À
3+5�,´5��´
�?ò#{�W,´�é#��•�6�ÀM‰�*�× INS,´
�?ò
#{�W, �¦.ž�Ê
�?ò#{(æ�1 .

M‰�*�×INS(4)
¼(5)�)�Ä,´3+5�
.�j
. 3, �¦�]
6�’
8²&é>˜/j(æ�18²&é , �9@��’8²&é>˜/jEÃ�* (�P�O�˜ )8²&é.


. 3 M‰�*�×���,3+5�,´3+5�
.

Fig. 3 System graph associated with the inertial navigation sys-
tem under the stationary base

F	�Z3+5��)�Ä, �́¼�6
.�²
. 4�p/j .


. 4 M‰�*�×���,3+5�,´3+5��¼�6
.

Fig. 4 System bipartite graph associated with the inertial navi-
gation system under the stationary base


. 4�]��Eé8²&é�j�9�¿(æ�18²&é , 8²&éNª�¿�>(æ�1

AGÿNª�¿�08$. 
#Eé8²&é+a�=�f(æ�18²&é
¼EÃ�*8²&é
�´�@ . ���Ã
#8²&é�{L$, 	́iG}�)�Ä3+5�
.�], �́9
AEé .

�Ð�Ð�Ð*<*<*< 1 M‰�*�×�;���W�,8Z3+5� (4)
¼(5)�_�=�¼
�˜
�?ò ; �¦
�?ò#{,´(æ�1� -�1y�¾3+5�
.�)�Ä�¼�6
.
�],´�0�W	iG},´� -� ; -(�Ä,´
�?ò#{(æ�1�j3+5��¼�6

.�]�)�Ä�0�W	iG}, �́�	iG}8²&é .
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A÷ �Y+X5��´	F*6Aê�•�6�À3+5� (4)
¼(5),´5��´

�?ò#{�W . �Ê�y C̄ = PC, �¦�] P = diag{α1, α2}, α1


¼α2�j�=.ž�Ê,´MŽM&�s3P . 
��j ∀α1, α2 ̸= 0, 1y�?
C̄

C̄A
...

C̄An−1

 =


PC

PCA
...

PCAn−1

 =


P 0 · · · 0

0 P · · · 0
...

...
. . .

...
0 0 · · · P




C

CA
...

CAn−1


�@0û, �p���:�?��Eé.�Le�>
#Eé.�Le�§�9-(
<,´0� .
�u , .�Le�) (A C)
¼(A C̄)�§�9-(
<,´
�?ò#{�W . �6
.�Le�) (A C̄)�],´�s3P?ö�j5��´	F�s3P , !”�&
����º
� �l�?�y�;,´
�?ò#{�WEœ�’�j5��´�?�y�;,´5��´
�
?ò#{�W. +aM‰�*�×���W�,8Z3+5�,´3+5�
. 3
�.� , �p�9
,´(æ�18²&éG-�_EÃ�*
�Eî,´ , �u�E*6 1,´EÃ�*
�Eî�‘
�&2)�] i)�@0û. �þ
. 4�]-$�Õ
����Ç�* ,�0�W	iG},´� 
-��j 7, 
<�&F	�Z�¼�6
.,´�0�W	iG}�¦�=�_�0 , �u�E
*61,´%�2«0��‘�& 2)�] ii)�=�@0û. �p��3+5� (A C̄)�=
�_5��´
�?ò,´ . +a�Ê�y 1
�.� , 9�3+5� (A C̄)�j5��´�=

�?ò#{,´ , �I3+5� (A C)	£�j�=
�?ò#{,´ . F��0!• , +a
�·)^ [24]
�.�3+5�5��´
�?ò#{,´(æ�1� -�-(�Ä�¾3+5�
�¼�6
.,´��	iG}8²&é� -� . �u , 3+5�(4)
¼(5)�=�_�¼�˜

�?ò#{,´ , 
�?ò#{,´(æ�1� -��0�W�j 7. 	ø
��j�¼�6
.
,´�0�W	iG}�08\�=�§�9�_�0�W . �p�� , �§�ƒ,´F	 7�Z(æ
�1�¦�=�_�0 . Añ"� .

�:F �Ê*6 1�=�õ
�1„�¶M‰�*�×���W�,8Z3+5��_
V

�?ò#{,´L�NÈ , �¦�D5	�*�¶
�?ò#{(æ�1,´� -� . �;M’
�Œ�j�»�€ , �)M‰�*�× INSF��0!•.ž�Ê���Ë(æ�1�_
�?ò
#{,´ , ���Ë(æ�1�_�=
�?ò#{,´ .

�Á�Á�Á 3 M‰�*�×INS
�?ò#{(æ�1.ž�Ê . �)�¾���W�,
8Z3+5�(4)
¼(5), �¦3+5�
. 3�)�Ä,´�¼�6
.�j
. 4, F	�Z
�¼�6
.�] , ��Eé8²&é 1, 2, · · · , 10�6�[�)�Ä3+5�(æ�1
X,´�6Gÿ δv1, δv2, · · · , ε3. 
#Eé8²&é+a?ò#{8²&é
¼�=
�f��Eé(æ�18²&é�Ç�` . +a�Ê*61
�.� , M‰�*�×���W�,8Z
3+5�,´�0�W
�?ò#{(æ�1� -��j 7, -(�Ä�¾�¼�6
. 4�]�0
�W	iG},´��	iG}8²&é . 6<F	�Z�¼�6
.,´�0�W	iG}�¦�=
�_�0 , �p��
�?ò#{,´(æ�1�•�=�_�0 . �;M’�6�À	ë�¹
3�Z(æ�1�& , �¼�6
. 4�],´�0�W	iG}�õ�’ . �j�¶1°	…C§
?ñ, +X� �‡���/	Ï�•3+5��],´(æ�1�6Gÿ . 	ë�¹ {6, 7,
8}, -(�Ä,´�0�W	iG}� �j 7, �0�W	iG}�j (9, 4), (4, 1),
(1, y1), (10, 5), (5, 3), (3, 2), (2, y2), !”�&
�?ò#{(æ�1
�j δv1, δv2, ϕ1, ϕ2, ϕ3, ε2, ε3; 	ë �¹ {6, 8, 9}, -( �Ä ,´
�0 �W	iG} �  �j 7, �0 �W	iG} �j (7, 2), (2, y2), (10, 5),
(5, 3), (3, 4), (4, 1), (1, y1), !” �& 
�?ò#{(æ�1 �j δv1,

δv2, ϕ1, ϕ2, ϕ3, ∇2, ε3; 	ë�¹ {6, 8, 10}, -(�Ä,´�0�W	i
G}� �j 7, �0�W	iG}�j (9, 4), (4, 1), (1, y1), (5, 3), (3,
5), (7, 2), (2, y2)�F65(5, 3), (3, 5), (9, 4), (6, 1), (1, y1),
(7, 2), (2, y2), !”�&
�?ò#{(æ�1�j δv1, δv2, ϕ1, ϕ2, ϕ3,
∇2, ε2�F65δv1, δv2, ϕ1, ϕ3, ∇1, ∇2, ε2. 	ë�¹ {5, 6, 7},
-( �Ä ,´ �0 �W 	i G} �  �j 6, �0 �W 	i G} �j (9, 4), (4, 1),
(1, y1), (8, 3), (3, 2), (2, y2); 	ë�¹ {5, 6, 9}, -(�Ä,´�0
�W	iG}� �j 6, �0�W	iG}�j (8, 3), (3, 4), (4, 1), (1, y1),
(7, 2), (2, y2); 	ë�¹ {5, 6, 10}, -(�Ä,´�0�W	iG}� �j 6,
�0�W	iG}�j (9, 4), (4, 1), (1, y1), (8, 3), (3, 2), (2, y2)
�F 65(8, 3), (3, 4), (4, 1), (1, y1), (7, 2), (2, y2); 	ë �¹
{4, 7, 8}�F65{4, 8, 9}, -(�Ä,´�0�W	iG}� �j 6, �0�W	i
G}�j (6, 1), (1, y1), (10, 5), (5, 3), (3, 2), (2, y2); 	ë�¹
{4, 8, 10}, -(�Ä, �́0�W	iG}� �j 6, �0�W	iG}�j (6, 1),
(1, y1), (3, 5), (5, 3), (7, 2), (2, y2). 	ë�¹ {4, 5, 7}, {4,
5, 9}�F65{4, 5, 10}-( �Ä,´ �0�W	iG}�  �j 5, �0�W	i

G}�j (6, 1), (1, y1), (8, 3), (3, 2), (2, y2). �ƒφ =
π

2
�& ,

-(�Ä, �́0�W	iG}� �j 6, �0�W	iG}�j (9, 4), (4, 1), (1, y1),
(8, 3), (3, 2), (2, y2)�F 65(6, 1), (1, y1), (9, 4), (4, 3),
(3, 2), (2, y2). !”�&3+5�
��9 6�Z
�?ò#{,´(æ�1�6Gÿ , �6

�[�j δv1, δv2, ϕ1, ϕ2, ε1, ε2�F65δv1, δv2, ϕ1, ϕ2, ∇1, ε2.

�þF	�Z�»�€
���-;�* , �Y+X
.Aê�•.D0¦ INS,´
�?ò
#{�W
¼
�?ò#{(æ�1 , 
����Ç�`�>�·)^ [2, 7]�]�Y+X Cra-
mer’s#��I.D0¦
�?ò#{�Ö
¼�w�2�l�T�Ý
�?ò#{�W-(
<
,´5�Aê .

3.2 �Ø�Ø�Ø�*�*�*�×�×�× INS,´,´,´
�
�
�?ò?ò?ò#{#{#{�W�W�W

F	�0�?8²AØAê�£
 �? INS
X�Ø�*�×�;,´
�?ò#{�W

¼
�?ò#{(æ�1,´.ž�Ê . �j�¶�>M‰�*�×�& INS,´B��� Q

»-(5��0 , F	Gü�¯+X-(
<,´	ò� 
�Gÿ . 
X�L –	G–�Y
€
�73+�; , �PL”�}5žB���(æ�1
�Gÿ	ú
²-$FJFƒ,´B���(æ
�1
�Gÿ , �w�Ê�ÐFO�ÖAÑB����j�h�l�•5ž , Lp=ê��B���
�j�h�l%20+ , �¦�6 ∇1,∇2	ú ε1, ε2, ε3�™�u�j(æ�1
�Gÿ ,
�I�£
 �? INS
X�Ø�*�×�;,´�)�öB��� Q
»
���>˜/j
�j [1, 6]

ẊXX = A(t)XXX, (6)

F	 GüXXX = [δv1 δv2 ϕ1 ϕ2 ϕ3 ∇1 ∇2 ε1 ε2 ε3]
T �j

(æ�1
�Gÿ , 3+5�.�Le

A(t) =


Ω̃ F (t) I2×2 02×3

03×2 Ω̄ 03×2 I3×3

02×2 02×3 02×2 02×3

03×2 03×3 03×2 03×3


�j�&
�,´ , �¦�] 0, I �jF2�ƒ5$� ,´M&.�Le
¼	…�}.�Le ;

‡.�Le Ω̃
¼Ω̄�6�[�j

Ω̃=

[
0 Ω̃D

−Ω̃D 0

]
, Ω̄=

 0 ΩD ΩN

ΩD 0 ΩE

−ΩN − ΩE 0

,



104 �× �f *6 Aê �> �Ä +X 1\ 37 	§

�¦�] : Ω̃D = (2ω + λ̇) sinφ, ω�j
`*38�Eœ@�FO)· , λ

�j4ÿ�Ö , φ�j4Ü�Ö , 4ÿ�Ö
�	F)· λ̇ =
UE

R
secφ, UE�j�L


A"d�£
€�7E¤�:,´FO�Ö�6Gÿ , 4Ü�Ö
�	F)· φ̇ =
UN

R
,

UN�j	G
A"d�£
€�7E¤�:,´FO�Ö�6Gÿ , R�j
`*3�")·	z
�´ ; 
��Ê	ò�  ΩD, ΩN
¼ΩE�6�[�j ΩD=(ω+λ̇) sinφ,
ΩN=(ω+λ̇) cosφ
¼ΩE = φ̇. FJ�h
X�Ø�*�× INS�] ,
F	�Z3+5�, �́&
��WCX , �k?±�ƒ)à
X.�Le

F (t) =

[
0 − fD − fN

fD 0 fE

]
,´�’�? , �¦�] fE, fN, fD�6�[�_�£
 �?���,3+5��ÐFO
�ÖAÑ�•�O�`,´"��Ë
X�L
A�Ã	G
A�Ã�Y
A,´�6Gÿ , �³��L¿
�&L$
�	F .

�j�¶.D0¦�Ø�*�× INS,´
�?ò#{�W , �>�·)^ [1]
¼�·
)^ [7]�0�g , �wAî�)�öE÷0;�]�*�×,´F��Ø�é�?�j4ïF�
�Ø, �¦
��6�j 5�Z�Ê�h,´�&L$!å , �§�ƒ�6#�?ñ�» 4. 
X1\
j�Z�&L$!å , INSB����é0;
�>˜/j�j

ẊXX = AjXXX, j = 1, 2, · · · , 5, (7)

�¦�] : .�Le Aj �]L”�¶
‡.�Le F (t)�F , �¦�³
‡.�LeG--(

< . Aà�=
<Lf!å,´ F (t)�j

Fj =

[
0 − fD − fN

fD 0 fE

]
.


X�*�×,´�j�ØE÷0;�] , �p�9�&L$!åG-G÷+X-(
<,´
#{Gÿ�6Gÿ, 
�!”#{Gÿ.�Le
X�¤�Z�)�öE÷0;�]�_�=
�,´ ,
�ý'f�j�é0; (5). !ÿ�Z�&L$!å�]3+5�.�Le AG-
[�94Ü�Ö
	ò�  , �>M‰�*�×�&INS�õ�’-(
< , !”�4�Ö
��Y+X
.Aê�•
F¯�}� �l�6�À�&�§�ƒ,´4Ü�Ö�l . �j�¶5	�*F�5� PWCS
,´
�?ò#{�W,´
.Aê(©�± , �\�·�)�08\,´4ï�W�&�=
�3+
5� (1),´�Ø�1
.F�>|�™�… .

�Ð�Ð�Ð�•�•�• 4 �Ê�y4ï�WF�5��6!å�Ê�h5��´3+5� (2),´
�&L$D��Ön,´�Ø�1
.�j

G0:n = ((∪kX
k
0:n) ∪ (∪kY

k
1:n), E0:n−1),

�¦�] : k = 1, 2, · · · , r>˜/j�=
<,´Lf!å ,

Xk
0:n =

n∪
t=0

Xk
t ,

Xk
t =

{
xk
it|i = 1, 2, · · · , n

}
, t = 0, 1, · · · , n,

Y k
1:n =

n∪
t=1

Y k
t ,

Y k
t =

{
yk
jt|j = 1, 2, · · · ,m

}
, t = 1, 2, · · · , n,

E0:n−1 ={
(xk

jt, x
k
it+1)|ak

ij ̸= 0; t = 0, 1, · · · , n− 1
}∪{

(xk
jt, y

k
it+1)|cij ̸= 0; t = 0, 1, · · · , n− 1

}∪{
(xk1

i0 , x
k2

i0 )|k1 ̸= k2; i = 1, 2, · · · , n
}
.

�;M’F	�Z�E*65	�*�6!å4ï�W�Ê�h3+5�,´3+5�.�Le
�j5�� 	́F.�Le�& , 3+5�5�� 
́�?ò, 
́.Aê�‘�& .

�K�K�K*<*<*< 5 �wAî�§�9 rLf!å,´4ï�WF�5��6!å�Ê�h3+
5� (2)%�Cãnull(Qj) ⊆ null(Aj), 1 6 j 6 r, �ƒ3+5�.�
Le�j5��´	F.�Le�& , F	�Z3+5��j5��´
�?ò#{,´�u�6�õ
?±�‘ �&�_ �Ø�1
. G0:n�] �ˆ 
X�0�Z8� X1

0 �` Y k
1:n,´ n-

Menger-type linking.

A÷ �õ?±�W. 
��j4ï�WF�5��6!å�Ê�h3+5� (2)%�
Cãnull(Qj) ⊆ null(Aj), 16j6r, �p���i�ž�E*6 4
�.� :
null(Q(r))=null(Qs(r)), rank(Q(r))= rank(Qs(r))

�@0û[1]. �ƒ3+5�.�Le�j5��´	F.�Le�& , �²�Ì�ˆ
X�04ô
	ò� �¯�Ç.�Le Qs(r)�j�G%�0�,´ , �i�ž�Ê�y 1
�.� , F	
�Z�6!å�Ê�h3+5��j5��´
�?ò#{,´ . �i�ž�E*6 2
¼5��´
	F.�Le,´F�1Ç
�.� , �+�?5��´.�Le Ak�],´MŽM&�s3P
ak
ij �)�Ä�¾.�Le A,´�9
A
.�ˆ
X8�(æ�18²&é xj �`(æ�1

8²&éxi,´K¯�Ö�j k,´K.�Õ . F	Gü, +X�‚4ã#�F�>|B$�> .
�ƒ k = 1�& , +aFë�Õ.�Le,´�Ê�y
�.� , 5�Aê�n'f�@0û .
�wAîk = l�& , �:F 5�Aê�@0û , �;M’B$�> k = l + 1�&�Ö
�@0û. +a.�Le,´�ˆ#�
�.� ,Al+1,´MŽM&�s3Pal+1

ij 
���>˜
/j�j.�Le A,´1\ i>|�s3P�>.�Le Al,´1\ j�G�s3P�ˆ0��{

¼, 	£ al+1

ij =
∑

ai,·a
l
·,j . 9� al+1

ij ̸= 0, �I8#�A� 
̂X���Z
h�¯ �Ç ai,ha

l
h,j ̸= 0, 	£ �9 ai,h ̸= 0
¼al

h,j ̸= 0. 
�6<�þ
(æ�1xj �` xh�ˆ
XK¯�Ö�j l,´K.�Õ , �þ(æ�1xh�` xi�ˆ
X
�0�‘Eé . 
�!” , �ˆ
X8�(æ�18²&é xj �`(æ�18²&é xi,´K¯
�Ö�j l + 1,´K.�Õ . 
<*6
���Añ�> , .�Le CAl�],´MŽM&
�s3Pdij>˜/j8�(æ�18²&é xj �`EÃ�*8²&é yi,´K¯�Ö�j
l+1,´K.�Õ . �ƒ4ï�WF�5��6!å�Ê�h3+5� (2)�j5��´
�?ò
#{�& , .�Le Qs(r)�]�0�Ê�ˆ
X n�Z�=
<>|�=
<�G,´�s3P
�jMŽM&. �i�ž�:F 	Ï
�
�.� , F	n�ZMŽM&�s3P1y�'�¾�Ø
�1
. G0:n�]�ˆ
X�0�Z8� X1

0 �` Y k
1:n,´K.�Õ� �j n,´ Me-

nger-type linking. 	£
X5��´	F�?�y�; , F	�Z3+5��j5�
�´
�?ò#{�& , G0:n�ˆ
X�0�Z8� X1

0 �` Y k
1:n,´ n-Menger-

type linking.

�u�6�W . �²�Ì�Ø�1
. G0:n�]�ˆ
X�0�Z8� X1
0 �` Y k

1:n

,´K.�Õ� �j n,´ Menger-type linking, �I+a�·)^ [23]
¼
�E*6 3
�.� , !”�&�¯�y�¼�6
.�]�0�W	iG},´� -��j n.
	£�ˆ
X�04ô	ò� �¯�Ç.�Le Qs(r)�j�G%�0�,´ , +a5��´

�?ò#{�W,´�Ê�y
�.� , F	�Z�6!å�Ê�h3+5��j5��´
�?ò
#{,´ . Añ"� .

�j�¶F��0!•�6�À,´M0?± , F	Gü�E�•�0�Z�¯�y�¼�6

. . �¦+a�=
<Lf!å,´�¼�6
.4ô�@ , F	�Z�¯�y�¼�6
.,´
�0�W	iG}�j�=
<Lf!å�¼�6
.	iG},´�¦Lö (�=
<Lf!å�§
�9-(
<,´��
#N¦&é, 	́iG}�j
<�0	iG} ). �;M’5	�*�Ø�*
�×�&, �́k?±5�Aê :

�Ð�Ð�Ð*<*<*< 2 �Ø�*�×�;���W�,8Z3+5� (5)
¼(6)�_�=�¼
�˜
�?ò#{,´ ; �¦
�?ò#{,´(æ�1,´�0�W� -�1y�¾�Ø�1

. G0:10�]8��M�ûLf!å,´(æ�1N¦&é�`�p�9EÃ�*8²&é,´



1\ 1 �O �HT•1y: ���W�,8Z3+5�
�?ò#{�W�6�À�>
�?ò#{(æ�1.ž�Ê, 
́.�é#� 105

�0�WMenger-type linking� -� ; -(�Ä,´
�?ò#{(æ�1�j
�Ø�1
.�]�0�W Menger-type linking
[�9, �́M�û(æ�1 .

A÷ �Ø�*�×�;���W�,8Z3+5�%�Cã�E*6 4�],´�‘�& ,
�p��
���FJE÷.D0¦ PWCS,´
�?ò#{�W�•�Ç�`	Ï�•4ï�W
�&
�3+5�,´
�?ò#{�W . +a�E*62
�.� , 5��´.�Le Qs(r)

,´MŽM&�s3P-(�Ä�¾3+5�
.�],´K.�Õ , �þ6<
���+X�Ø�1

. �• �k+k . �i �ž �E*6 5
� .� , 9��Ø�1
. G0:10 �] �0 �W
Menger-type linking,´� -��j 10�& , ���W�,8Z3+5��j
5��´
�?ò#{ ; �¦+a�¦Añ�>E÷0;.� , �¦
�?ò#{,´(æ�1,´
�0�W� -�1y�¾�Ø�1
. G0:10�]8��M�ûLf!å,´(æ�1N¦&é
�`�p�9EÃ�*8²&é,´�0�W Menger-type linking� -� . �v
�C.� G0:10 �]�0�W Menger-type linking,´� -��?�¾ 10.
�»�Î�: , FJE÷�)�¯�y�¼�6
.,´�6�À , �é�C�Ç�`�¦ Men-
ger-type linking, �́ -��j 9, �•�a�_B$
X�Ø�*�×�‘�&�; ,
���W�,8Z3+5�,´
�?ò#{(æ�1� -��0�W�j 9, �u���W�,
8Z3+5��=�_5��´
�?ò#{,´ , �i�ž�Ê�y 1
�.� , F	�Z3+5�
�Ö�=�_�¼�˜
�?ò#{,´ . 	ø+aPWCS*6Aê
�.� , -(�Ä,´

�?ò#{(æ�1
���+a�Ø�1
. G0:10�]�0�W Menger-type
linking
[�9, �́M�û(æ�1�•�Ç�` . Añ"� .

#�#�#� 3 �Ê*6 2
X�Ø�*�×�;,´
�?ò#{�W�6�À5��Ì�>�·

)^ [9, 30–31]�],´5�Aê�=
< . B��·�_J¸�)�Z63<• GPS>õ5žEµ�Ù

�Œ+X�&,´�£
 �?���W�,8Z3+5� Q
»F�>|�6�À,´ , �·)^ [9, 31]

63<•,´�_�§6„�?���W�,8Z3+5� Q
» , �u�=
< Q
»�;
�?ò#{�W

,´�6�À5��Ì�=
< . 
��F , �·)^ [10, 30]�E�•,´ GPS>õ5ž
�����

�ËNÍ�F,´�}5ž���Ÿ , �þ(æ�1�é0;
¼#{Gÿ�é0;,´>˜Eî@��Ö�•AØ

Aê, �E�• GPS>õ5ž
����Î�j3+5�, 
́�?ò#{�W .

�:F �Ê*6�Y+X�Ø�1
.,´ Menger-type linking�Ç�`
�Ø�*�×���W�,8Z3+5��_�=
�?ò#{,´ . �)�¾�~Lf�F�6!å
� E³�A�& , 5��f
¼�6�À�Ø�1
.-(�)�é�C , �v�ƒ�6!å� 

¼3+5�5$� E³Q��& , �Y+X�Ø�1
.�6�À-(�)
 Lî . �;M’ ,
�Y+X�¯�y�¼�6
.�•�§�ƒ�6�À�Ø�*�×���W�,8Z3+5�
X
�=
<Lf!å, 
́�?ò#{�W�>
�?ò#{(æ�1 .

�Á�Á�Á 4 �Ø�*�× INS
�?ò#{(æ�1.ž�Ê . �Ø�*�×�)�ö
E÷0;�] , "d�£�j�Ø7-�Ë7-�O+X�6!å�Ê�h"d�£�ÐFO�Ö�•
���/ . 
���P¼Añ�j�ØE÷0;,´�ˆ
X7-�O�>�n,´�¡
ý���,
3+5�,´
�?ò#{0;�Ö . �08\+XPWCS�•�6�À�Ø�*�×�£
 
�?���,3+5� . �6!å�õ�å�6�[�j : 1) 	0FO-$4ïF��Ø (fE =

fN=0, fD=g); 2) �§�9	G
A�ÐFO�Ö,´-$4ïF��Ø (fE=
0, fN ̸= 0, fD = g); 3) �§�9�L
A�ÐFO�Ö,´-$4ïF��Ø
(fE ̸= 0, fN = 0, fD = g); 4) �§�9"d�£�ÐFO�Ö,´-$4ï
F��Ø (fE ̸= 0, fN ̸= 0, fD = g); 5) �:�Ã�;�ÐFOF��Ø (fE
= fN = 0, fD ̸= 0).

+a�¾�6�À�é#�-(�l , F	Gü�õ�)�}�T�ZLf!å5	�*
.
�’
¼�6�ÀE÷0; , 
>M’Lf!å
����/'—�¾!”�Y+X�¯�y�¼�6

.5	�*-(�Ä5�Aê . �)�¾�§�9	G
A�ÐFO�Ö,´-$4ïF��Ø�&
,´�õ�’ , �¦3+5�
.�j
. 5, 
X	Ï�•
. 3,´�*.p�:�Î�Ð�0
�‘8�8²&é 5�`8²&é 1,´�9
AEé . F	�Z
.�)�Ä,´�¼�6
.�j


. 6, F	�Z�¼�6
.�] , ��Eé8²&é 1, 2, · · · , 10�6�[�)�Ä3+
5�(æ�1X,´�6Gÿ δv1, δv2, · · · , ε3. 
#Eé,´
6�’8²&é�_
�)��Eé8²&é, �́=�f , �9@�8²&é>˜/j#{Gÿ�P�O�˜ .


. 5 �§�9	G
A�ÐFO�Ö, �́£-$F��Ø,´3+5�
.

Fig. 5 System graph associated with the straight line motion
under the north acceleration


. 6 	0FO
¼�§�9	G
A�ÐFO�Ö, �́£-$F��Ø, �́ �̄y�¼�6
.

Fig. 6 Generalized bipartite graph associated with the straight
line motion under the uniform velocity and north accel-
eration


��j!”�¼�6
.,´
#Eé	iG}8²&é�0�J�j 7, 
�.��0�W
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