
第 37 卷第 5 期
2020 年 5 月

控 制 理 论 与 应 用
Control Theory & Applications

Vol. 37 No. 5
May 2020

输输输入入入饱饱饱和和和的的的非非非线线线性性性系系系统统统多多多模模模型型型二二二阶阶阶段段段自自自适适适应应应控控控制制制器器器设设设计计计

吴 伟1, 王 昕2†, 王振雷1

(1. 华东理工大学化工过程先进控制和优化技术教育部重点实验室, 上海 200237;

2. 上海交通大学电子信息与电气工程学院电工电子实验教学中心, 上海 200240)

摘要: 针对一类输入受限的非线性离散时间系统, 设计二阶段自适应控制器. 根据先验知识, 确定参数空间, 在q

个未知参数组成的参数空间的边界处建立q+1个自适应模型, 将q+1个模型根据自适应系数组合为虚拟模型. 基于

虚拟模型, 通过backstepping方法, 设计控制器, 采用高斯误差函数近似非对称饱和特性并给出了收敛性证明, 得到

系统的信号为半全局一致最终有界. 最后进行数值仿真, 相比于传统自适应控制, 该模型能够更快地逼近真实参数,
在执行器非对称饱和特性下能够加快系统的响应速度, 减小暂态误差, 最终的稳态误差收敛于一个较小的紧集, 并
且对船舶航向控制系统进行了仿真, 取得了良好的控制效果.
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Abstract: A second level adaptive controller is designed for a class of nonlinear discrete-time systems subject to input
asymmetric saturation. Gauss error function is used to approximate the asymmetric saturation characteristics of actuators.
According to the prior knowledge, the parameter space is determined, q+1 adaptive models are built at the boundary of the
parameter space composed of q unknown parameters. According to the adaptive coefficient, the q+1 models are combined
into a virtual model. Based on the virtual model, the controller is designed by backstepping method, and the stability proof
is given. It is proved that under this controller, the signals of the system can be guaranteed to be semi-globally uniform
and ultimately bounded. Finally, numerical simulation is carried out. Compared with the traditional adaptive control, the
model can approach the real parameters more quickly. Under the asymmetric saturation of actuators, the response speed
of the system can be accelerated, the transient error can be reduced, and the final steady-state error converges to a smaller
compact set. The ship course control system is simulated and achieved good control effect.
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1 引引引言言言

实际系统存在着非线性特性, 其中输入饱和特性

是常见的一类非线性特征. 在航天器对接控制[1]、遥

控系统[2–3]、导弹目标拦截系统[4]中都有所涉及. 非对

称饱和特性如果不加处理, 则系统的暂态性能会很

差, 甚至导致系统的不稳定[5–6]. 例如, 硬盘驱动的

磁头移动太快会损坏硬盘, 因而受到饱和特性的

约束, Venkataramanan提出离散复合反馈非线性控

制(discrete-time composite nonlinear feedback control,
DCNF), 通过线性部分加快响应速度, 非线性部分减

小线性部分引起的超调完善了对硬盘读写的控制[7].
J. M. G等人在幅值饱和的基础上增加了其一阶导数

饱和特性[8]. 之后, 多种针对线性系统的控制策略被

提出, Tingshu等人通过计算系统吸引域的方法[9], 广
义扇区法与线性矩阵不等式技术[10]对系统进行了分

析与设计. Castelan等人使用动态输出反馈补偿器对

线性时变离散系统进行了控制分析[11]. 但在实际生产

中, 绝大多数系统本身带有复杂的非线性特征, 随后,
非线性系统带有输入饱和的情况也做了分析[12], 证明

了相关算法与系统的稳定性[13–16]. 纯反馈时滞系

统[17]、未知控制方向的系统[18]、分数阶系统[19]、

抗干扰复合系统[20]以及不确定系统[21]都讨论了

各自存在输入饱和情况下的控制器设计, 诸如

backstepping控制[22–23]、神经网络控制[24–26]、滑模控

制[27–28]、自适应控制[29]、动态面控制[30]等在处理输

入饱和特性上有着很好的效果. 为了改善输入饱和特

性系统的暂态性能, Y. He等人设计了复合非线性反馈

控制[31]. 施加的控制信号都是基于系统模型所给出

的, 模型的精确性直接关系到施加的控制信号是否合

适. 在初期, 神经网络与模糊系统对系统的辨识效果

较差, 暂态性能难以达到要求, 甚至可能带来系统的

不稳定. 相比于传统自适应控制, 多模型二阶段自适

应能够更快地逼近系统的真实参数[32–33], 能够有效地

改善系统的暂态性能.

基于改善暂态性能的目的, 本文在传统自适应控

制器上引入了多模型二阶段自适应机制, 根据先验知

识确定参数空间的范围, 在边界处建立若干个模型,
通过backstepping, 逐步稳定系统并设计控制器, 并给

出了稳定性证明. 相比于传统自适应控制器, 通过增

加鲁棒项, 能够减小所需控制信号的幅值、超调与振

荡. 所设计的控制器能够保证系统中的信号半全局最

终一致有界, 跟踪误差收敛于一个较小的紧集内, 最
后进行数值仿真与应用研究, 验证了本文所提出的控

制器的有效性、优越性与实用性.

2 系系系统统统描描描述述述

考虑如下单输入单输出的执行器非对称饱和的非

线性离散时间系统:



x1(k+1) = θ1(k)f1(x1(k)) + g1(x1(k))x2(k),

...

xi(k+1) = θi(k)fi(xi(k)) + gi(xi(k))xi+1(k),

...

xn(k+1) = θn(k)fn(xn(k))+

gn(xn(k))u(v(k)),

y(k) = x1(k),

(1)

式中: xi(k) = [x1(k) x2(k) · · · xi(k)]
T表示系统的

状态; v(k), y(k)分别是控制输入信号与输出信号;
θifi, gi ∈ R(i = 1, 2, · · · , n)是系统中的非线性部分,
其中 gi, fi 为已知的非线性函数, θi 为未知参数;
u(v(k))为系统的输入量, 具有非对称饱和特性. 其主

要非对称饱和特性

u(v(k)) =


umax, v(k) > umax,

v(k), umax > v(k) > umin,

umin, v(k) 6 umin,

(2)

umax, umin为未知的饱和执行器的上下界. 为简化证

明计算, 根据文献[36], 该非对称饱和特性可由以下光

滑的函数来代替(如图1所示):

u(v(k)) = uM × erf(

√
π

2uM

v(k)), (3)

其中: erf(x)=
2√
π

w x

2
e−t2dt为高斯误差函数, uM =

umin+umax

2
+
umax−umin

2
× sgn(v(k))为一个与执

行器饱和上下界umin, umax相关的常数.

图 1 饱和特性函数

Fig. 1 Saturation function

定义函数

∆(v(k)) = u(k)− cv(k), (4)

其中: c是一个正常数, u(k)和v(k)是时间k的函数.
该函数仅用于稳定性证明, 其中c在控制器的设计中

并不需要知道其实际值. 系统(1)可改写为增量形式:
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∆x1(k)=θ1(k)f1(x1(k))+g1(x1(k))x2(k)−x1(k),

...

∆xi(k)=θi(k)fi(xi(k))+gi(xi(k))xi+1(k)−xi(k),

...

∆xn(k)=θn(k)fn(xn(k))− xn(k)+

gn(xn(k))(c(v(k)) + ∆(v(k))),

y(k) = x1(k),

(5)

∆xi(k)含义为系统单位采样时间内各状态的变化量,
i = 1, · · · , n.

系统需满足以下几个假设:

假假假设设设 1 参考信号连续且有界;

假假假设设设 2 控制增益gi(·)是已知的, 并且存在常数

ḡi > g
i
> 0使得 ḡi > |gi(·)| > g

i
, i = 1, · · · , n;

假假假设设设 3 存在常数∆̄, c̄, c−满足

∆(c) 6 ∆̄, c ∈ [c−, c̄];

假假假设设设 4 fi(·) ∈ Ri为已知的Lipschitz非线性函

数;

假假假设设设 5 系统的未知参数向量θ位于凸集合内.

值得注意的是, 假设2−3的上下界不要求已知, 假
设3为饱和函数一般性假设. 关于假设4, Lipschitz非
线性是非常常见的, 具有相当大的实用性. 假设5为二

阶段自适应的一般性假设.
本文的目的是针对一类形如1的非线性系统, 设计

控制器, 使其渐近跟踪已知的参考信号, 误差最终收

敛到0的小邻域内.

3 控控控制制制器器器设设设计计计

3.1 一一一阶阶阶段段段参参参数数数辨辨辨识识识

针对系统(5)设计如下的自适应模型集:

∆xs1(k)=−λ(xs1(k)−x1(k))+

θ̂s1(k)f1(x1(k))+g1(x1(k))x2(k),

...

∆xsi(k)=−λ(xsi(k)−xi(k))+θ̂si(k)fi(xi(k))+

gi(xi(k))xi+1(k),

...

∆xsn(k)=−λ(xsn(k)−xn(k))+

θ̂sn(k)fn(xn(k))+gn(xn(k))u(v(k)),

ys(k) = xs1(k),

i = 1, 2, · · · , n−1; s = 1, 2, · · · , q+1,

(6)

xsi为辨识模型的状态变量, θ̂si为辨识模型的估计参

数, 定义参数辨识误差与状态辨识误差分别为 esi =

xsi − xi, θ̃si = θ̂si − θi, i = 1, 2, · · · , n, λ > 0为待

设计的常数, s = 1, 2, · · · , q+1为模型编号, q为未知

参数个数, N = q + 1个模型分布在由先验知识确定

的参数空间的边界处.

选取如下的候选李雅普诺夫函数:

Vse =
1

2
e2s1 + · · ·+ 1

2
e2sn +

1

2
θ̃Ts θ̃s, (7)

∆Vse(k) =
n∑

i=1

1

2
(e2si(k + 1)− e2si(k)) =

n∑
i=1

{1
2
(esi(k+1)+esi(k))(esi(k+1)−esi(k))}=

n∑
i=1

1

2
(−(λ+ 1)esi(k) + θ̃si(k)fi(k)) ·

(−(λ− 1)esi(k) + θ̃si(k)fi(k)) =
n∑

i=1

[
1

2
(λ2 − 1)e2si(k) +

1

2
θ̃si(k)fi(k) ·

(θ̃si(k)fi(k)−2λesi(k))]. (8)

令(θ̃si(k)fi(k)− 2λesi(k))为0, 得到适当的参数

更新率:

θ̂si(k) =

θ̂si(k − 1)−
Psi(k − 1)fi(k − 1)esi(k − 1)

µ+ fT
i (k − 1)Psi(k − 1)fi(k − 1)

, (9)

Psi(k) =

Psi(k − 1)

µ
·

(Im − Psi(k − 1)fi(k − 1)fT
i (k − 1)

µ+ fT
i (k − 1)Psi(k − 1)fi(k − 1)

),

(10)

µ为自适应系数, 一般取0.7左右. 选取0 < λ < 1可以

使式(8)小于0, 辨识误差和参数估计误差趋于0, 即

θ̃ → 0. (11)

3.2 二二二阶阶阶段段段参参参数数数辨辨辨识识识

在一阶段参数辨识中, 已对未知参数进行了初步

的辨识, 为进一步减少辨识误差, 对上一节得到的N

个模型进行凸组合.

引引引理理理 1(凸包的性质) 集合Ωm ∈ Rn, 令covΩm

为Ωm的凸包, 则covΩm中所有的点均可以用Ωm中

至多n+ 1个点的线性凸组合表示.

由引理1可知, 如果系统未知参数θpi在k = 0时刻

位于covΩm(0)中, 则存在一组系数αi满足

θpi =
N∑
j=1

αi,j θ̂i,j(0), (12)



第 5 期 吴伟等: 输入饱和的非线性系统多模型二阶段自适应控制器设计 1169

式中:
N∑
i=1

αi,j = 1, 且αi,j > 0, i = 1, 2, · · · , n; j =

1, 2, · · · , N .

在k = k0时, θpi ∈ covΩm, 即

θpi =
N∑
j=1

αi,j(k0)θ̂i,j(k0). (13)

由一阶段自适应律(9)有

θ̂i,j(k) =

θ̂i,j(k − 1)−
Pi(k − 1)fi(k − 1)ei,j(k)

µ+ fT
i (k − 1)Pi(k − 1)fi(k − 1)

. (14)

令θ̄i =
N∑
j=1

αi,j(k0 + 1)θ̂i,j(k0+1), 由式(14)有

θ̄i(k0) =
N∑
j=1

αi,j(k0)[θ̂i,j(k0)−

Pi(k0)fi(k0)ei,j(k0 + 1)

µ+ fT
i (k0)Pi(k0)fi(k0)

] =

θi−
N∑
j=1

{αi,j(k0)
Pi(k0)fi(k0)f

T
i (k0)θ̃i,j(k0)

µ+fT
i (k0)Pi(k0)fi(k0)

}.

(15)

由于
N∑
j=1

αi,j(k0) = 1与式(13), 有

N∑
j=1

αi,j(k0)
Pi(k0)fi(k0)f

T
i (k0)θ̃i,j(k0)

µ+ fT
i (k0)Pi(k0)fi(k0)

=

Pi(k0)fi(k0)f
T
i (k0)

µ+ fT
i (k0)Pi(k0)fi(k0)

·

N∑
j=1

αi,j(k0)[θ̂i,j(k0)− θp] = 0, (16)

则

θ̄i(k0) =
N∑
j=1

αi,j(k0)θ̂i,j(k0 + 1) = θpi, (17)

因此, 在任意 k > 0时刻, θpi 都位于 θi,j(k) 的凸包

covΩm(k)中, 即一定有

θpi =
N∑
j=1

αi,j(k)θi,j(k). (18)

系数αi,j更新的目的是使方程
N∑
j=1

αi,j(k)ei,j(k) = 0,

其可改写为

[ei,1(k) ei,2(k) · · · ei,N(k)]αi(k) =

Ei(k)αi(k) = 0, (19)

式中:

αi(k)= [αi,1(k) αi,2(k) · · · αi,N(k)]
T
,

Ei(k) = [ei,1(k) ei,2(k) · · · ei,N(k)].

注意到ai,N(k) = 1−
N−1∑
j=1

ai,j(k), 式(19)可改写

为

αi(k) =

[ai,1(k) ai,2(k) · · · ai,N−1(k) ai,N(k)]
T =

[āi(k) ai,N(k)]
T, (20)

PiEi(k)āi(k) = −ei,N(k), (21)

式中:

PiEi(k) =

[ei,1(k)− ei,N(k) ei,2(k)− ei,N(k) · · ·
ei,N−1(k)− ei,N(k)],

ᾱi(k) = [ai,1(k) ai,2(k) · · · ai,N−1(k)]
T.

建立系数模型

PiEi(k)ˆ̄αi(k)= −êi,N(k). (22)

系数αi(k)由如下自适应律进行更新:

ˆ̄αi(k + 1) =

ˆ̄αi(k)− PiE
T
i (k)êi,N(k)−

PiE
T
i (k)PiEi(k)ˆ̄αi(k), (23)

ai,N(k) = 1−
N−1∑
j=1

ai,j(k). (24)

由上述算法, 可以得到各个参数子集在k时刻的虚拟

模型参数

θ̂i(k) =
N∑
j=1

ai,j(k)θ̂i,j(k), i = 1, 2, · · · , n. (25)

选取如下的候选李雅普诺夫函数:

Vse =
1

2
e2s1 + · · ·+ 1

2
e2sn +

1

2
θ̃Ts θ̃s. (26)

由式(8)(18)−(19)可得, 凸组合后得到的李雅普诺夫

函数在参数更新律(9)−(10)(23)(25)下, 恒大于0, 变化

率小于0.

3.3 Backstepping控控控制制制

根据上一节的分析, 辨识得到了未知参数 θ

的估计值 θ̂, 根据该估计值, 结合Lyapunov定理与

backstepping方法设计控制器. 设计步骤如下:

步步步骤骤骤 1 令

w1(k) = yr(k), (27)

z1(k) = x1(k)− w1(k), (28)

对x1(k + 1)进行估计, 一步迭代后得到

ẑ1(k + 1) = x̂1(k + 1)− w1(k + 1). (29)

选择如下的虚拟控制律:

a1(k) =

1

g1(k)
{−k1

z1(k) + ẑ1(k + 1)

2
+



1170 控 制 理 论 与 应 用 第 37 卷

[w1(k + 1)− w1(k)]− θ̂1(k)f1(k)−

tanh(
z1(k) + ẑ1(k + 1)

2χ
)
ξ̂1(k) + ξ̂1(k + 1)

2
},

(30)

其中: ξ̂1(k)是对ξ1(k)=(θ1−θ̂1(k))f1(·)−[w1(k+1)

− w1(k)]的估计, χ是一个正实数, 可取0.1 ∼ 0.5, Ξ
是一个正常数增益, 取5 ∼ 20.

选择候选李雅普诺夫函数为

Vz1(k) =
1

2
z21(k),

∆Vz1(k) =

1

2
(z21(k + 1)− z21(k)) =

1

2
(z1(k + 1) + z1(k))(z1(k + 1)− z1(k)) =

1

2
(z1(k+1)+z1(k))[(θ1(k)f1(k)+g1(k)x2(k))−

w1(k + 1) + w1(k)]. (31)

代入z2(k) = x2(k)− a1(k)与式(30), 式(31)改写为

∆Vz1(k) =

1

2
(z1(k + 1) + z1(k)) ·

(θ̃1(k)f1(k) + g1(k)z2(k))−
1

2
(ẑ1(k + 1) + z1(k) + z̃1(k + 1)) ·

[k1
ẑ1(k + 1) + z1(k)

2
+
ξ̂1(k) + ξ̂1(k + 1)

2
·

tanh(
ẑ1(k + 1) + z1(k)

2χ
)]. (32)

考虑到tanh函数的特性

0 6 |a| − a× tanh(
a

χ
) 6 0.2785χ, (33)

代入式(32), 得到

∆Vz1(k) 6
1

2
(z1(k + 1)+z1(k))(θ̃1(k)f1(k) + ḡ1(k)z2(k))−

k1(
ẑ1(k + 1) + z1(k)

4
)2 +

1

2
(ẑ1(k + 1) + z1(k)) ·

[
ξ̃1(k)+ξ̃1(k+1)

2
tanh(

ẑ1(k+1)+z1(k)

2χ
)]+

0.2785χξ1−
1

2
z̃1(k+1){k1

ẑ1(k+1)+z1(k)

2
+

ξ̃1(k) + ξ̃1(k + 1)

2
tanh(

ẑ1(k + 1) + z1(k)

2χ
)}.

(34)

选择以下候选李雅普诺夫函数:

V1(k) =

Vz1(k) +
1

2Ξ1

ξ̃21(k) 6

1

2
(z1(k+1)+z1(k))(θ̃1(k)f1(k)+ḡ1(k)z2(k))−

k1(
ẑ1(k + 1) + z1(k)

4
)2 +

1

2
(ẑ1(k + 1) +

z1(k))
ξ̃1(k)+ξ̃1(k+1)

2
tanh(

ẑ1(k+1)+z1(k)

2χ
)+

0.2785χξ1 +
1

2Ξ1

(ξ̃21(k + 1)− ξ̃21(k))−

1

2
z̃1(k + 1)(k1

ẑ1(k + 1) + z1(k)

2
+

ξ̂1(k) + ξ̂1(k + 1)

2
tanh(

ẑ1(k + 1) + z1(k)

2χ
)),

(35)

∆V1(k) 6
1

2
(z1(k+1)+z1(k))(θ̃1(k)f1(k)+g1(k)z2(k))−

k1(
ẑ1(k + 1) + z1(k)

2
)2 + 0.2785χξi −

1

2
z̃1(k + 1)[k1

ẑ1(k + 1) + z1(k)

2
+

ξ̂1(k) + ξ̂1(k + 1)

2
tanh(

ẑ1(k + 1) + z1(k)

2χ
)] +

ξ̂1(k) + ξ̂1(k + 1)

2
[
ξ̃1(k + 1)− ξ̃1(k)

Ξ1

+

tanh(
ẑ1(k + 1) + z1(k)

2χ
)
1

2
(ẑ1(k + 1) + z1(k))].

(36)

ξ̂1(k)的更新律如下:

ξ̂1(k + 1) =

ξ̂1(k) + Ξ1[
z1(k) + ẑ1(k + 1)

2
·

tanh(
z1(k) + ẑ1(k + 1)

2χ
)− δξ1 ξ̂1(k)], (37)

其中的δξ1是一个足够小的正常数, 可取0.1 ∼ 0.5, 目
的是增强对状态、参数估计时的误差的鲁棒性. 一步

迭代后的虚拟控制律为

a1(k + 1) =

1

ĝ1(k + 1)
[−k1

ẑ1(k + 1) + ẑ1(k + 2)

2
+

w1(k + 2)− w1(k + 1)− θ̂1(k + 1)f̂1(k + 1)−
ξ̂1(k + 1) + ξ̂1(k + 2)

2
·

tanh(
ẑ1(k + 1) + ẑ1(k + 2)

2χ
)], (38)
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ki(i=1, · · ·, n), k1为控制增益, 可取5∼20. 由Yang
不等式有

−δξ1
ξ̃1(k) + ξ̃1(k + 1)

2
ξ̂1(k) 6

−δξ1
2
[
ξ̃1(k) + ξ̃1(k + 1)

2
]2 +

δξ1ξ
2
1

2
. (39)

步步步骤骤骤 2 (2 6 i 6 n− 1) 令

wi(k) = ai−1(k), (40)

wi(k + 1) = ai−1(k + 1), (41)

zi(k) = xi(k)− wi(k), (42)

虚拟控制律为

ai(k) =

1

gi(k)
(−ki

zi(k) + ẑi(k + 1)

2
−

ĝi−1(k + 1)

1

zi−1(k) + ẑi−1(k + 1)

2
−

θ̂i(k)fi(k) +
wi(k + 1)− wi(k)

τi
−

ξ̂i(k) + ξ̂i(k + 1)

2
tanh(

zi(k) + ẑi(k + 1)

2χ
)),

(43)

τ是时间常数, 与时间步长相关, 一般取1.

选择候选李雅普诺夫函数:

Vzi(k) =
1

2
z2i (k),

∆Vzi(k) 6
1

2
(zi(k+1)+zi(k))[θ̃i(k)fi(k)+gi(k)zi+1(k)−

gi−1(k)
zi−1(k) + ẑi−1(k + 1)

2
]−

ki(
ẑi(k + 1) + zi(k)

2
)2+0.2785χξi +

ki
4
z̃i(k + 1)(ẑi(k + 1) + zi(k))−

1

4
[ĝi−1(k+1)(zi(k+1)+zi(k))(ẑi−1(k+1)+

zi−1(k))] +
1

2
[(zi(k + 1) + zi(k)− z̃i(k + 1)) ·

ξ̃i(k) + ξ̃i(k + 1)

2
tanh(

ẑi(k + 1) + zi(k)

2χ
)]. (44)

选取李雅普诺夫函数:

Vi(k) = Vzi(k) +
1

2Ξi

ξ̃2i (k),

∆Vi(k) 6
1

2
(zi(k+1)+zi(k))[θ̃i(k)fi(k)+gi(k)zi+1(k)−

gi−1(k)
zi−1(k) + ẑi−1(k + 1)

2
]
ξ̃i(k) + ξ̃i(k + 1)

2
·

{tanh( ẑi(k + 1) + zi(k)

2χ
) ·

(zi(k + 1) + zi(k))

2
+
ξ̃i(k + 1)− ξ̃i(k)

Ξi

}+

ki
4
z̃i(k + 1)[ẑi(k + 1) + zi(k)]−

1

4
ĝi−1(k+1)(zi(k+1)+zi(k))(ẑi−1(k+1)+

zi−1(k))−
1

2
z̃i(k + 1)[

ξ̂i(k) + ξ̂i(k + 1)

2
·

tanh(
ẑi(k + 1) + zi(k)

2χ
)] +

0.2785χξ − ki[
ẑi(k + 1) + zi(k)

2
]2, (45)

ξ̂i(k + 1) =

ξ̂i(k) + Ξi[
zi(k) + ẑi(k + 1)

2
·

tanh(
zi(k) + ẑi(k + 1)

2χ
)− δξi ξ̂i(k)], (46)

−δξi
ξ̃i(k)+ξ̃i(k + 1)

2
ξ̂i(k) 6

−δξi
2
(
ξ̃i(k)+ξ̃i(k + 1)

2
)2 +

δξiξ
2
i

2
. (47)

步步步骤骤骤 3 令

wn(k) = an−1(k), (48)

wn(k + 1) = an−1(k + 1), (49)

zn(k) = xn(k)− wn(k), (50)

选取控制律为

v(k) =

1

gn(k)
(−kn

zn(k) + zn(k + 1)

2
−

gn−1(k + 1)

gn(k)
[zn−1(k + 1) + zn−1(k)]−

ξ̂n(k) + ξ̂n(k + 1)

2
tanh(

zn(k) + zn(k + 1)

2χ
)−

θ̂n(k)fn(k) +
wn(k + 1)− wn(k)

τn
). (51)

候选李雅普诺夫函数:

Vn(k) =
1

2c
z2n(k) +

1

2Ξn

ξ̃2n,

∆Vn(k) 6
1

2
(zn(k + 1) + zn(k))[θ̃n(k)fn(k)−

gn−1(k + 1)

gn(k)

zn−1(k) + ẑn−1(k + 1)

2
] +

ξ̃n(k) + ξ̃n(k + 1)

2
[
ξ̃n(k + 1)− ξ̃n(k)

Ξn

+
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tanh(
ẑn(k + 1) + zn(k)

2χ
)
(zn(k + 1) + zn(k))

2
] +

0.2785χξi −
ĝn−1(k + 1)(zn(k + 1) + zn(k))

4
·

(ẑn−1(k + 1) + zn−1(k))−
1

2
z̃n(k + 1) ·

[
ξ̂n(k) + ξ̂n(k + 1)

2
tanh(

ẑn(k + 1) + zn(k)

2χ
)] +

kn
4
z̃n(k + 1)(ẑn(k + 1) + zn(k))−

kn(
ẑn(k + 1) + zn(k)

2
)2, (52)

ξ̂n(k + 1) =

ξ̂n(k) +Ξn[
zn(k) + zn(k + 1)

2
·

tanh(
zn(k) + zn(k + 1)

2χ
)− δξn ξ̂n(k)]− (53)

δξn
ξ̃n(k) + ξ̃n(k + 1)

2
ξ̃n(k) 6

−δξn
2
(
ξ̃n(k) + ξ̃n(k + 1)

2
)2 +

δξnξ
2
n

2
. (54)

选取总体李雅普诺夫函数:

V (k) =
n∑

j=1

Vj. (55)

代入式(36)−(39)(46)−(47)(52)−(54):

∆V (k) 6
n∑

i=1

[
1

2
(zi(k + 1) + zi(k))(θ̃i(k)fi(k))] +

n∑
i=1

0.2785χξi +
n∑

i=1

[−δξi
2
(
ξ̃i(k) + ξ̃i(k + 1)

2
)2 +

δξiξ
2
i

2
] +

n∑
i=1

ki
4
z̃i(k + 1)(ẑi(k + 1) + zi(k))−

n∑
i=1

1

2
z̃i(k + 1)[

ξ̂i(k) + ξ̂i(k + 1)

2
·

tanh(
ẑi(k + 1) + zi(k)

2χ
)]−

n∑
i=1

ki(
ẑi(k + 1) + zi(k)

2
)2, (56)

∆V (k) 6 −γV (k) + η, (57)

γ = min
i=1,··· ,n−1;
j=1,··· ,n


2ki
2ckn
δξjΞj

 , (58)

η ,
n∑

i=1

1

2
(zi(k) + zi(k))(θ̃i(k)fi(k)) +

n∑
i=1

ki
4
z̃i(k + 1)(ẑi(k + 1) + zi(k + 1))−

n∑
i=1

1

2
z̃i(k + 1)[

ξ̂i(k) + ξ̂i(k + 1)

2
·

tanh(
ẑi(k + 1) + zi(k)

2χ
)] +

n∑
i=1

δξiξ
2
i

2
+

n∑
i=1

0.2785χξi. (59)

由式(11)可知, 式(59)中的状态估计误差与参数辨识

误差趋于0. 式(59)可改写为

η ,
n∑

i=1

0.2785χξi +
n∑

i=1

δξiξ
2
i

2
. (60)

由Razumikhin引理和(57)−(58)(60)可知: 该闭环

系统中的信号均是半全局一致最终有界的.

4 仿仿仿真真真研研研究究究

4.1 数数数值值值仿仿仿真真真

考虑如下的输入具有非对称饱和特性的非线性连

续时间系统[36]:
ẋ1 = θ1x1 cosx1 + (1 + 0.1x2

1)x2,

ẋ2 = θ2x1x
2
2 + (2 + cos(x1x2))u(v),

y = x1.

(61)

对其进行离散化采样, 得到如下的输入具有非对称饱

和特性的非线性离散时间系统:

x1(k + 1) =

x1(k) +Dt× [θ1(k)x1(k) cos(x1(k))+

(1 + 0.1x2
1(k))x2(k)],

x2(k + 1) =

x2(k) +Dt× {θ2(k)x1(k)x
2
2(k)+

[2 + cos(x1(k)x2(k))]u(v(k))},
y(k) = x1(k),

(62)

其中: umax = 40; umin = −45; Dt为系统采样时间;
θ = [θ1, θ2] = [2,−1], θi ∈ [−3, 3], i = 1, 2; 单控制

器模型初值选取为[3,−3]; MMSLA共建立3个模型,
初值分别为[3, 3], [−3, 2], [3,−3]. 不失公平性, 组合

系数初始值为[0.05, 0.05, 0.9], 虚拟模型的初始值接

近单控制器模型的初始值.
参考信号为

yr = 2(sin t+ sin(0.5t)). (63)

各控制器的设计参数选取如下:

Dt = 0.01 s, τ2 = Dt, k1 = 5Dt, k2 = 5Dt,

P (0) = 10, Ξ1 = Ξ2 = 10, χ = 0.5, µ = 0.7,

δξ1 = δξ2 = 0.2, ξ̂1(0) = 0, ξ̂2(0) = 0,

[x1(0) x2(0)]
T = [0.03 3]T.

针对未知参数p1, p2, 模型的初值分别为[3,−3,
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3], [3, 2,−3]. 实际对p1, p2的辨识模型数量分别为2,
3个, 如图2−3所示.

图 2 MMSLA控制器未知参数1辨识

Fig. 2 Parameter 1 identification

图 3 MMSLA控制器未知参数2辨识

Fig. 3 Parameter 2 identification

多模型与单个模型的差别仅在辨识上, 多模型一

阶段的参数辨识是各自独立的. 由文献[34–35]有: 单
步计算量为 4mn2 + 4m2n+ 2mn−m2 +m+ 2.
其中m, n为系统矩阵维度. 凸组合系数计算的矩阵维

度相比于系统矩阵要低一个维度, 其计算复杂度为

O(n2). 多模型单步整体计算量为O(N ∗ (4mn2 +

4m2n+ 2mn−m2 +m+ 2)+con
2), 其中co是凸组

合计算复杂度的常系数. 理论上MMSLA 单步计算量

小于单个模型的N+1倍. 考虑到MMSLA能更快地收

敛[32–33], 参数收敛后若系统是时不变的, 仅需要计算

控制信号即可. 针对系统(60), 计算复杂度的比较见

表1.

表 1 计算复杂度比较
Table 1 Computational complexity comparison

模型计算量N 收敛时间T /s T ×N /s

单模型 1 9.92 9.92
MMSLA 2 + 1 = 3 1.71 5.13

当m,n 6 3时, 针对较大范围不确定参数,
MMSLA计算效率优于单个模型. 当系统更为复杂、

未知参数范围越大时, 多模型占用的计算资源会越多.
但是单个模型的收敛时间T也会快速增长, 同时, 还需

忍受长时间的较差的暂态响应以及控制信号不匹配

下可能出现的不稳定情况. 长远来看, 多个模型是值

得的.

从图4−5中, 可以看出, MMSLA控制下的系统对

于跟踪所给定的信号具有较小的误差, 暂态性能也更

好. 控制信号的饱和特性如图6−7所示. 图8显示, 误
差是有界的, 并最终收敛到一个充分小的紧集. 图
2−3、图9−10显示了未知参数的辨识, 因MMSLA对

未知参数的辨识收敛更快. 施加的控制信号更加合适,
能够使得系统输出更快更好地跟踪参考信号. 综上,
本文提出的控制策略能够产生一个有界的控制信号,
满足非对称饱和特性, 跟踪所给定的参考信号并有着

相比于传统控制器更为优良的性能.

图 4 单控制器系统输出

Fig. 4 Output of single controller

图 5 MMSLA控制器系统输出

Fig. 5 Output of MMSLA controller

图 6 单控制器系统输入

Fig. 6 Input of single controller
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图 7 MMSLA控制器系统输入

Fig. 7 Input of MMSLA controller

图 8 系统误差对比

Fig. 8 Error in output comparison

图 9 单控制器未知参数1辨识

Fig. 9 Parameter 1 identification

图 10 单控制器未知参数2辨识

Fig. 10 Parameter 2 identification

4.2 船船船舶舶舶仿仿仿真真真研研研究究究

为了验证本文所提自适应控制器的实用性, 在船

舶航向控制系统中进行仿真研究应用. 船舶运动的几

何学在坐标系(X0, Y0)中定义, 而船舶本身的运动在

与船舶固定的相对坐标系(x, y)中描述. 船舶的运动

如图11所示.

图 11 船舶运动坐标系

Fig. 11 Ship motion coordinate system

系统中, 被控参数为航向ψ(t), 控制参数为舵角

δ(t). 从牛顿动力学定律出发, 推导了描述船舶动力特

性的方程. 假设大型排水船(如油轮)的横向运动可以

忽略. 船舶的动力学特性的数学模型采用了Astrom
与Wittenmark(1989)给出的游轮的模型, 为非线性三

阶微分方程[37].
...
Ψ(t) + (

1

T1

+
1

T2

)Ψ̈(t) +
1

T1T2

H(Ψ̇(t)) =

K

T1T2

(T3δ̇(t) + δ(t)), (64)

H(Ψ̇(t)) = αΨ̇ 3(t)+βΨ̇(t), (65)

其中: K = K0(
u

L
); Ti = Ti0(

L

u
), i = 1, 2, 3, u是船

舶纵向速度(m/s), L是船舶的长度(m); α = β = 1.
船舶在u = 5m/s, L = 350m下测得的模型参数为:

游轮空载时:

K0=5.88, T10=−16.91, T20=0.45, T30=1.43;

(66)

游轮满载时:

K0=0.83, T10=−2.88, T20=0.38, T30 = 1.07.

(67)

对于大多数船舶来说, 航向角和其速度变化都需

保持在一定范围内. 对于这一假设, 转向机的动态特

性由式(68)给出:

δ̇(t) =
KR

TR

δz(t)−
1

TR

δ(t), (68)

式中: TR = 156 s, KR = 96◦.

模型(64)可被改写为

T Ψ̈(t) +HN(Ψ̇(t))= Kδ(t), (69)

其中: T =T0(
L

u
), T0 = T10 + T20 − T30.



第 5 期 吴伟等: 输入饱和的非线性系统多模型二阶段自适应控制器设计 1175

转化为状态方程:

ẋ1(t) = x2(t),

ẋ2(t) = − 1

T
HN(x2(t))+x3(t),

ẋ3(t) = − 1

TR

x3(t) +
KR

TR

u(t).

(70)

将其进行离散化, 得到

x1(k + 1) = x1(k) + ∆Tx2(k),

x2(k + 1) =

x2(k) + ∆T [− 1

T
HN(x2(k)) + x3(k)],

x3(k + 1) =

x3(k) + ∆T [− 1

TR

x3(k) +
KR

TR

u(k)],

(71)

∆T为采样时间, T, TR, KR为未知参数.

在船舶满载的情况下, 得到的仿真结果如图

12−19所示. 由图13−15可知, MMSLA比单个自适应

模型能更快地收敛. 对比图12与图16, 本文的控制方

法所需的控制信号幅值相比于单个模型大大减小了,
单模型控制器至少需要35◦, 而MMSLA仅需要20◦.
由图12, 16, 19可知, 两种控制器在初期存在一定范围

的振荡, 但是MMSLA能更快的稳定下来, 暂态误差更

小.

图 12 单模型控制器系统控制信号

Fig. 12 Input of single model controller

图 13 MMSLA控制器未知参数1辨识

Fig. 13 Identification of unknown parameter 1

图 14 MMSLA控制器未知参数2辨识

Fig. 14 Identification of unknown parameter 2

图 15 MMSLA控制器未知参数3辨识

Fig. 15 Identification of unknown parameter 3

图 16 MMSLA控制器系统控制信号

Fig. 16 Input signal of MMSLA controller

图 17 单模型控制器系统输出

Fig. 17 Output of single model controller
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图 18 MMSLA控制器系统输出

Fig. 18 Output of MMSLA controller

图 19 跟踪误差对比

Fig. 19 Comparison of tracking error

5 结结结论论论

本文针对一类执行器非对称饱和的非线性离散时

间系统设计了多模型二阶段控制器. 首先根据状态误

差对参数进行第1次辨识, 在第2阶段, 基于辨识误差

依指数收敛的性质确定了凸组合系数, 将多个模型组

合为一个虚拟模型, 在保证李雅普诺夫稳定的前提下,
基于虚拟模型设计控制器, 并证明系统的信号为半全

局一致最终有界. 最后, 仿真研究表明, 本文设计的控

制器加快了参数的收敛, 多个模型信息充分利用, 改
善了系统的暂态性能.

参参参考考考文文文献献献:
[1] SUN L, HUO W, JIAO Z. Adaptive backstepping control of space-

craft rendezvous and proximity operations with input saturation and
full-state constraint. IEEE Transactions on Industrial Electronics.
2017, 64(1): 480 – 492.

[2] ZHAI D H, XIA Y. Adaptive control for teleoperation system with
varying time delays and input saturation constraints. IEEE Transac-
tions on Industrial Electronics, 2016, 63(11): 6921 – 6929.

[3] YANG Qingyun, CHEN Mou, WU Qingxian. Fault-tolerant attitude
control for near space vehicles with input saturation. Control Theory
& Applications, 2016, 33(11): 1449 – 1456.
(杨青运, 陈谋, 吴庆宪. 考虑输入饱和的近空间飞行器姿态容错控

制. 控制理论与应用, 2016, 33(11): 1449 – 1456.)

[4] SUN J, LIU C. Finite-horizon differential games for missile–target
interception system using adaptive dynamic programming with input
constraints. International Journal of Systems Science, 2018, 49(2):
264 – 283.

[5] LIN W. Input saturation and global stabilization of nonlinear systems
via state and output feedback. IEEE Transactions on Automatic Con-
trol, 1995, 40(4): 776 – 782.

[6] CHEN B M, LEE T H, PENG K, et al. Composite nonlinear feedback
control for linear systems with input saturation: theory and an appli-
cation. IEEE Transactions on Automatic Control, 2003, 48(3): 427 –
439.

[7] VENKATARAMANAN V, KEMAO P, CHEN B M, et al. Design
and implementation of discrete-time composite nonlinear feedback
law for a hard disk drive. Proceedings of the 40th IEEE Conference
on Decision and Control. Orlando, FL, USA: IEEE, 2001, 5: 4687 –
4692.

[8] DA SILVA J M G, LIMON D, ALAMO T, et al. Dynamic output
feedback for discrete-time systems under amplitude and rate actuator
constraints. IEEE Transactions on Automatic Control, 2008, 53(10):
2367 – 2372.

[9] HU T, LIN Z, CHEN B M. Analysis and design for discrete-time
linear systems subject to actuator saturation. Proceedings of the 40th
IEEE Conference on Decision and Control. Orlando, FL, USA: IEEE,
2001, 5: 4675 – 4680.

[10] SAWADA K, KIYAMA T. A design procedure of discrete-time track-
ing control systems with actuator saturation. Proceedings of SICE An-
nual Conference 2010. Taipei, China: IEEE, 2010, 1: 637 – 641.

[11] CASTELAN E B, LEITE V J S, MIRANDA M F, et al. Synthesis of
output feedback controllers for a class of nonlinear parameter-varying
discrete-time systems subject to actuators limitations. Proceedings of
the 2010 American Control Conference. Baltimore, MD: IEEE, 2010,
1: 4235 – 4240.

[12] MENG X, LI L. Control of a class of nonlinear systems in the p-
resence of actuator saturation. 2009 Chinese Control and Decision
Conference. Guilin, China: IEEE, 2009, 1: 454 – 457.

[13] SUN S, FEI Y, DONG L, et al. On the stability of discrete-time non-
linear systems with uncertainties. 2009 Chinese Control and Decision
Conference. Guilin, China: IEEE, 2009, 1: 4978 – 4980.

[14] OOBA T. Stability of discrete-time systems joined with a saturation
operator on the state-space. IEEE Transactions on Automatic Control,
2010, 55(9): 2153 – 2155.

[15] SUN L Y. Parallel simultaneous stabilization of a class of nonlinear
descriptor systems with actuator saturation. The 2015 34th Chinese
Control Conference (CCC). Hangzhou, China: IEEE, 2015: 856 –
860.

[16] ZHAO B, JIA L, XIA H, et al. Adaptive dynamic programming-based
stabilization of nonlinear systems with unknown actuator saturation.
Nonlinear Dynamics, 2018, 93(6): 1 – 15.

[17] YU Z, LI S, YU Z. Adaptive neural control for a class of pure-
feedback nonlinear time-delay systems with asymmetric saturation
actuators. Neurocomputing, 2016, 173(3): 1461 – 1470.

[18] DONG Y, YU Z, LI S, et al. Adaptive output feedback tracking
control for switched non-strict-feedback non-linear systems with un-
known control direction and asymmetric saturation actuators. IET
Control Theory & Applications, 2017, 11(15): 2539 – 2548.

[19] WANG C, LIANG M. Adaptive nn tracking control for nonlinear
fractional order systems with uncertainty and input saturation. IEEE
Access, 2018, 6(1): 70035 – 70044.

[20] SHAO L, YI Y, LIU B, et al, Neural network modeling-based anti-
disturbance tracking control for complex systems with input satu-
ration. The 2018 37th Chinese Control Conference (CCC). Wuhan,
China: IEEE, 2018, 1: 709 – 713.

[21] YE H. Stabilization of uncertain feedforward nonlinear systems with-
application to under-actuated systems. IEEE Transactions on Auto-
matic Control, 2019, 64(8): 3484 – 3491.



第 5 期 吴伟等: 输入饱和的非线性系统多模型二阶段自适应控制器设计 1177

[22] DEOLIA V K, PURWAR S, SHARMA T N. Control of discrete-time
nonlinear systems using backstepping technique in the presence of
saturation and dead-zone constraints. The 2012 Fourth International
Conference on Computational Intelligence and Communication Net-
works. Mathura, India: IEEE, 2012, 1: 594 – 599.

[23] SMAEILZADEH S M, GOLESTANI M. Finite-time fault-tolerant
adaptive robust control for a class of uncertain non-linear systems
with saturation constraints using integral backstepping approach. IET
Control Theory & Applications, 2018, 12(15): 2109 – 2117.

[24] MA J, GE S S, ZHENG Z, et al, Adaptive nn control of a class of
nonlinear systems with asymmetric saturation actuators. IEEE Trans-
actions on Neural Networks and Learning Systems, 2015, 26(7): 1532
– 1538.

[25] WANG M, ZOU Y. Adaptive neural control of a class of pure-
feedback nonlinear systems with full state constrains. The 2018 37th
Chinese Control Conference (CCC). Wuhan, China: IEEE, 2018, 1:
2729 – 2734.

[26] ZERARI N, CHEMACHEMA M, ESSOUNBOULI N. Neural net-
work based adaptive tracking control for a class of pure feedback
nonlinear systems with input saturation. IEEE/CAA Journal of Auto-
matica Sinica, 2019, 6(1): 278 – 290.

[27] LOUKIANOV A. G, NAVARRETE-GUZMáN A, RIVERA J. Adap-
tive discrete time sliding mode control for a class of nonlinear sys-
tems. The 2018 15th International Workshop on Variable Structure
Systems(VSS). Graz, Austria: IEEE, 2018, 1: 67 – 72.

[28] WANG Ruifen, JIA Tinggang, NIU Yugang. Sliding-mode control
for uncertain systems with input saturation. Control Theory & Appli-
cations, 2011, 28(9): 1154 – 1158.
(王瑞芬, 贾廷纲, 牛玉刚. 一类控制输入饱和受限的不确定系统滑

模控制. 控制理论与应用, 2011, 28(9): 1154 – 1158.)

[29] LI Y, TONG S, LI T. Composite adaptive fuzzy output feedback con-
trol design for uncertain nonlinear strict-feedback systems with input
saturation. IEEE Transactions on Cybernetics, 2015, 45(10): 2299 –
2308.

[30] XU B, SHI Z, YANG C, et al. Composite neural dynamic surface con-
trol of a class of uncertain nonlinear systems in strict-feedback form.
IEEE Transactions on Cybernetics, 2014, 44(12): 2626 – 2634.

[31] HE Y, CHEN B. M, LAN W. On improving transient performance in
tracking control for a class of nonlinear discrete-time systems with in-

put saturation. IEEE Transactions on Automatic Control, 2007, 52(7):
1307 – 1313.

[32] PANDEY V K, KAR I, MAHANTA C. Multiple models and second
level adaptation for a class of nonlinear systems with nonlinear pa-
rameterization. The 2014 9th International Conference on Industrial
and Information Systems (ICIIS). Gwalior, India: IEEE, 2014, 1: 1 –
6.

[33] PANDEY V K, KAR I, MAHANTA C. Controller design for a class
of nonlinear mimo coupled system using multiple models and second
level adaptation. ISA Transactions, 2017, 69(1): 256 – 272.

[34] DING Feng. Computational efficiency of the identification methods.
Part A: Recursive algorithms. Journal of Nanjing University of In-
formation Engineering (Natural Science Edition), 2012, 4(4): 289 –
300.
(丁锋. 辨识方法的计算效率(1): 递推算法. 南京信息工程大学学

报(自然科学版), 2012, 4(4): 289 – 300.)

[35] DING Feng. Complexity, convergence and computational efficien-
cy for system identification algorithms. Control and Decision, 2016,
31(10): 1729 – 1741.
(丁锋. 系统辨识算法的复杂性、收敛性及计算效率研究. 控制与决

策, 2016, 31(10): 1729 – 1741.)

[36] MA J, GE S S, ZHENG Z, et al. Adaptive nn control of a class of
nonlinear systems with asymmetric saturation actuators. IEEE Trans-
actions on Neural Networks and Learning Systems, 2015, 26(7): 1532
– 1538.

[37] WITKOWSKA A, TOMERA M, SMIERZCHALSKI R. A backstep-
ping approach to ship course control. International Journal of Applied
Mathematics and Computer Science, 2007, 17(1): 73 – 85.

作者简介:
吴吴吴 伟伟伟 硕士研究生, 目前研究方向为多模型自适应控制, E-

mail: 534808524@qq.com;

王王王 昕昕昕 副教授, 博士, 目前研究方向为多模型控制与优化, E-

mail: wangxin26@sjtu.edu.cn;

王王王振振振雷雷雷 教授, 博士生导师, 目前研究方向为智能优化与控制策

略, E-mail: wangzhen l@ecust.edu.cn.


