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Abstract: The study proposed an optimal strategy for controlling temperature field based on PDE model (Partial D-
ifferential Equation, PDE) in order to resolve non-uniformed diameters during crystal growth resulted by heterogeneity
of phase-transition temperature field at solid-liquid interface for Czochralski monocrystalline silicon. In considering the
influences brought by growth rate fluctuations, an improved lift-pull kinetic model was set up with dynamic relation been
determined for the evolving domain boundary. Since the study was on the basis of the parabolic PDE temperature model
of convection- diffusion process in time-varying spatial domain, it described one-way coupling of domain movement in
convection- diffusion system. As for controlling difficulties occurred when modelling infinite distributed parameter sys-
tem, the study adopted spectral method for system approximation. Within which, spatial primary functions that are global
and orthogonal in the entire spatial domain were selected; thus, dimension reduction was performed to infinite-dimension
system by taking Galerkin method so as to obtain approximation model of the system. Then, linear quadratic type method
was applied to control crystal growth temperature, and simulation experiment was conducted for verifying phase-transition
temperature field model. The results not only verify the effectiveness of the methods, but also show that the optimized mod-
el could stabilize crystal growth rate and reduce the problems of non-uniformed diameters for crystal growth; furthermore,
temperature in radial direction at solid-liquid interface is more well-distributed.
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1 ÚÚÚóóó

�.{)��»þ!�7ü¬´8c��N�¡

á��E�'�Eâ[1–2],�´ïþ¬N¬��­�
�I��.37ü¬)�L§¥,ÏLJ.$Ä3�C
.¡(=LN-¬N�.¡)?/¤�½�§Ý�,�â
¬N)��n[3],�C.¡§Ý|�þ!5û½
T
§Ý��­½5,´7ü¬þ!)�����y. ,

,�C§Ý|ÉJ.�Ý!\9ì§Ý!¬N^=Ú
l�^=�ó²ëþ�K���X9U!ÄUÚ�þ

Ñ$�G�
Cz,¥y�þ!5A�.

�c,�é�C§Ý|�þ!5¯K,3¬N)�
§Ýï��ïÄ¥,3L���.¡»�§ÝFÝÚ
¶�§ÝFÝ�Ó�^5Æ�,  �Ñ
J.�Ý
ÄåÆÏ�[4–6]. ,
,d.�Úå�(¬d9¤Úu
�9Ö¿é��.¡¶�§ÝFÝkXØ��À�

K�. Brown [7]ÚLan[8]©O�Ñ
�[�¬N)�

L§ï�ÚÄåÆ©Û�{,Ün�N�¬=Ú�=
ó²ëê,U
Jp��.¡§Ý�þ!5. ,
,�
X7ü¬)��»O�,9|º�O\,�¡ �C
z�Ï�Eé�C§Ý|�þ!5�)K�,l
Ú
å¬N�»ÅÄ.�dÓ�,LNSÜ9DÑÅnE
,,¬N)��»��XÚ¤äk�r��5!��
¢!Ø(½5A�,���ì�O�5(J[9–10]. Ïd,
l¬NSÜ9DÑÚ§Ý©Ù\ÃïÄÙ�»��

¯K´�k�å».Derby[11]�<ÏLïÄ�þÚU

þ²ï'Xïá
¬N�9DÑ�.,T�.��C
�m�þ� �©�§. Wang[12–13] �<ïÄ
Äu

­½§Ý|��`��ì,JÑ
�C�Úm��©
ÙªXÚ�­½����.. ,
,T�.£ã�¬
N§Ý���C��äkÃ¡�gdÝ,��þ´Ã
���,J±¼�)Û).Ó�,É¢S)�^���,
)�§ÝJ±¢�ÿþ,��O\
�»��JÝ.

�éù�¯K,éÃ��©ÙëêXÚ?1ü�
´©Û!̀ zÚ��)��»�k��{[14]. DÚ�
ü��{X�©{Úk��{�U���ê�~p

�Cq�.,¿Ø·^u©ÙëêXÚ�¯��ýÚ
��ì�O[15–17]. Ïd,ïÄÜn�ü��{5¼�
��O(�§Ý|�.´�©­��. �éþã¯K,
�©ïá�«ÄuPDE�.�§Ý|`z�.,T�
. æ ^ � � ~ � © � §(Ordinary Differential
Equation, ODE)£ã
Å�.Ä:Úå�>.üz,
�Ä)��ÇÅÄ��C�m�þ��Ô.PDE5
£ã¬N§Ý�Cz. ÄuPDEÃ���mþ¬N9
DÑ��C�.,æ^Ì�{ÚGalerkin�{¼�k

��Cq�.,±d5{z§ÝN!Ú�$Ä��¯
K�ê�¢y. æ^�5�g.éU?��§Ý�.
?1��,é'©Û
�C.¡§Ý©ÙÚ¬N)�
�»,l
�y�{�k�5.
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2.1 ¯̄̄KKK©©©ÛÛÛ

�â:"�3��.¡?��C§Ý|/¤nØ,
�C§Ý|�,���.ºÝdV/G'�û½, V�
¬N�J.�Ý, G���.¡�C¬Ný�
¶ � § Ý F Ý.�V/G' � � ±

30.134× (1± 10%)mm2/◦C ·min���,¬N�
3­½��C§Ý|¥)�,/¤Ã"���{7ü
¬[18]. ��C§Ý|Ø­½ÅÄ�LV/Gn���
�,¬Úå¬N)��ÇÅÄ¿�N3¬N�»)�
��»�Czþ. ¢S¥  ÏLJ.�Ý5N��
�.¡�C§Ý|�þï5,ù´du�»U
¯�
�A.�N!,
ÏL\9ì§ÝN!¬N�»�L
§¥,d\9ìD���.¡�9DÑÏ��3��
¢�,Ï
N!�Aú. Ïd,d)��ÇÅÄÚå�
J.�Ý�ÅÄ´��¬N�»ÅÄ����Ï.

��þ,�C§Ý|Ø­½ÅÄ��¡5gJ.
�Ýé§Ý©ÙK�,=¬NØä)�¦�¬N>.
u)Cz,K���.¡?�§Ý©Ù.,��¡L
N� Øäeü��9Ë�Or,K�
��.¡?
§Ý©Ù�þ!5. Ïd,ïá¬N)�L§J.Ä
åÆ�.�9DÑ�.�,I�?�Ú�Ä¬N)�
ÚLN� eüé�C§Ý|�K�,l
Uõ�C
§Ý|��þ!5.

2.2 JJJ...ÄÄÄåååÆÆÆ���...

�â¬N)��n,¬N)�L§÷v�þÅð
½ÆÚÚî1�½Æ,Xã1¤«.

ã 1 �.{¬N)�L§«¿ã

Fig. 1 Schematic diagram of the Czochralski crystal growth

progress
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©z[19]¥b���.¡²�,JÑÄu¬N)�
J.L§�ÄåÆ�.,T�.U
éÐ�£ãJ.
�^é¬N�»Ú¬N)��Ç�K�.�´,3¬
N)�L§¥,��.¡?9Ïþ¿Ø´�¤ØC�,
¬�X§Ý|�Cz
u)UC,l
K�¬N)�
�». d1.1©Û��,�¡ �eü¤Úå��C§
Ý|�þ!5´UC��.¡/G����Ï,X
ã1¤«,��.¡/Gà�¬N.�éù�¯K,Ï
Lïá�Äl�þ,�Ç�J.ÄåÆ�.,±�y
�¡ ��­½5Uõ�C§Ý|��þ!5,l

;�)��Ç�ÅÄ.

3¬N)�L§¥,�â�þÅð½Æ�
�:Mt = Ml +Mm +Ms, Mt�oÝ�þ, Ml �L

N�þ, Mm���¡��þ, Ms�¬N�þ. b�
3¬N)�L§¥Mmð½§KLN~���þ�u

¬NO\��þ,=:

−ρlπR2Ḣm = ρsπr
2ḣ1. (1)

Ù¥: ρl�7L��Ý, ρs�¬N�Ý, R�l��»,
r�¬N�», Ḣm�L�pÝCzÇ, ḣ1�¬N)�

�Ç.

�â¬N)�L§,��¬N�¶�)��ÇL
«�:

h1 = vp − vc − Ḣm. (2)

Ù¥: vp�¬NJ.�Ý,vc�l�þ,�Ý.�d
ª(3)��:

vc = kvp. (3)

Ù¥:k���'.

�.{7ü¬)�L§¥,�C.¡?Uþ�D
4ÚCzþ��K�.¡§Ý,l
K�)�.¡§
Ý�. ã1�Ñ
¬N)�L§¥��.¡�9þD
4L§. �â��.¡�UþÅð�§,��¬N)
��Ý�9þ�'X�:

Φh = Φs − Φl = πr2(t)ρc∆Hḣ1. (4)

Ù¥: ΦsL«BL��.¡?\¬N�9þ, ΦlL«

lLN?\��.¡�9þ, ΦhL«¬N(¬�º�

�d9, ∆H�¬N(¬�º��d9.þªL²,3
ü �mS�C.¡D4�¬N¥�9þ�uÏL

LND4��C.¡�9þÚ�CL§¥º��d

9�Ú.Ïd,F"�C.¡?k­½9þDÑÒ¿�
XΦs − Φl3¬N)�L§¥�±­½.

�âÚî1�½Æ��:
d (Msvp)

dt
= Fext(t). (5)

éáª(1) – (5),��J.ÄåÆ�.:

ẋ1(t) = x2(t),

ẋ2(t) = 1−k
ρsx3(t)

(
Fext(t)− ρsπC

(
x2(t)− ρsC

ρlR2

))
,

ẋ3(t) = πC.

(6)

¬N�»��ÑÑ,L�ª�:

r(t) = y(t) =

√
C

x2(t)
. (7)

Ù ¥: x1 = l(t), x2(t) = i(t) , x3(t) = Vs(t) ,

C = Φs − Φl
πρc∆H

,Ù�ûu��.¡�9Ïþ, C��

CzNy
��.¡�9þD4,U
�N��.¡
§Ý|�þ!5.

2.3 §§§ÝÝÝ|||`̀̀zzz���...

�âJ.ÄåÆ�.��
¬N>.üzÚ¬N

�)��Ç,ÏLé¬N)�ÄåÆA5�9DÑ�
ª�©Û,ª(8)£ã
3�C�m�þé6*ÑL§
�9DÑL§[16].

Pe
∂x(r, z, t)

∂t
= ∇ · kr∇x(r, z, t)−

PeV (r, z, t)
∂x(r, z, t)

∂z
.

(8)

Ù¥: x(r, z, t)L«¬N�§Ý, Pe �Peclet~ê,
krL«9D�Ç, VL«¬N)��Ý.�Ñ»�)�
�Ç,¿ÏL·���IC�,3Î�IXeª(8)�
±L«�:

∂x

∂t
=

1

r

∂

∂r

(
k0r

∂x

∂r

)
+ k0

∂2x

∂z2
− Vz(t)

∂x

∂z

= A(r, z, t)x.

(9)

Ù¥: k0 = kr/Pe ,Vz(t)L«¬N÷¶��)��
Ý, A(r, z, t)�éx(r, z, t)�ö���f.

Xã1¤«,\9ìu(t)�^3¬N�>.þ,¿
�3¬N)�L§¥,\9ì ��±ØC.¬N3
��.¡?(¬,��.¡?�§Ýð�¬N�L
:xf ,�3r = 0?Ã9þ��,¿b�3Ù{>.?
9Ïþ�",>.^��L«�:

x|z=l(t) = xf ; ∂x
∂r

∣∣∣
r=0

= 0

∂x
∂z

∣∣∣
z=0

= 0; ∂x
∂z

∣∣∣
z=(t)

= 0

∂x
∂r

∣∣∣
r=r(t)

= u(t)

(10)

Ù¥: r(t)L«¬N��», l(t)L«¬N�pÝ,u(t)
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L«\9ìÑ\.

dª(8)��,¬N�§Ý´�é�mÚ�m �
�¼ê,äkÃ¡�gdÝ,�  ØUÏLk��
G�?1¦). Ïd,I�éT�.?1ü�.

3 ¬¬¬NNN)))���§§§ÝÝÝ|||üüü���

�éÃ��©ÙëêXÚ�¦)¯K,æ^k�
��~�©�§£ã�XÚ5CqÃ��©Ùëê

XÚ.ÄkI�(½9DÑ�^�k�>.,=¬N
�»Ú�Ý�Cz. 3¬N)�L§¥,o´Ï"¬
N�»ð½,Ïd,��¬N�»cÙ­�.�©3J
.ÄåÆ�.Ú�»���Ä:þ(á9DÑ>.,
?�Úé9DÑ�.?1ü�.

3.1 999DDDÑÑÑ>>>...���(((ááá

�âª(6)Úª(7)¤«�¬NJ.ÄåÆ�.,é
Ñ\ÑÑ?1�5z,�½ÂFext(t)�:

Fext(t) =
2ρsπC

2

r(t)2
− ρ2

sπC

ρlR2
−

2Cρs (V0 + πCt)

r(t)3(1− k)
v(t).

(11)

�
�y�»�ýk�½�Ï"�Rd ,��ÆÀ
��: v = Ṙd −Ke ,Ù¥, Ṙd = 0, e = r(t)−Rd ,
K��N!�ëê,L«��ìOÃ,Ïd,3¬N)
�L§¥Xe����^�±�y�»­½3Rd,
=:

Fext(t) =
2ρsπC

2

r(t)2
− ρ2

sπC

ρlR2
−

2Cρs (V0 + πCt)

r(t)3(1− k)
(−K (r(t)−Rd)) .

(12)

3.2 PDE���...üüü������{{{
Äuþã�{(á�>.^�éPDE�.?1ü

�.Ì�{3���m�þÀJ�ÛÚ����mÄ
¼ê,�'�uk�ü�{��mlÑU
���ê
�$�Cq�.. Ì�{·^u�aU
?1¯úC
þ©l�XÚ,¯úCþ´��mÄ¼ê3�mªÇ
�¥�ü�^S  ´dú�¯,du¯CþéXÚ
��z��,Ïd,ÀJúC�mÄ¼ê=�÷vü
���¦. ¯úCþ�«©ÏLGalerkin�äOK5
�½.

Ì�{é�.ü��Ä�Ú½�:

1) À��mÄ¼ê,òXÚCþ3�mÄ¼êþ
Ðm;

�m�©�f�A�¼ê~^��mÄ¼ê[14],

éu�fA,Ù�A��ÚA�¼ê�m'X�:

AΦ(r, z, t) = λ(t)Φ(r, z, t). (13)

ª¥, λ�A��, Φ�A�¼ê,�ÏLª(14)é�
fA©lCþ?1¦)[19].

òXÚCþx(r, z, t)3�mÄ¼êþÐm,=:

x(r, z, t) =
∞∑

m,n=1

amn(t)ϕmn(r, z, t). (14)

éuª(9)Ú(10)¤£ã�XÚ,Ñ\��u(t)\

3 > . þ,¿ b � Ñ \ � � � ^ ¼ ê

�b (zc) = δ[zc−ε1,zc+ε1](z),T¼ê�LÑ\��^
��,Ù¥,ε1 > 0 ,ÏLæ^Drica delta¼êò>.�
�XÚ=z��Ù�d�©Ù��XÚ,KÑ\�
fB(t)�±½Â�:

B(t)u(t) =

∫
Ω

b (zc)ϕmn(1, z, t)u(t)drdz. (15)

(Üª(9)Úª(15)�±ò9DÑ�.��:
dx

dt
= A(t)x+ B(t)u(t). (16)

2) æ^Galerkin�{��£ãÐmXê�Ã��
~�©�§|;

Galerkin�{¥À���mÄ¼ê�Ó��­¼
ê¦XÚí���,¼�ÐmXê�Ã��~�©�
§|,P�:

ȧmn(t) = λmn(t)amn(t) + bmn(t)u(t). (17)

Ù¥:

bmn(t) =

∫
Ω

b (zc)ϕmn(1, z, t)ϕmn(r, z, t)drdz.(18)

Ù¥: mn = 1, 2, · · · ,∞ , λmnL«�fA�1mn�
A��.

3) ÏLk���ä��mÄ¼ênÜ��XÚ
�$�Cq�.;

�
éÃ¡�~�©�§ü�,I�âGalerkin�
änØ(½úC�mÄ¼ê��ê.Galerkin�äO
K[20] Xe:

é u © Ù ë ê X Ú, ReλjL « � ´ X

Ú � m � f A � �λj� ¢ Ü,
X J0 ≥ Reλ1 ≥ Reλ2 ≥ · · · ≥ Reλj ≥ · · · ,�
� 3k¦ � ÷ v|Reλ1| / |Reλk| = O(1) ,
|Reλk| / |Reλk+1| = O(ε) ,Ù¥, ε´��é���
¢ê,@oTXÚ�±ÏLA��©)¤�¹k�ú
A���k��Ü©ÚÙ{Ã¡�¯A���Ã

� � Ü ©,=σ(Ā) = σ1(Ā) + σ2(Ā),Ù ¥,
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σ1(Ā) = {λ1, · · · , λk} , σ2(Ā) = {λk+1, λk+2, · · · }.
b�3XÚ¶�Ú»�Ä¼êþ��ä�©O

�M , N ,�±òþãÃ¡�XÚL«�:

x(r, z, t) =
M∑
m=1

N∑
n=1

amn(t)ϕmn(r, z, t). (19)

ȧmn(t) = λmn(t)amn(t) + bmn(t)u(t). (20)

Ù¥: amn(t) = [a1(t), a2(t), · · · , amn(t)].

3.3 §§§ÝÝÝ������

éuXÚ��`��,�5�g.5U�IU

�Ð�o�XÚ�G�±9Ñ\Uþ�Ñ.Ïd,ò
�5�g.�`��A^u�ÔPDEXÚ$��.,
(Ü¬N�$Ä5{z¬N§ÝN!,��XÚ��
`Ñ\�§Ý©Ù.�O���`Ñ\u(t),¦Xe�
5U�I¼ê�����:

J =
1

2

∫ T

0

aT(t)Q(t)a(t) + uT(t)R(t)u(t)dt.(21)

Ù¥: QÚR��K½é¡Ú�½é¡�XêÝ
, a
�XÚ�G�. �¦5U�IJ��,�`Ñ\��:

u(t) = −R−1(t)BT(t)P (t)a(t)

= −K(t)a(t).
(22)

Ù¥, P (t)´Riccati�§�).

4 (((JJJ���©©©ÛÛÛ

�g�ý¢�êâ5g�¥%12=�7ü¬¬�
¢S.¬Á�,P¹
��¬N)�L§¥�»,)
��ÇÚ\9ìõÇ�êâ,æ��m�2s. À��
pÚ�»�ã10000��»êâ��¬N�ë��»,
Ù¥c1500�êâ��p�ã,Ù{êâ��»�
ã. �ýL§¥�Ð©G���ë�¢S¬N)�ê
â,XL1¤«,��.¥��'��ë�¢S¬N)
�¥��'.

L 1 �ýL§ëêÀ�
Table 1 Parameter selection of simulation process

ëê �

Ð©¬N�Ý 3.8cm

Ð©¬N�» 4.4cm

Ð©¬NNÈ 70.25cm3

Ð©)��Ç 0.0759cm/min

l��» 27.9cm

l��» 2340kg/m3

l��» 2530kg/m3

3¬N)�L§¥,��.¡9Ïþ��Cz. 3

Ø�Äl�þ,�, C��Cz�±w�§Ý|Cz
é��.¡9Ïþ�K�,Xã2¥C1¤«. 3�Ä
l�þ,�,dã2¥C2�Ñ
3�ý�ãC�Cz

­�.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

 / s

C

 

 

C1 改进前
C2 改进后

等径阶段放肩阶段

t

ã 2 ¬N)�L§��.¡C�Cz

Fig. 2 Change of C at solid-liquid interface during crystal

growth process

3¬N)��ØÓ�ã,��.¡9ÏþCzØ
Ó,�N3C�þ. �p�ã´¦¬N�»²w��
�ý��»�L§. dã2��,3�pcÏ, C��
p,�X¬N?\�»�ã, C�Ä��±ð½. �Ï
´3�pcÏ,)�.¡ål¬�ºÜål��,�
þ�9ÏLJ.\6Ñ,��.¡¶�§ÝFÝ�p,
C���.�X�»ØäO�,3�p�ã�¡Cz�
���ÑØO,b�6\��.¡9þØC,d
ª(4)��, ΦsÅì~�, C�Åì~�. 3�»�ã,
��.¡9Ïþ�é­½,¬N�±­½)�,ÎÜ
¬N)�ó²�¦,�y
�.��(5. dã2�
�, C2�ÅÄ��,`²�C§Ý|ÅÄ��,3�
»�ã�±�¡ �ØCk|uUõ��.¡�C

§Ý|�þ!5. Ïd,3¬N)�L§¥�Äl�
þ,�ÇU
k�/~���.¡eüÚå��C

§Ý|Cz.

�éU?cÚU?�ü«�.é¬N�»��?
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