
38 10

2021 10 Control Theory & Applications
Vol. 38 No. 10

Oct. 2021

1, 1†, 1, 2

(1. , 510006; 2. , 510641)

: (EGT) , . ,

, (ESE) ,

. , ; ,

, ESE ; , n- (n

> 1) , .

(RNP) . RNP

ESE . , . , EGT

, ,

.

: ; ; ; ; ;

: , , , . . ,

2021, 38(10): 1631 – 1661

DOI: 10.7641/CTA.2021.00464

Investigation on long-term evolutionarily stable equilibrium
characteristics of three-party multi-strategy game systems

CHENG Le-feng1, YANG Ru1†, WANG Xiao-gang1, YU Tao2

(1. School of Mechanical and Electrical Engineering, Guangzhou University, Guangzhou Guangdong 510006, China;

2. School of Electric Power Engineering, South China University of Technology, Guangzhou Guangdong 510641, China)

Abstract: Based on assumption of bounded rationality, evolutionary game theory (EGT) is closer to reality compared

with classical game theory. Focusing on general three-party multi-strategy evolutionary games, this paper attempts to sum-

marize their long-term evolutionarily stable equilibrium (ESE) characteristics. Fristly, general three-party two-strategy

symmetric and asymmetric evolutionary games are investigated. Then, the long-term ESE characteristics of more complex

three-party three-strategy asymmetric games are theoretically analyzed and verified. Further, the modeling idea and con-

vergence iteration method of general three-party n-strategy (n > 1) asymmetric evolutionary game are expounded and

summarized. During the study, relative net payoff (RNP) parameters are defined for various evolutionary games. Research

reveals that these games can spontaneously evolve toward an expected long-term ESE state by appropriately regulating

their RNP parameters. Finally, the effectiveness of the proposed methods is verified. Overall, the research models, meth-

ods and conclusions have certain universality, aiming at enriching EGT research, especially for three-party multi-strategy

evolutionary game issues, and providing some ideas for investigation of issues involving non-complete rational players.
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2S–AEG)
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,

n- (n > 1)

(three-party n-strategy asymmetric evolutionary
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. ,

,

.

,

, .

: 2 EGT

; 3
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2
2.1

( G )
[7–8],

:

G := {N ;Φ;U}, (1)

: N , G n , N =

{1, 2, · · · , i, · · · , n}, i ∈ N ; Φ , Φ =

{S1, S2, · · · , Si, · · · , Sn}, Si i ; U

, U = {U1, U2, · · · , Ui, · · · , Un}, Ui

i . ,
[8], 1 .

1

Table 1 Comparison between EGT and classical game theory

( (Nash equilibrium, NE))

ESE

, ESE ,

2.2
(1), n-

(three-party n-strategy evolutionary game, 3PnSEG),

, ,
[52]; ,

, ,

.

2.3
(evolutionarily stable strategy, ESS)

( )
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[53]. ESS ,

, ESS

Φ .

s1, s2 ∈ Φ, s1 �= s2, κ ∈ (0,

1) , s1 ESS.

f(s1, κ
′s1 + (1− κ′)s2) >

f(s2, κ
′s1 + (1− κ′)s2), (2)

∀κ′ ∈ (0, κ). f(·) (2)

,

, ,

(

). ,

, . f(·)

. ,

ESS (ESE).

ESE.

2.4
( RD )

,
[53–54]. i

Si s

xi(t), fi(s;x; t),

i fave(s; t), s RD

dxi(t)

dt
= xi(t)[fi(s;x; t)− fave(s; t)], (3)

(3) ( )

,

. ,

0 , s

, ESS.

, (3) si

( )

, xi(t)

. (3) si ( )

( ), si

( ) ; . ,

si ( ) ,

, .

,

. , ,
[3–4]:

ESS,

.

2.5
( )

[55–56]. (3)

RD ( )

( )

,

, ESS. ,

,

.

: ,

, ,

.

3

2 , [55] ,

,

(3P2S–SEG) (3P2S–

SEG) (3P3S–AEG)

n- (3PnS–AEG).

RNP , ESE

, .

3.1 (3P2S–SEG)
3.1.1

(3P2SEG),

A, B C . 3

, A, B C

ΦSA = {SA1, SA2}, ΦSB = {SB1, SB2},
ΦSC = {SC1, SC2},

: SA1 SA2, SB1 SB2, SC1 SC2

( ,

). , SA1 A

, SA2 A

( , ). A,

B C ,

SA1 SA2, SB1 SB2, SC1 SC2

A, B C ( ) x

1− x, y 1− y, z 1− z, x, y, z ∈ [0, 1]. ,

Ψ = [0, 1] × [0, 1] × [0, 1], xyz

,

, Ψ = {(x, y, z)|x ∈
[0, 1], y ∈ [0, 1], z ∈ [0, 1]}. , A, B

C 8 (

,
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NE,
[3–4],

),

Φ1 = (SA1, SB1, SC1), Φ2 = (SA1, SB1, SC2),

Φ3 = (SA1, SB2, SC1), Φ4 = (SA1, SB2, SC2),

Φ5 = (SA2, SB1, SC1), Φ6 = (SA2, SB1, SC2),

Φ7 = (SA2, SB2, SC1), Φ8 = (SA2, SB2, SC2),

i Φi (ai, bi, ci),

: i = 1, 2, · · · , 8, ai, bi, ci

( ) . , 3P2SEG

( ) (payoff matrix)

C

z 1− z

SC1 SC2

↓ ↓⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

A : SA1 → x →
B

{
y → SB1 →

1− y→ SB2 →

[
(a1, b1, c1) (a2, b2, c2)

(a3, b3, c3) (a4, b4, c4)

]
,

A : SA2 → 1− x →
B

{
y → SB1 →

1− y→ SB2 →

[
(a5, b5, c5) (a6, b6, c6)

(a7, b7, c7) (a8, b8, c8)

]
.

(4)

(4), 3P2S–SEG ,

a1 = a4, a2 = a3, a5 = a8, a6 = a7,

b1 = b6, b2 = b5, b3 = b8, b4 = b7,

c1 = c7, c3 = c5, c2 = c8, c4 = c6.

,

a1 = a4 = a, a2 = a3 = b, a5 = a8 = c,

a6 = a7 = d, b1 = b6 = e, b2 = b5 = f,

b3 = b8 = g, b4 = b7 = h, c1 = c7 = k,

c3 = c5 = l, c2 = c8 = p, c4 = c6 = q.

a, b, c, d, e, f, g, h, k, l, p q

. , 3P2S–SEG

(5) .

3.1.2 RNP
3P2S–SEG ,

RNP , 6 , 2 . RNP

1 , (a− c), B

SB1 C SC1 , A SA1

( :

A SA1

SA2 ,

(a− c)), B SB2 C

SC2 , A SA1 (

, A SA1

SA2

, (a− c)).

2 , RNP

, . , 6 RNP

, 6 RNP ,

A, B C 2

.

C

z 1− z

SC1 SC2

↓ ↓⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

A : SA1 → x →
B

{
y → SB1 →

1− y→ SB2 →

[
(a, e, k) (b, f, p)

(b, g, l) (a, h, q)

]
,

A : SA2 → 1− x →
B

{
y → SB1 →

1− y→ SB2 →

[
(c, f, l) (d, e, q)

(d, h, k) (c, g, p)

]
.

(5)

2 3P2S–SEG 6

Table 2 Six RNP parameters defined in the general 3P2S–SEG system

RNP RNP A B C

RNP 1 a− c A SA1 SA1

SB1 SC1

SB2 SC2

RNP 2 b− d A SA1 SA1

SB2 SC1

SB1 SC2

RNP 3 e− g B SB1 SB1

SA1 SC1

SA2 SC2

RNP 4 f − h B SB1 SB1

SA2 SC1

SA1 SC2

RNP 5 k − p C SC1 SC1

SA1 SB1

SA2 SB2

RNP 6 l − q C SC1 SC1

SA2 SB1

SA1 SB2
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3.1.3
2 , (5) (

) , 3P2S–SEG RD (

)⎧⎪⎪⎨
⎪⎪⎩
ẋ = x(1− x)[γ1γ(y, z) + γ2],

ẏ = y(1− y)[γ3γ(x, z) + γ4],

ż = z(1− z)[γ5γ(x, y) + γ6],

(6)

:

γ1 = a− b− c+ d, γ2 = a− c,

γ3 = e− f − g + h,

γ4 = e− g, γ5 = k − l − p+ q,

γ6 = k − p, γ(x, y) = 2xy − x− y,

γ(x, z) = 2xz − x− z, γ(y, z) = 2yz − y − z.

, RD

J3P2S–SEG

J3P2S–SEG =

⎡
⎢⎣J11 J12 J13

J21 J22 J23

J31 J32 J33

⎤
⎥⎦ , (7)

:

J11 = (1− 2x)[γ2 + γ1γ(y, z)],

J12 = x(1− x)(2z − 1)γ1,

J13 = x(1− x)(2y − 1)γ1,

J21 = y(1− y)(2z − 1)γ3,

J22 = (1− 2y)[γ4 + γ3γ(x, z)],

J23 = y(1− y)(2x− 1)γ3,

J31 = z(1− z)(2y − 1)γ5,

J32 = z(1− z)(2x− 1)γ5,

J33 = (1− 2z)[γ6 + γ5γ(x, y)].

, RD

, (a, b, c, d, e, f, g, h, k, l, p, q) = (8, 6,

3, 9, 7, 4, 3, 9, 9, 7, 5, 12), 1/4, 1/5, 1/6, 1/7,

1/8 1/9 , Ψ =

[0, 1] × [0, 1] × [0, 1] x, y z 0 1

, 125, 216, 343, 512, 729 1000

, Case 1 Case 6,

1(a) (f) . (x, y), (y,

z) (x, y, z) ,

ESS, .

(a) Case 1: 125

(b) Case 2: 216
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(c) Case 3: 343

(d) Case 4: 512

(e) Case 5: 729

(f) Case 6: 1000

1 3P2S–SEG (a, b, c, d, e, f, g, h, k, l, p, q) = (8, 6, 3, 9, 7, 4, 3, 9, 9, 7, 5, 12)

Fig. 1 Dynamic simulation results of long-term evolutionary equilibrium in the general 3P2S–SEG system when taking

(a, b, c, d, e, f, g, h, k, l, p, q) = (8, 6, 3, 9, 7, 4, 3, 9, 9, 7, 5, 12)
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2 3P2S–SEG 12

Fig. 2 Dynamic simulation results of long-term ESE of the general 3P2S–SEG system in 12 representative game situations

1 4

ESS, (0, 0, 1), (0, 1, 0), (1, 0, 0) (1, 1, 1),

ESE. [3–4], (2) ESS

,

,

,

(invade) ,

NE ( ,

NE ESS), NE.

[3–4]. , 3P2S–SEG

ESE ?

.

, RD ,

8 , ,

Υ3P2S–SEG =

{(x, y, z)|(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1),
(1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)}.

,

1/8 , (x, y, z) 0 1

, 729 , 12 (

Case 1 Case 12) (x, y, z)

, 2 . , t∈ [0, 10], Case

1 Case 8 Υ3P2S–SEG

ESS , Case 9 Case 11

1 2 4 ESS

, Case 12 ESE

.

ESE (

).

, Υ3P2S–SEG

J3P2S–SEG ,

. ,

(0, 0, 0) , 3 a− c, e− g, k− p;

(0, 0, 1) , 3 b− d, f −h, p− k;

(0, 1, 0) , 3 b− d, g − e, l − q;

(0, 1, 1) , 3 a− c, h− f , q − l;

(1, 0, 0) , 3 c− a, f − h, l− q;

(1, 0, 1) , 3 d− b, e− g, q − l;

(1, 1, 0) , 3 d− b, h− f , k− p;

(1, 1, 1) , 3 c− a, g− e, p− k.

, J3P2S–SEG 2 6

RNP ( ) .

, 6 RNP

64(= 26)

. 3 , × © �

, N1, N2

N3 8

.

3 , 6

RNP , : a− c, e− g,

k− p, b− d, f −h l− q. , + -
, ++++++

6 RNP , a − c > 0, e − g >

0, k − p > 0, b − d > 0, f − h > 0 l − q > 0.

3 : 3P2S–SEG

64 ESE , 64

384 ( ).

, 3

4 ESE, NE,

. 1/6 Ψ

(x, y, z) 0 1 , 3

( , Scenario 1

Scenario 64) 343 , 3

. .

3 :

3 ,

.
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3 3P2S–SEG

Table 3 Complete theoretical analysis results of long-term equilibrium for the general 3P2S–SEG system

(0, 0, 0) (0, 0, 1) (0, 1, 0) (0, 1, 1) (1, 0, 0) (1, 0, 1) (1, 1, 0) (1, 1, 1) N1 N2 N3

Scenario 1 ++++++ × © © © © © © � 1 1 6

Scenario 2 +++++- × © © © © © © � 1 1 6

Scenario 3 ++++-+ × © © © © © © � 1 1 6

Scenario 4 ++++-- × © © × � © © � 2 2 4

Scenario 5 +++-++ × © © © © © © � 1 1 6

Scenario 6 +++-+- × © � © © × © � 2 2 4

Scenario 7 +++--+ × � © © © © × � 2 2 4

Scenario 8 +++--- × � � × � × × � 4 4 0

Scenario 9 ++-+++ © × © © © © � © 1 1 6

Scenario 10 ++-++- © × © © © © � © 1 1 6

Scenario 11 ++-+-+ © © © © © © © © 0 0 8

Scenario 12 ++-+-- © © © × � © © © 1 1 6

Scenario 13 ++--++ © © © © © © © © 0 0 8

Scenario 14 ++--+- © © � © © × © © 1 1 6

Scenario 15 ++---+ © © © © © © © © 0 0 8

Scenario 16 ++---- © © � × � × © © 2 2 4

Scenario 17 +-++++ © © × © © � © © 1 1 6

Scenario 18 +-+++- © © © © © © © © 0 0 8

Scenario 19 +-++-+ © © × © © � © © 1 1 6

Scenario 20 +-++-- © © © × � © © © 1 1 6

Scenario 21 +-+-++ © © © © © © © © 0 0 8

Scenario 22 +-+-+- © © © © © © © © 0 0 8

Scenario 23 +-+--+ © � © © © © × © 1 1 6

Scenario 24 +-+--- © � © × � © × © 2 2 4

Scenario 25 +--+++ © × × © © � � © 2 2 4

Scenario 26 +--++- © × © © © © � © 1 1 6

Scenario 27 +--+-+ © © × © © � © © 1 1 6

Scenario 28 +--+-- © © © × � © © © 1 1 6

Scenario 29 +---++ © © © © © © © © 0 0 8

Scenario 30 +---+- © © © © © © © © 0 0 8

Scenario 31 +----+ © © © © © © © © 0 0 8

Scenario 32 +----- © © © × � © © © 1 1 6

Scenario 33 -+++++ © © © � × © © © 1 1 6

Scenario 34 -++++- © © © © © © © © 0 0 8

Scenario 35 -+++-+ © © © © © © © © 0 0 8

Scenario 36 -+++-- © © © © © © © © 0 0 8

Scenario 37 -++-++ © © © � × © © © 1 1 6

Scenario 38 -++-+- © © � © © × © © 1 1 6

Scenario 39 -++--+ © � © © © © × © 1 1 6

Scenario 40 -++--- © � � © © × × © 2 2 4

Scenario 41 -+-+++ © × © � × © � © 2 2 4

Scenario 42 -+-++- © × © © © © � © 1 1 6

Scenario 43 -+-+-+ © © © © © © © © 0 0 8

Scenario 44 -+-+-- © © © © © © © © 0 0 8

( )



1640 38

( )

(0, 0, 0) (0, 0, 1) (0, 1, 0) (0, 1, 1) (1, 0, 0) (1, 0, 1) (1, 1, 0) (1, 1, 1) N1 N2 N3

Scenario 45 -+--++ © © © � × © © © 1 1 6

Scenario 46 -+--+- © © � © © × © © 1 1 6

Scenario 47 -+---+ © © © © © © © © 0 0 8

Scenario 48 -+---- © © � © © × © © 1 1 6

Scenario 49 --++++ © © × � × � © © 2 2 4

Scenario 50 --+++- © © © © © © © © 0 0 8

Scenario 51 --++-+ © © × © © � © © 1 1 6

Scenario 52 --++-- © © © © © © © © 0 0 8

Scenario 53 --+-++ © © © � × © © © 1 1 6

Scenario 54 --+-+- © © © © © © © © 0 0 8

Scenario 55 --+--+ © � © © © © × © 1 1 6

Scenario 56 --+--- © � © © © © × © 1 1 6

Scenario 57 ---+++ � × × � × � � × 4 4 0

Scenario 58 ---++- � × © © © © � × 2 2 4

Scenario 59 ---+-+ � © × © © � © × 2 2 4

Scenario 60 ---+-- � © © © © © © × 1 1 6

Scenario 61 ----++ � © © � × © © × 2 2 4

Scenario 62 ----+- � © © © © © © × 1 1 6

Scenario 63 -----+ � © © © © © © × 1 1 6

Scenario 64 ------ � © © © © © © × 1 1 6

/ / / / / / / / / 64 64 384
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3 3P2S–SEG

Fig. 3 Complete dynamic simulation results of long-term equilibrium for the general 3P2S–SEG system in all game situations

, 3.1 3P2S–SEG

ESE : i)

8 , 4

ESS, ESE ; ii)

2 6 RNP

, RNP

ESE ; iii)

64 ,

64 ESE, 64 384

; iv) ,

ESE ,

( ),

.

3.2 (3P2S–SEG)
3.2.1

3P2S–SEG , (4) .

, RD :⎧⎪⎪⎨
⎪⎪⎩
ẋ = x(1− x)(χ1yz + χ2y + χ3z + χ4),

ẏ = y(1− y)(χ5xz + χ6x+ χ7z + χ8),

ż = z(1− z)(χ9xy + χ10x+ χ11y + χ12),

(8)

:

χ1 = a1 − a2 − a3 + a4 − a5 + a6 + a7 − a8,

χ2 = a2 − a4 − a6 + a8, χ3 = a3 − a4 − a7 + a8,

χ4 = a4 − a8,

χ5 = b1 − b2 − b3 + b4 − b5 + b6 + b7 − b8,

χ6 = b2 − b4 − b6 + b8, χ7 = b5 − b6 − b7 + b8,

χ8 = b6 − b8,

χ9 = c1 − c2 − c3 + c4 − c5 + c6 + c7 − c8,

χ10 = c3 − c4 − c7 + c8, χ11 = c5 − c6 − c7 + c8,

χ12 = c7 − c8.

, RD

J3P2S–AEG

J3P2S–AEG =

⎡
⎢⎣R11 R12 R13

R21 R22 R23

R31 R32 R33

⎤
⎥⎦ , (9)

:

R11 = (1− 2x)ϕ(y, z),

R12 = x(1− x)(χ2 + χ1z),

R13 = x(1− x)(χ3 + χ1y),

R21 = y(1− y)(χ6 + χ5z),

R22 = (1− 2y)	(x, z),

R23 = y(1− y)(χ7 + χ5x),

R31 = z(1− z)(χ10 + χ9y),

R32 = z(1− z)(χ11 + χ9x),

R33 = (1− 2z)ω(x, y),

ϕ(y, z) = χ4 + χ2y + χ3z + χ1yz,

	(x, z) = χ8 + χ6x+ χ7z + χ5xz,

ω(x, y) = χ12 + χ10x+ χ11y + χ9xy.

, (8) 1

, [0, 1] × [0, 1] × [0, 1].

3.2.2 RNP
(4), 3P2S–SEG

RNP , 12 , 4 . 4 2

RNP , (a1 − a5) (a3 − a7),

B SB1 SB2,

C SC1 , A SA1

. 10 RNP 4

, . , 12 RNP ,

12 RNP , A, B C

2 .

3.2.3
(8) 3P2S–SEG

, SA1, SB1 SC1

,

χ1 = 15, χ2 = −27, χ3 = 6,
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χ4 = 10, χ5 = −50, χ6 = 30,

χ7 = 27, χ8 = −22, χ9 = −47,

χ10 = 46, χ11 = 34, χ12 = −45,

1/5, 1/6, 1/7 1/8 ,

[0, 1]× [0, 1]× [0, 1] (x, y, z) (

) 0 1 , 216,

343, 512 729 ,

Case1 Case4, 4 . t ∈ [0,

10]. (x, y, z), (x, y), (x, z) (y,

z) . : ESE

, (0, 0, 0) ESS,

.

, (8) : RD

, 8

( NE ), Φ3P2S–AEG =

{(x, y, z)|x, y, z ∈ [0, 1]} = {(0, 0, 0), (0, 0, 1), (0, 1,

0), (0, 1, 1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)},

8 . ,

3P2S–SEG ESE .

, Φ3P2S–AEG (

E1 ∼ E8) (9) J3P2S–AEG ,

det(J3P2S–AEG) tr(J3P2S–AEG)

(λ1, λ2, λ3) , 5 .

4 3P2S–SEG 12

RNP

Table 4 12 RNP parameters defined in the general

3P2S–SEG system

A B C

RNP 1 a1 ∼ a5 A

SA1
SA1

SB1 SC1

RNP 2 a3 ∼ a7 SB2 SC1

RNP 3 a2 ∼ a6 SB1 SC2

RNP 4 a4 ∼ a8 SB2 SC2

RNP 5 b1 ∼ b3 B

SB1

SA1

SB1

SC1

RNP 6 b2 ∼ b4 SA1 SC2

RNP 7 b5 ∼ b7 SA2 SC1

RNP 8 b6 ∼ b8 SA2 SC2

RNP 9 c1 ∼ c2 C

SC1
SC1

SA1 SB1

RNP 10 c3 ∼ c4 SA1 SB2

RNP 11 c5 ∼ c6 SA2 SB1

RNP 12 c7 ∼ c8 SA2 SB2

(a) Case 1: 216

(b) Case 2: 343

(c) Case 3: 512
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(d) Case 4: 729

4 3P2S–SEG χ1 = 15, χ2 = −27, χ3 = 6, χ4 = 10, χ5 = −50, χ6 = 30, χ7 = 27, χ8 = −22,

χ9 = −47, χ10 = 46, χ11 = 34, χ12 = −45
Fig. 4 Dynamic simulation results of long-term ESE for the general 3P2S–SEG system when taking χ1 = 15, χ2 =

−27, χ3 = 6, χ4 = 10, χ5 = −50, χ6 = 30, χ7 = 27, χ8 = −22, χ9 = −47, χ10 = 46, χ11 = 34, χ12 = −45

5 3P2S–SEG

Table 5 Eigenvalues, determinants and traces of J3P2S–AEG for the general 3P2S–SEG system at all internal

equilibrium points

(λ1, λ2, λ3) det(J3P2S–AEG) tr(J3P2S–AEG)

E1 (0, 0, 0) (a4 − a8, b6 − b8, c7 − c8) (a4 − a8)(b6 − b8)(c7 − c8) (a4 − a8) + (b6 − b8) + (c7 − c8)

E2 (0, 0, 1) (a3 − a7, b5 − b7, c8 − c7) (a3 − a7)(b5 − b7)(c8 − c7) (a3 − a7) + (b5 − b7) + (c8 − c7)

E3 (0, 1, 0) (a2 − a6, b8 − b6, c5 − c6) (a2 − a6)(b8 − b6)(c5 − c6) (a2 − a6) + (b8 − b6) + (c5 − c6)

E4 (0, 1, 1) (a1 − a5, b7 − b5, c6 − c5) (a1 − a5)(b7 − b5)(c6 − c5) (a1 − a5) + (b7 − b5) + (c6 − c5)

E5 (1, 0, 0) (a8 − a4, b2 − b4, c3 − c4) (a8 − a4)(b2 − b4)(c3 − c4) (a8 − a4) + (b2 − b4) + (c3 − c4)

E6 (1, 0, 1) (a7 − a3, b1 − b3, c4 − c3) (a7 − a3)(b1 − b3)(c4 − c3) (a7 − a3) + (b1 − b3) + (c4 − c3)

E7 (1, 1, 0) (a6 − a2, b4 − b2, c1 − c2) (a6 − a2)(b4 − b2)(c1 − c2) (a6 − a2) + (b4 − b2) + (c1 − c2)

E8 (1, 1, 1) (a5 − a1, b3 − b1, c2 − c1) (a5 − a1)(b3 − b1)(c2 − c1) (a5 − a1) + (b3 − b1) + (c2 − c1)

5 , 3P2S–SEG

3 (λ1, λ2, λ3) RNP .

E1 ∼ E8 ESE 3

RNP . 5 Ei(i = 1, 2,

· · · , 8) , 3 RNP

RNPi,1, RNPi,2 RNPi,3. , E1 = (0, 0, 0) 3

RNP : RNP1,1 = a4 − a8, RNP1,2 = b6 −
b8, RNP1,3 = c7 − c8. , RNPi,1, RNPi,2

RNPi,3 0 , Ei

ESE (10) :

Ei

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

an ESS,

RNPi,1 < 0, RNPi,2 < 0, RNPi,3 < 0,

unstable,

RNPi,1 > 0, RNPi,2 > 0, RNPi,3 > 0,

a saddle point (also unstable),

.

(10)

, 3P2S–SEG

4 12

RNP ,

a4 − a8, b6 − b8, c7 − c8, a3 − a7, b5 − b7,

a2 − a6, c5 − c6, a1 − a5, b2 − b4, c3 − c4,

b1 − b3, c1 − c2.

3P2S–SEG

. , RNP

, 4096 (=

212) . , 3P2S–SEG

Ei

6 .

6 4

ESE , NE ;

3

. 6

ESE , 12

, Case 1 Case 12. , Case 1

Case 8 Φ3P2S–AEG

ESS ; Case 9

Case 11 1 2

4 ESE ; Case 12

ESE . 5 ,

t ∈ [0, 20],

(x, y), (x, z), (y, z) (x, y, z) .
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6 3P2S–SEG

Table 6 Asymptotic stability conditions and corresponding mutually exclusive equilibrium points of the

general 3P2S–SEG system at all of its pure-strategy internal equilibrium point

(ESS)

(

)
( )

(0, 0, 0)

a4 < a8

b6 < b8

c7 < c8

a4 > a8

b6 > b8

c7 > c8

i) a4 > a8, b6 < b8, c7 < c8 ii) a4 > a8, b6 > b8, c7 < c8

iii) a4 > a8, b6 < b8, c7 > c8 iv) a4 < a8, b6 > b8, c7 > c8

v) a4 < a8, b6 > b8, c7 < c8 vi) a4 < a8, b6 < b8, c7 > c8

x = 0

y = 0

z = 0

(0, 0, 1)

(0, 1, 0)

(1, 0, 0)

(0, 0, 1)

a3 < a7

b5 < b7

c8 < c7

a3 > a7

b5 > b7

c8 > c7

i) a3 > a7, b5 < b7, c8 < c7 ii) a3 > a7, b5 > b7, c8 < c7

iii) a3 > a7, b5 < b7, c8 > c7 iv) a3 < a7, b5 > b7, c8 > c7

v) a3 < a7, b5 > b7, c8 < c7 vi) a3 < a7, b5 < b7, c8 > c7

x = 0

y = 0

z = 1

(0, 0, 0)

(0, 1, 1)

(1, 0, 1)

(0, 1, 0)

a2 < a6

b8 < b6

c5 < c6

a2 > a6

b8 > b6

c5 > c6

i) a2 > a6, b8 < b6, c5 < c6 ii) a2 > a6, b8 > b6, c5 < c6

iii) a2 > a6, b8 < b6, c5 > c6 iv) a2 < a6, b8 > b6, c5 > c6

v) a2 < a6, b8 > b6, c5 < c6 vi) a2 < a6, b8 < b6, c5 > c6

x = 0

y = 1

z = 0

(0, 0, 0)

(0, 1, 1)

(1, 1, 0)

(0, 1, 1)

a1 < a5

b7 < b5

c6 < c5

a1 > a5

b7 > b5

c6 > c5

i) a1 > a5, b7 < b5, c6 < c5 ii) a1 > a5, b7 > b5, c6 < c5

iii) a1 > a5, b7 < b5, c6 > c5 iv) a1 < a5, b7 > b5, c6 > c5

v) a1 < a5, b7 > b5, c6 < c5 vi) a1 < a5, b7 < b5, c6 > c5

x = 0

y = 1

z = 1

(0, 0, 1)

(0, 1, 0)

(1, 1, 1)

(1, 0, 0)

a8 < a4

b2 < b4

c3 < c4

a8 > a4

b2 > b4

c3 > c4

i) a8 > a4, b2 < b4, c3 < c4 ii) a8 > a4, b2 > b4, c3 < c4

iii) a8 > a4, b2 < b4, c3 > c4 iv) a8 < a4, b2 > b4, c3 > c4

v) a8 < a4, b2 > b4, c3 < c4 vi) a8 < a4, b2 < b4, c3 > c4

x = 1

y = 0

z = 0

(0, 0, 0)

(1, 0, 1)

(1, 1, 0)

(1, 0, 1)

a7 < a3

b1 < b3

c4 < c3

a7 > a3

b1 > b3

c4 > c3

i) a7 > a3, b1 < b3, c4 < c3 ii) a7 > a3, b1 > b3, c4 < c3

iii) a7 > a3, b1 < b3, c4 > c3 iv) a7 < a3, b1 > b3, c4 > c3

v) a7 < a3, b1 > b3, c4 < c3 vi) a7 < a3, b1 < b3, c4 > c3

x = 1

y = 0

z = 1

(0, 0, 1)

(1, 0, 0)

(1, 1, 1)

(1, 1, 0)

a6 < a2

b4 < b2

c1 < c2

a6 > a2

b4 > b2

c1 > c2

i) a6 > a2, b4 < b2, c1 < c2 ii) a6 > a2, b4 > b2, c1 < c2

iii) a6 > a2, b4 < b2, c1 > c2 iv) a6 < a2, b4 > b2, c1 > c2

v) a6 < a2, b4 > b2, c1 < c2 vi) a6 < a2, b4 < b2, c1 > c2

x = 1

y = 1

z = 0

(0, 1, 0)

(1, 0, 0)

(1, 1, 1)

(1, 1, 1)

a5 < a1

b3 < b1

c2 < c1

a5 > a1

b3 > b1

c2 > c1

i) a5 > a1, b3 < b1, c2 < c1 ii) a5 > a1, b3 > b1, c2 < c1

iii) a5 > a1, b3 < b1, c2 > c1 iv) a5 < a1, b3 > b1, c2 > c1

v) a5 < a1, b3 > b1, c2 < c1 vi) a5 < a1, b3 < b1, c2 > c1

x = 1

y = 1

z = 1

(0, 1, 1)

(1, 0, 1)

(1, 1, 0)

(a) Case 1: ESS (0, 0, 0)

(b) Case 2: ESS (0, 0, 1)
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(c) Case 3: ESS (0, 1, 0)

(d) Case 4: ESS (0, 1, 1)

(e) Case 5: ESS (1, 0, 0)

(f) Case 6: ESS (1, 0, 1)

(g) Case 7: ESS (1, 1, 0)
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(h) Case 8: ESS (1, 1, 1)

(i) Case 9: 1 ESE

(j) Case 10: 2 ESE

(k) Case 11: 4 ESE

(l) Case 12: ESE

5 3P2S–SEG 12

Fig. 5 Dynamic simulation results of long-term ESE characteristics for the general 3P2S–SEG system in 12

representative game situations
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5 , ESE

5 ,

.

, 3.2 3P2S–SEG

: i) RD

8 , Φ3P2S–AEG ; ii)

, ESS ESE

, NE ; iii)

, ,

ESE ; iv)

3 ,

ESE 3 RNP ( ),

RNP 12 ,

4096 (= 212) ; v)

(ai, bi, ci, i = 1, 2, 3) RNP

, ESE ,

ESS

; vi)

4 ESE ,

1 2 ESE , ESE

; vii) ,

RD 0,

, 8

ESS, 16

ESE .

3.3 (3P3S–AEG)
3.2

(3P2S–SEG)

, 3P3S–AEG ,

.

3.3.1
(4),

(11) :

C

u v 1− u− v

SC1 SC2 SC3

↓ ↓ ↓⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A : SA1 → x →

B

⎧⎪⎪⎨
⎪⎪⎩

p → SB1 →
q → SB2 →

1− p− q →SB3 →

⎡
⎢⎢⎣
(d1, e1, f1) (d2, e2, f2) (d3, e3, f3)

(d4, e4, f4) (d5, e5, f5) (d6, e6, f6)

(d7, e7, f7) (d8, e8, f8) (d9, e9, f9)

⎤
⎥⎥⎦ ,

A : SA2 → y →

B

⎧⎪⎪⎨
⎪⎪⎩

p → SB1 →
q → SB2 →

1− p− q →SB3 →

⎡
⎢⎢⎣
(d10, e10, f10) (d11, e11, f11) (d12, e12, f12)

(d13, e13, f13) (d14, e14, f14) (d15, e15, f15)

(d16, e16, f16) (d17, e17, f17) (d18, e18, f18)

⎤
⎥⎥⎦ ,

A : SA3 → x → y →

B

⎧⎪⎪⎨
⎪⎪⎩

p → SB1 →
q → SB2 →

1− p− q →SB3 →

⎡
⎢⎢⎣
(d19, e19, f19) (d20, e20, f20) (d21, e21, f21)

(d22, e22, f22) (d23, e23, f23) (d24, e24, f24)

(d25, e25, f25) (d26, e26, f26) (d27, e27, f27)

⎤
⎥⎥⎦ .

(11)

, A, B C 3 ,

ΦSA = {SA1, SA2, SA3}, ,

A ( )

x, y (1− x− y); ΦSB = {SB1, SB2, SB3},

B p, q (1 − p −
q); ΦSC = {SC1, SC2, SC3}, C

u, v (1− u− v). , x, y, p, q,

u, v ∈ [0, 1]; di, ei fi 3P3S–AEG

, (i = 1, 2, · · · , 27).

, . A

SA1, SA2 SA3

l1, l2 l3, A la; ,

B SB1, SB2 SB3

g1, g2 g3, B ga; C

SC1, SC2 SC3 h1,

h2 h3, C ha. ,

2 , A ,
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, :

l1 = d1pu+ d2pv + d3p(1− u− v) + d4qu+

d5qv + d6q(1− u− v) + d7(1− p− q)u+

d8(1− p− q)v + d9(1− p− q)(1− u− v),

l2 = d10pu+ d11pv + d12p(1− u− v) + d13qu+

d14qv + d15q(1− u− v) + d16(1− p− q)u+

d17(1− p− q)v + d18(1− p− q)(1− u− v),

l3 = d19pu+ d20pv + d21p(1− u− v) + d22qu+

d23qv + d24q(1− u− v) + d25(1− p− q)u+

d26(1− p− q)v + d27(1− p− q)(1− u− v),

la = xl1 + yl2 + (1− x− y)l3.

, B C , .

, RD ( )

(12) :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f1(x) =
dx

dt
=

x[l1 − xl1 − yl2 − (1− x− y)l3],

f2(y) =
dy

dt
=

y[l2 − xl1 − yl2 − (1− x− y)l3],

f3(p) =
dp

dt
=

p[g1 − pg1 − qg2 − (1− p− q)g3],

f4(q) =
dq

dt
=

q[g2 − pg1 − qg2 − (1− p− q)g3],

f5(u) =
du

dt
=

u[h1 − uh1 − vh2 − (1− u− v)h3],

f6(v) =
dv

dt
=

v[h2 − uh1 − vh2 − (1− u− v)h3].

(12)

J3P3S–AEG =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

df1(x)

dx

∂f1(x)

∂y

∂f1(x)

∂p

∂f1(x)

∂q

∂f1(x)

∂u

∂f1(x)

∂v
∂f2(y)

∂x

df2(y)

dy

∂f2(y)

∂p

∂f2(y)

∂q

∂f2(y)

∂u

∂f2(y)

∂v
∂f3(p)

∂x

∂f3(p)

∂y

df3(p)

dp

∂f3(p)

∂q

∂f3(p)

∂u

∂f3(p)

∂v
∂f4(q)

∂x

∂f4(q)

∂y

∂f4(q)

∂q

df4(q)

dq

∂f4(q)

∂u

∂f4(q)

∂v
∂f5(u)

∂x

∂f5(u)

∂y

∂f5(u)

∂p

∂f5(u)

∂q

df5(u)

du

∂f5(u)

∂v
∂f6(v)

∂x

∂f6(v)

∂y

∂f6(v)

∂p

∂f6(v)

∂q

∂f6(v)

∂u

df6(v)

dv

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (13)

, (12),

J3P3S–AEG (13) . ,
df1(x)

dx
f1(x) x

,
∂f1(x)

∂y
f1(x) y , (13)

.

3.3.2 RNP
, RNP . ,

Φ3P3S–AEG.

x y( p q u v) 1,

(12) 3×3×3=

27 , E1 ∼ E27, 7 . E1 ∼ E27

(13) ,

, 7 . ,

6

RNP . ,

81 RNP (

RNP ), 7 3 .

6 RNP

. ,

281(≈ 2.42 × 1024) ,

3P3S–AEG

.

3.3.3
3.3.2 , 3P3S–AEG

281 ,

. ESE

. 7 , E1 ∼
E27 ,

7 ESE, NE(

). , 3P3S–AEG

RNP , E1, E5, E9, E11, E13, E21

E25 7 ESE,

6 . , 1/2 ,

(x, y, p, q, u, v) 0 1

, 729 ,
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(x, y, p), (x, y, q), (x, y, u), (x, y, v), (x, p, q),

(x, p, u), (x, p, v), (x, q, u), (x, q, v), (x, u, v),

(y, p, q), (y, p, u), (y, p, v), (y, q, u), (y, q, v),

(y, u, v), (p, q, u), (p, q, v), (p, u, v) (q, u, v)

, 20 , 1

20 . ,

( )

( ) ( ).

E1 ∼ E27 7

ESE ,

.

3.4 N (general

3PnS–AEG)
3.4.1

, N

( 3PnS–AEG) .

, ESE

.

7 3P3S–AEG RNP

Table 7 Statistics of RNP parameters and pure-strategy equilibrium points for the general 3P3S–AEG system

( RNP )

RNPx y p q u v λ1 λ2 λ3 λ4 λ5 λ6

E1 0 0 0 0 0 0 d9 − d27 d18 − d27 e21 − e27 e24 − e27 f25 − f27 f26 − f27 6

E2 0 0 0 0 0 1 d8 − d26 d17 − d26 e20 − e26 e23 − e26 f25 − f26 f27 − f26 5

E3 0 0 0 0 1 0 d7 − d25 d16 − d25 e19 − e25 e22 − e25 f26 − f25 f27 − f25 4

E4 0 0 0 1 0 0 d6 − d24 d15 − d24 e21 − e24 e27 − e24 f22 − f24 f23 − f24 4

E5 0 0 0 1 0 1 d5 − d23 d14 − d23 e20 − e23 e26 − e23 f22 − f23 f24 − f23 4

E6 0 0 0 1 1 0 d4 − d22 d13 − d22 e19 − e22 e25 − e22 f23 − f22 f24 − f22 3

E7 0 0 1 0 0 0 d3 − d21 d12 − d21 e24 − e21 e27 − e21 f19 − f21 f20 − f21 4

E8 0 0 1 0 0 1 d2 − d20 d11 − d20 e23 − e20 e26 − e20 f19 − f20 f21 − f20 3

E9 0 0 1 0 1 0 d1 − d19 d10 − d19 e22 − e19 e25 − e19 f20 − f19 f21 − f19 2

E10 0 1 0 0 0 0 d9 − d18 d27 − d18 e12 − e18 e15 − e18 f16 − f18 f17 − f18 6

E11 0 1 0 0 0 1 d8 − d17 d26 − d17 e11 − e17 e14 − e17 f16 − f17 f18 − f17 4

E12 0 1 0 0 1 0 d7 − d16 d25 − d16 e10 − e16 e13 − e16 f17 − f16 f18 − f16 3

E13 0 1 0 1 0 0 d6 − d15 d24 − d15 e12 − e15 e18 − e15 f13 − f15 f14 − f15 4

E14 0 1 0 1 0 1 d5 − d14 d23 − d14 e11 − e14 e17 − e14 f13 − f14 f15 − f14 3

E15 0 1 0 1 1 0 d4 − d13 d22 − d13 e10 − e13 e16 − e13 f14 − f13 f15 − f13 2

E16 0 1 1 0 0 0 d3 − d12 d21 − d12 e15 − e12 e18 − e12 f10 − f12 f11 − f12 3

E17 0 1 1 0 0 1 d2 − d11 d20 − d11 e14 − e11 e17 − e11 f10 − f11 f12 − f11 2

E18 0 1 1 0 1 0 d1 − d10 d19 − d10 e13 − e10 e16 − e10 f11 − f10 f12 − f10 1

E19 1 0 0 0 0 0 d18 − d9 d27 − d9 e3 − e9 e6 − e9 f7 − f9 f8 − f9 4

E20 1 0 0 0 0 1 d17 − d8 d26 − d8 e2 − e8 e5 − e8 f7 − f8 f9 − f8 3

E21 1 0 0 0 1 0 d16 − d7 d25 − d7 e1 − e7 e4 − e7 f8 − f7 f9 − f7 2

E22 1 0 0 1 0 0 d15 − d6 d24 − d6 e3 − e6 e9 − e6 f4 − f6 f5 − f6 3

E23 1 0 0 1 0 1 d14 − d5 d23 − d5 e2 − e5 e8 − e5 f4 − f5 f6 − f5 2

E24 1 0 0 1 1 0 d13 − d4 d22 − d4 e1 − e4 e7 − e4 f5 − f4 f6 − f4 1

E25 1 0 1 0 0 0 d12 − d3 d21 − d3 e6 − e3 e9 − e3 f1 − f3 f2 − f3 2

E26 1 0 1 0 0 1 d11 − d2 d20 − d2 e5 − e2 e8 − e2 f1 − f2 f3 − f2 1

E27 1 0 1 0 1 0 d10 − d1 d19 − d1 e4 − e1 e7 − e1 f2 − f1 f3 − f1 0

− − − − − − − − − − − − 81
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6 3P3S–AEG ESE

Fig. 6 Dynamic simulation results of long-term equilibrium characteristics for the general 3P3S–AEG system when it

achieves the largest number of ESE states simultaneously

, A, B C

N , . A

ΦAN = {SA,1, SA,2, · · · , SA,N},

( ) xA,1,

xA,2, · · · , xA,N , xA,1 + xA,2 + · · · + xA,N = 1.

, B ΦB,N = {SB,1, SB,2, · · · ,
SB,N},

( ) yB,1, yB,2, · · · , yB,N ,

yB,1 + yB,2+· · ·+yB,N =1. C ΦC,N

= {SC,1, SC,2, · · · , SC,N},

( ) zC,1, zC,2, · · · , zC,N , zC,1

+ zC,2 + · · · + zC,N = 1. , A

UA,1,

UA,2, · · · , UA,N . , B

UB,1, UB,2, · · · , UB,N , C UC,1,

UC,2, · · · , UC,N . , UA,k, UB,k UC,k (k = 1, 2,

· · · , N) :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

UA,k =
N∑

i,j=1

yB,izC,juA,k,i,j ,

UB,k =
N∑

i,j=1

xA,izC,juB,k,i,j ,

UC,k =
N∑

i,j=1

xA,iyB,juC,k,i,j ,

∀k, ∀t, (14)

: uA,k,i,j B C

i j , A
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k ; , uB,k,i,j A

C i j

, B k ; uC,k,i,j

A B i

j , C k

. , A, B C

UA ave, UB ave UC ave :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

UA ave =
N∑

k=1

UA,kxA,k, ∀k, ∀t,

UB ave =
N∑

k=1

UB,kyB,k, ∀k, ∀t,

UC ave =
N∑

k=1

UC,kzC,k, ∀k, ∀t,

(15)

:
N∑

k=1

xA,k = 1,
N∑

k=1

xB,k = 1,
N∑

k=1

xC,k = 1, ∀k ∈
{1, 2, · · · , N}. (14)–(15), 3PnS–AEG

RD :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dxA,k

dt
= xA,k(UA,k − UA ave),

dyB,k

dt
= yB,k(UB,k − UB ave),

dzC,k

dt
= zC,k(UC,k − UC ave),

∀k, ∀t,

(16)

(16) 3PnS–AEG

( )

,

( ) (

) ,

.

3.4.2
, (16)

. ,

m ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xA,k(m+ 1) =

xA,k(m)+σm,k ·xA,k(m)·[UA,k(m)−UA ave(m)],

yB,k(m+ 1) =

yB,k(m)+ρm,k ·yB,k(m)·[UB,k(m)−UB ave(m)],

zC,k(m+ 1) =

zC,k(m)+τm,k ·zC,k(m)·[UC,k(m)−UC ave(m)],

xA,k(t), yB,k(t), zC,k(t) ∈ [0, 1],

∀m � 1, ∀k ∈ {1, 2,· · ·, N}, ∀t,
(17)

: σm,k, ρm,k τm,k A, B C k

( ) m

, . (17)

(

) [0, 1]. ,

,

A, B C

,

, .⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

|UA,k(m)− UA ave(m)| < o1,k,

|UB,k(m)− UB ave(m)| < o2,k,

|UC,k(m)− UC ave(m)| < o3,k,

∀m � 1, ∀k ∈ {1, 2, · · · , N}, ∀t,

(18)

: o1,k, o2,k o3,k A, B C

,

ESE .

3.5
,

ESE , .

, (

2P2S–SEG 2P2S–AEG)

( 2P3S–SEG)

( 3P2S–SEG 3P2S–SEG)

(3P3S–AEG)

, 8 . 8

, 2

RNP ,

,

. 3P3S–AEG , 3P2S–

SEG, 1 ,

RNP 81 ,

281, 2.42× 1024, .

, (

) , ,

,

.

(

3P2S–SEG 3P2S–SEG)

, RD

RNP . , 3P2S–SEG 6 RNP

, 64(=

26) ,

2 RNP ; 3P2S–SEG

12 RNP ,

4096(= 212) ,

3

RNP ; 3P2S–SEG 3P2S–SEG ,

ESS

, ESS
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,

; ,

RD 8 ,

8 , ;

, 4 ESS

, 1 2

ESS, 3 ESS.

ESS 3

. , ,

( )

RNP

,

, .

,

( 3P3S–AEG)

: 3P3S–AEG

27 ,

ESE 6 RNP ;

81 RNP ,

281 , ; ,

,

6 , 6

,

( ). , E1 , E2, E3, E4,

E7, E10 E19

( ). , RNP

ESE .

8

Table 8 Comparison of evolutionary equilibrium characteristics between general two-party and three-party

multi-strategy evolutionary game systems

2P2S–SEG 2P2S-AEG 2P3S-SEG 3P2S–SEG 3P2S–SEG 3P3S–AEG

RD 5 5 7 8 8 64

4 4 3 8 8 27

RNP 2 4 6 6 12 81

4 16 64 64 4096 281

45 80 288 512 — —

ESE 8 16 82 64 — —

29 16 85 64 — —

8 48 121 384 — —

ESE 2 2 3 4 4 7

4
,

(3P2S–SEG) ,

,

.

4.1 EM

, [51] , RD

,

, . ,

[51] ,

. , [51],

, (

A) ( B)

( C)

. ,

,

RNP , RNP

ESE

,

. , [51]

,

.

, ,

( A, B, C) 2

, SA = {SA1, SA2},

SB = {SB1, SB2} SC = {SC1, SC2},

C

Sc1(γ) Sc2(γ)

↓ ↓⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

SA1(α) →
B

{
SB1(β) →

SB2(1− β)→

[
(l1,m1, n1) (l2,m2, n2)

(l3,m3, n3) (l4,m4, n4)

]
,

SA1(1− α) →
B

{
SB1(β) →

SB2(1− β)→

[
(l5,m5, n5) (l6,m6, n6)

(l7,m7, n7) (l8,m8, n8)

]
,

(19)
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li,mi, ni(i = 1, 2, · · · , 8)
. ,

SA1 SA2 A

( ) α 1− α,

( A

B ) W1

( A

B ) W2;

SB1 SB2 B

( ) β 1− β,

( B A

) T1

( B

A ) T2;

SC1 SC2 C

( ) γ 1− γ,

G1

G2. , α, β, γ ∈ [0, 1].

, A

B C

, ,

3P2S–SEG. , A B B

A

C

,

, EGT . 3

, 3P2S–SEG RD 8

(x, y, z), Φ3P2S–AEG = {(x, y, z)|
x, y, z ∈ [0, 1]} = {(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1,

1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)}. ,

RD ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

α̇ =
dα

dt
= α(EAs1 − ĒA),

β̇ =
dβ

dt
= β(EBs1 − ĒB),

γ̇ =
dγ

dt
= γ(ECs1 − ĒC),

(20)

: EAs1, EBs1 ECs1 A, B C

1 ; EAs2, EBs2 ECs2

2 ; ĒA, ĒB ĒC A, B

C .

EAs1 =

β[l1γ + l2(1− γ)] + (1− β)[l3γ + l4(1− γ)],

EAs2 =

β[l5γ + l6(1− γ)] + (1− β)[l7γ + l8(1− γ)],

EBs1 =

α[m1γ +m2(1− γ)] + (1− α)[m5γ +m6(1− γ)],

EBs2 =

α[m3γ +m4(1− γ)] + (1− α)[m7γ +m8(1− γ)],

ECs1 =

α[n1β + n3(1− β)] + (1− α)[n5β + n7(1− β)],

ECs2 =

α[n2β + n4(1− β)] + (1− α)[n6β + n8(1− β)],

ĒA = αEAs1 + (1− α)EAs2,

ĒB = βEBs1 + (1− β)EBs2,

ĒC = βECs1 + (1− γ)ECs2.

, 3P2S–SEG RD

JABC

JABC =

⎡
⎢⎢⎢⎢⎢⎢⎣

∂α̇

∂α

∂α̇

∂β

∂α̇

∂γ

∂β̇

∂α

∂β̇

∂β

∂β̇

∂γ
∂γ̇

∂α

∂γ̇

∂β

∂γ̇

∂γ

⎤
⎥⎥⎥⎥⎥⎥⎦
. (21)

4.2
Φ3P2S–AEG 8

(21) , JABC 8

, 9 . 9

: 3

, ESE

3 RNP . , 1, 2 4

ESE,

4 ESS. ,

.

, ,

,

.

i) C

,

B A , A

, B , B

, .

(19), : a)

C , B , A

B B , l5
> l1, 9 E8(1, 1, 1)
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, ESE; B

, A B B

, l7 > l3, 9 E6(1, 0, 1)

,

ESE; , A B , B

A A

, , m3 >

m1(A B ), m7 >m5 (A

B ). E8(1, 1, 1) E4(0, 1, 1)

,

ESE; b) C

, A B , B

, ,

m4 >m2 (A B ), m8 >m6 (A

B ), 9 E7(1, 1, 0) E3(0,

1, 0) ,

ESE; , B A , A

B B

, l6 > l2(B A

), l8 > l4 (B A ), 9

E7(1, 1, 0) E5(1, 0, 0)

, ESE.

,

, i) E3(0, 1, 0),

E4 (0, 1, 1), E5(1, 0, 0), E6(1, 0, 1), E7(1, 1, 0)

E8(1, 1, 1)

ESE .

9 A, B C

Table 9 Evolutionary stability statistics of internal equilibrium points of the generation-side pricing game

for online electricity involving three parties of A, B and C

3P2S–SEG JABC

(

)

(

)

(

)

(λ1,

λ2, λ3) det(JABC)
tr(JABC)

E1(0, 0, 0)

(l4 − l8,

m6 −m8,

n7 − n8)

(l4 − l8)×
(m6 −m8)×
(n7 − n8)

(l4 − l8)+

(m6 −m8)+

(n7 − n8)

l4 < l8,

m6 < m8,

n7 < n8

l4 > l8,

m6 > m8,

n7 > n8

(SA2, SB2, SC2) E2, E3, E5

E2(0, 0, 1)

(l3 − l7,

m5 −m7,

n8 − n7)

(l3 − l7)×
(m5 −m7)×
(n8 − n7)

(l3 − l7)+

(m5 −m7)+

(n8 − n7)

l3 < l7,

m5 < m7,

n8 < n7

l3 > l7,

m5 > m7,

n8 > n7

(SA2, SB2, SC1) E1, E4, E6

E3(0, 1, 0)

(l2 − l6,

m8 −m6,

n5 − n6)

(l2 − l6)×
(m8 −m6)×
(n5 − n6)

(l2 − l6)+

(m8 −m6)+

(n5 − n6)

l2 < l6,

m8 < m6,

n5 < n6

l2 > l6,

m8 > m6,

n5 > n6

(SA2, SB1, SC2) E1, E4, E7

E4(0, 1, 1)

(l1 − l5,

m7 −m5,

n6 − n5)

(l1 − l5)×
(m7 −m5)×
(n6 − n5)

(l1 − l5)+

(m7 −m5)+

(n6 − n5)

l1 < l5,

m7 < m5,

n6 < n5

l1 > l5,

m7 > m5,

n6 > n5

(SA2, SB1, SC1) E2, E3, E8

E5(1, 0, 0)

(l8 − l4,

m2 −m4,

n3 − n4)

(l8 − l4)×
(m2 −m4)×
(n3 − n4)

(l8 − l4)+

(m2 −m4)+

(n3 − n4)

l8 < l4,

m2 < m4,

n3 < n4

l8 > l4,

m2 > m4,

n3 > n4

(SA1, SB2, SC2) E1, E6, E7

E6(1, 0, 1)

(l7 − l3,

m1 −m3,

n4 − n3)

(l7 − l3)×
(m1 −m3)×
(n4 − n3)

(l7 − l3)+

(m1 −m3)+

(n4 − n3)

l7 < l3,

m1 < m3,

n4 < n3

l7 > l3,

m1 > m3,

n4 > n3

(SA1, SB2, SC1) E2, E5, E8

E7(1, 1, 0)

(l6 − l2,

m4 −m2,

n1 − n2)

(l6 − l2)×
(m4 −m2)×
(n1 − n2)

(l6 − l2)+

(m4 −m2)+

(n1 − n2)

l6 < l2,

m4 < m2,

n1 < n2

l6 > l2,

m4 > m2,

n1 > n2

(SA1, SB1, SC2) E3, E5, E8

E8(1, 1, 1)

(l5 − l1,

m3 −m1,

n2 − n1)

(l5 − l1)×
(m3 −m1)×
(n2 − n1)

(l5 − l1)+

(m3 −m1)+

(n2 − n1)

l5 < l1,

m3 < m1,

n2 < n1

l5 > l1,

m3 > m1,

n2 > n1

(SA1, SB1, SC1) E4, E6, E7
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ii) A

B , C

(

),

. , (19),

: a) A B , C

, n2 > n1 (B A

), n4 > n3 (B A ), 9

E6(1, 0, 1) E8(1, 1, 1)

, ESE;

b) A B , C

, n6 > n5 (B A ),

n8 > n7 (B A ), 9 :

E2(0, 0, 1) E4(0, 1, 1)

, ESE.

, , ii) E2

(0, 0, 1), E4(0, 1, 1), E6(1, 0, 1) E8(1, 1, 1)

ESE .

i) ii) ,

, ,

, 8

7 , E2,

E3, E4, E5, E6, E7 E8.

ESS,

ESE ,

. ,

,

E1(0, 0, 0), A

B ,

C .

, , A, B C

2

, .

, ,

, ,

:

,

, ,

,

, .

i) ii) ,

[0, 1]× [0, 1]× [0, 1] α, β γ 1/8

0 1 , 729

,

(α, β, γ) ,

t = 10 ( : ), 7 . 7 ,

ESS( ESE )

( ).

7

: 729

(α, β, γ)

Fig. 7 Dynamic simulation results of the generation-side on-

grid power generation amount competition game in-

volving participants of new energy corporation groups

when the government conducts no supervision on the

power generation market: the phase trajectory of (α,

β, γ) based on 729 times of simulations

7 : ,

E1(0, 0, 0) ESS, E2,

E3, E4, E5, E6 E7 , E8

. ,

: ,

, E1

ESS, ESE .

,

, ,

.

, ESE , ,

. , 9

RNP

,

. ,

,
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,

. ,

, E8(1,

1, 1) ESS. ,

RNP 5 : i) l5 < l1, m3

<m1, n2 < n1, E8(1, 1, 1)

ESS, , E4(0, 1, 1), E6(1, 0, 1) E7(1,

1, 0) ; ii) l4 > l8, m6 >

m8, n7 > n8 , E1(0, 0, 0)

; iii) l3 > l7, m5 >m7, n8

> n7 , E0(0, 0, 1)

; iv) l2 > l6, m8 >m6, n5 > n6

, E3(0, 1, 0)

; v) l8 > l4, m2 >m4, n3 > n4

, E5(1, 0, 0)

.

, E8(1, 1, 1) , 7

,

ESS,

ESE . , E8(1, 1, 1) ESS,

ESE .

,

,

,

,

,

.

.

, RNP ,

E8(1, 1, 1) ESS

.

[0, 1]× [0, 1]× [0, 1] α, β γ 1/9

0 1 , 1000

, (α, β, γ)

( ),

t = 10 ( : ), 8 .

, 7.

8 : i)–v) RNP

, E8(1, 1, 1) ESS,

ESE .

A B

, C .

, 7

,

( ) ( ),

,

,

.

8

: 1000

(α, β, γ)

Fig. 8 Dynamic simulation results of the generation-side on-

grid power generation amount competition game in-

volving participants of new energy corporation groups

when the government conducts some supervision on

the power generation market: the phase trajectory of

(α, β, γ) based on 1000 times of simulations

,

,

,

, RNP ,

.

, : (

) RNP

.

.

5
(EGT)

, ,

EGT . ,

EGT RD, ESS ESE ,

,

3P2S–SEG, 3P2S–SEG, 3P3S
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–AEG

ESE . ,

RNP .

RNP

ESE ,

RNP

ESE . ,

RNP ,

, 2 RNP

,

, .

( )

.

,

ESE ,

,

.

,

,

.

,

,

,

.

,

,

,

,
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