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Abstract: This paper discusses output tracking problem on a boundary controlled Euler-Bernoulli beam equation suf-
fered non-collocated unknown internal nonlinear uncertainty and external disturbance. To deal with boundary disturbance,
we firstly design a novel disturbance estimator to estimate successfully the total disturbance. A servomechanism based on
the estimated total disturbance is designed to track the reference signal. Finally, we obtain an output tracking controller by

using active disturbance rejection method. It is shown that the closed-loop system is well-posed and bounded. Moreover,

the performance output can track the reference signal exponentially.
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Yer (T, 1) + Yopwae(z,t) =0, z € (0,1), t > 0,
y(0,t) = y.(0,t) =0, t >0,

You (1, 1) = —quae (1, 1) + f(y, v:) +d(2),
Yoza (1, 1) = u(t),
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L2(0,1), N BE SCAXAE R (fs, i)t € H, i =
1,2,

(1, 01)", (h2,02) )ay =
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Vi (2, 1) + Vopaa(x,) =0, z € (0,1), £ > 0,
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p(0,t) = p.(0,t) =0, ¢t >0,
px(1,1) =0,
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7(cos 7 sinh 7 + sin 7 cosh 7)+
ico(1l — cosh T cosT) =0,
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sinh 7 sin 72 + sin 7 sinh 7z |+
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RNLIFEAT ¢ (1) = im2copp(1) 13
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AL
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%gb”(:z:) = 7[cosh7(1 — x) + cos7(1 — z)+
cosh 7 cos 7 + cos T cosh 7o —
sinh 7 sin 72 + sin 7 sinh 7]
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sinh 7 cos 7x + sin 7 cosh Tz +

cosh7sin7z — cosTsinh7z].  (18)
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p(0,t) = p.(0,2) =0, t >0,
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n>N n

00,5 0)" = A0, 5.,0)T @)

R8T A: DA (CH) — HIER I =RE X
A(@, )" = (4, —9")",
D(A) = {(¢,¥)" € (H*(0,1) x HE(0,1)) NH :
¢"(1) =0, ¢/(1) =0},
(24)
WU ABA i R A 1) AR R A
1, 2) A~V — AN EHE T 3) AR TR REAE B 7 2
b 4) AAAE— AR SURAE(E R BORZS 2SR H I
—/Riesz3.
AT BIH2MTHE, BN = i72 £ 0, WA € o(A)
2 HACHAAAEME—4FIE & (¢, Ap), Hrp
$(z) = Flcosh7(1 — z) — cos 7(1 — z)—
cosh 7 cos 7x + cos 7 cosh Tx+
sinh 7 sin 7z + sin 7 sinh 7x].
T R A N RFIE T R
cos7sinh 7 4 sin 7 cosh 7 = 0.
5 R ST 51 3 1 i, A7 7E AR — R AFAEH
My Auds A = i72 R I R HHE R R

1 1
Tn=(n— Z)W—{—O(E). (25)
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A —itn— e Lok
An =i(n 4) T +(9(n). (26)

B (s A ) DAL TN, = 472 (AT 1 B, N

_ 250 ) L
Gnle) = (xnén<x>> -

1 1 1
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1 1 n
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1
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T, FEAE TS AN LSRN > O
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n>N
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HI)—Riesz . UEEE.

EE 3 AT FTE L. WA BCRAS 75 8]
H E— N REFE R Co—-3F. BRIHMERYIE (p(-,
0), pe(-, )" € H, REGIFEME— R IT H 2Tk
JE.

WE R ER20 I, AR SURHIE ) A SO A 2
(B H A — A Riesz A&, M & 3K S AF L. 9 T HIE
B AR RS BRI H _E— AN B8R O3, R
FUEHIRe < OXMERMIN € o(A). FHLE,

Re(A(¢,¥)", (¢, 0) ) = —colp (1) <0, (28)
H iR Ho(A) = 0,(A), MTiReA < OXHT &
MIA € o(A). FHAFIEH(A) NIR = 2. HAR,
WA =it% € o(A), (¢, )T NAHRLFRE [ &, Hrp
T € R, HTFE(28) n] %11

0= RC<iT2(¢7 ¢)T7 (¢7 ¢)T>”H =
Re(A(p, )", (6,0) ) = —col(1)*, (29
B (1) = 0. EPEF2ATH, ¢ = it2¢(z) H.

oW (x) — h¢(x) = 0,
¢(0) = ¢'(0) = (1) = ¢'(1) = ¢"'(1) = 0.
(30)
SR, BN ZAMRI T FEG0) R A Z M. X2 —
AP G, B E T TN IE TR (30) R A M. i IE ¢
7E(0, 1) NAFTEE . o (0) = ¢(1) A RollE AT %1,
fPAE & € (0,1) i3 ¢/ (1) = 0. Al i ¢/(0) =
@' (&) = &' (1) FI R, AL, € (0,61), &5 € (&1, 1) MG
@" (&) =" (&) =0. INIMAFLEE € (&3, &) TR 0™ (€4)
=0. FilH¢" (&) = ¢ (1) AT A, AF1EE € (&4, 1) H1F
AW (&) = 0. IRIEARGD)IE DN FTRETH, ¢(&5) =

< <y < URO0) = dlar) =+ = dlay,) =
¢(1) = 0. F IARHEROIE B AT FI, /7450 < 1 < e
<o < < Bup <1/ Y(B8;)=0, j=1,2,

on+ L8EY(0)=¢/'(1) = 0nl &0, /7750 <
<P <72 <Be< - < By <Yng1 < Bay1 < Va2
< U (v;) =0,5 =1,2,-- ,n+ 2. NTFEFEO
<M < <72 <2< < Vg1 < NMntt < Yng2
<UfEAF ¢"(n;) =0, j=1,2,--- n+ 1. HEAH
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1%, OFE(0, 1) AT S 2 MR R {x; 152, B
o € [0, 1] miF{; 12 | (K5 . DUAR R LT $e )4
INFAE A A HER Hd(20) = ¢ (w0) = ¢ (20) =
" (z0) = 0. M, HRHE 505 7 FEMAE PR A7 M — 12
EF LM = 042 T REGOVH — M, /T H TFEG DA
ME—fi#p = 0. EEE.

EE4  HMEEVME(p(-,0),p:(-,0))" € D(A),
ARG IR |poe (1, 1) | < Met, i M, 11> 0.

iE - BP(0) == (p(-,0),p:(-,0))" € D(A), U
AP(0) € H. IR#E T HE3, e R IGHFRE 1L BE. Ft
RGOS HME—IUMP(t) := (p, p;) = e P(0) €C(0,
oo; D(A))HBAFAEFEE M, , py > 0ffif]

e P(0)[3 < Mie™" (| Z(0)|3,
let* AP(0)[l < Mye ™! ||AZ(0) 5
Pl

Ip( )l z20,1)

€29

< IP@l < Mye | Z(0) .
(32)
5 —Ji i, AP(t) = Ae*P(0) = e AP(0), 1R
AR E X, A
[Pozae (- t) | L2(0,1) < [JAP(t)[l2 < Mae™, (33)
Hr My = My ||AP(0)||3. #R#ESobolev R A& BEA

[Prax (-5 )
CilllpCs )l z20.1) + Pewza ()| 220.1)]5
HA O, > 1. HSobolevilt g, FAAEHEC, > 0
Paa(1,8)] <
Co[llpea (5 D)l 22(0,1) + [[Paa (-
2C,C,C5Mye 1t
HhCy = [|[P0) [l + [[AP(O) [, EEE.
R 2 24,
0% paw (1) = 00 (1,8) = Yua(1,t) =
Vo (1,8) + qyue (1, 1) — f(y, ) — d(t) =
Vea (1, 1) + quae(1,8) — f(y,9:) — d(2),
MM V20 (1,) + qua(1,) = f(y, ye) + d(?).
3 filk%%
EIEB NS T yrer(), T
Uit (2, ) + Yzzaa(2,t) = 0, z €
9(0,1) = 92(0,¢) =0, t > 0,
9(1,1) = yrer(t),
Joa(1,t) = —qhue(1, 1) + v2a(1,8) + quar(1,2).
(34)
WRYEHEIN DR 50, IR ARG GHREEAE N

HL2(0,1) <

20,1 <

ST AR R 4
(0,1), t >0,

ZAE RGO FPRES IS, W 245 KRR IRER S
B Tyrer(t). B, BH A EEL RRCHIEN RS
(D) BPIRZS DL B RS T B U |
Lz(z,t) = gz, t) —y(z,t), WEH
20(T, 1) + Zpgao(x,t) =0, z € (0,1), t > 0,
2(0,t) = 2,(0,t) =0, t > 0,
2ee(1,8) = —gze(1,1) + paa(1, 1),
Zoza(1,t) = Graa(1,1) — ult).
(35)
BN JR R G I e ERERR ZE AT R
2(1,8) = 9(1,1) — y(1,1) = e(?).
et R AR R
U(t) = Gawa(1,1) — co[e(1,8) — ye(1,0)].  (36)
ARG B6)ANIZH 4 (35)F 2 245t
260(2,t) + Zpwwe(2,8) =0, z € (0,1), t > 0,
2(0,t) = z,(0,t) =0, t > 0,
Zow(1,8) = —qzat (1, 1) + paa(1, 1),
Zewr(1,1) = coze(1,1).
(37)
EES  Bpe.(1, ) HRGS)ER, ML)
E(2(-,0), (-, )T € H, RFEQGT) R FEFZE .
IE BOLRGG)S RAEGT), HLa(z,t) =p(z,
t) — z(x,t). W
(T, 1) + Qe (x,t) =0, 2 € (0,1), t > 0,
a(0,t) = a,(0,t) =0, t >0,
(1, 1) = —qag(1,1),
Oz (1, 1) = coae(1,1).
(38)
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(01,0, 1)" = Aalol 1), 0, 1)", G9)
HARTF A, D(AL)(C H) — HIZWa T 5 20E X
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D(Aq.) =
{(¢,¥)r € (H*(0,1) x HE(0,1))NH :
¢"(1) = —qv'(1), ¢""(1) = cop(1)}.
MR SCHR (23], RAEDIEEFE. th BTt

(40)

WA, z(2,t) = p(x,t) — a(z, t) WRAREFRER.
TEEE.
Ut AR IR 2R G (34) IR I 58 1, [l Ji— A i8] 5 5
),
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S1# 4  HRU,, Us, X234 Hilbert= i 5 7
ATE X HAERIEEAR TN Cy L e, 5T B, €
LUy, X_1)MF T By € LUy, X_1) 3 - FretH i
AFSFR. f1 0 X x [0, 00) — Uy AFESR, FF Higi 2
4 J&jLipschitz &, WAHE I E: = Az + By fi(z,t)
+ Bs fo(z,t), x(0) = xo AFEME— iz € C(0, 00; X).

EH6 fHikde L®(0,400), s € WH(0,
00) f: H — Rifi /& 4= WLipschitzzk 1+ H A F. XH4E
BEYME (Yo, 71) € HilRAHBEEFFG (1) = yeet (0),
W45 R 2R BERVAE A2 ME— R (7, 1) € C(0,00;H)H
W2
sup By(t) = sup || (52, (2, ) + 7 ()] da < oc.
t=0 t=0

B, MR f (y, ) = d(t) = yre(t) = 0, WK
GRS R E 1.

W wB(x,t) = y(x,t)
R348 (z, )i L

/Btt (l’, t) + BT’I"I"E(

— p(x,t), MARYEZ(S)FI

t)=0, z€(0,1),t >0,

B(0,t) = B2(0,1) = 0, t > 0,
B(1, ) = Yret(t) — ( ) )

@1)
Hg(B,8) = f(B+p— 208 +pr — 2). 7 & 3
et € L>®(0,00) M p,(1,t) € L*(0,00), AN (41)
AR A2 T TR ST
Btt(-rat) + Brrrr(xyt) = Oa HAS (Oa 1)7 t > 07
B(0,t) = B.(0,t) =0, t >0,
ﬂt(]-a t) = yref(t) - pt(17 t)a
Bux(1,t) = —qBue(1,) + g(B, Be) + d(1).
(42)
N8, AR R E)fFEME— iR I HA F. 8 B
¥AO . D(A0> — H
AO(¢ w)T = (wa _¢HN)T7 V(ﬁb’w) S D(A0)7
D(Ao) ={(¢,¥)" € HN (H*(0,1)x H{(0,1)) :
P(1) =0, ¢"(1) = —qy'(1)}.
(43)
ARG 42) AT LU sl M RTIR A
d
En (g) = Ao (g) + Bi(9(B, B:) +d(t))+
B2 [yref (t) - pt(17 t)]) (44)
H: B, = (0,—8(z—1))", By = (0, =" (x—1))"T.
W SCHR [23-24], Ao B HRa e - 4F, By By
2 Freoti& AT o U 1. AR 4 51 B4R, e € L0,

o) LAK f + H — RA FHHi /& 4= R Lipschitz 2k A4, #ifi
g H — RAE FLi /£ 4 ALipschitz& 1, 1042 H
eI HA T 2 f (y,y0) = d(t) = yeet(t) = 0, K
(42)13‘3%3‘ o 2 AR,

N IR RFE) IR R RFE DR,
SE B, (B, Br) T & RGUA)IfE, IR R G (42) 18
FEAAE, Be(L1) = Guet(t) — pe(1,2), ¢ > 0, WA B(L,
t) = yret(t) —p(1,) + C, HHC = B(1,0)—[yret (0)
— p(1,0)]. RIEAHBFEFAYo (1) = Yrer (0)F13(2, 0)
=y(z,0) — p(x,0), FMC =Fo(1) — p(1,0) — [yret (0)
— p(1,0)] = 0. K 5 Gi(42) B3 1 R G5 (41) 1% Fe
HINFFA, MRS (A2)MfEHE R G D IfE.

HH T R Gu(42) i 2 A 5t 09 LA A e BE3, PRk 5K
GHIMIF AT T M. Zf(y, ) = d(t) = yret (1) =
0, T 81 A4 il r Hora e B, DRt B A5 10 E
. UEEE.

4 HWHRRSG

KT B (G G yer(t), RGO TERH R H(36)
RIS R 500 LS R
Yer (T, 1) + Yozae (2, t) =0, z € (0,1), t > 0,
y(0,t) = y.(0,t) =0, t >0,

Yor(1,1) = —quee(1,2) + f(y,9:) + d(2),

Yoae(1,1) = Juaa (L) — cole(1,2) — 9:(1,2)],

Vit (2, ) + Vpun (2, 1) = 0, 2 € (0,1), t > 0,

v(0,t) = v,(0,t) =0, t >0,

’Ufc(L t) = yz(lv t)a

Uz (1,8) = Yaaw(1,8) — co[9:(1,7)
colve(1,t) — y(1, )],

Gir(@58) + G (,8) = 0, 7 € (0,1), £ >0,

- yt(17 t)]+

9(0,t) = 9.(0,¢) =0, ¢t > 0,

9(1,t) = yrer(t),

Joa(1,8) = —q0ue(1, 1) 4+ va0 (1, ) + quai (1, 1),
e(t) = Yret — Your = Yret () — y(1,1),

(45)
FREZARX = H3.
EE7 Hide L(0,400), Yot € WH(0,
o) f : H — RiFi & 4 FiLipschitz k{4 HA 5. WIXHT
EAME (Yo, Y1, Vo, V1, Yo, U1) " € X & AH A 1 A
v(1) — y(1) = 0, Fo(1) = yet(0), HIIR R GL(A5)FF
TEME—1E (v, Yo, v, 01,7, Ji)* € C(0, 00; X). B4, ]
5 RGO 0 AR
D sup( [ [y (@,1) + (@, 1) + %, (2, 6)+
t>0 Y0

v (@, t) + Jop (2, t) + Ui (z,1)]dz) < 4o00;
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2) FHEFHEM, p > 0flifs

[ @, t) =y 0 + e, )
yi(x,t)]?)de < Me M

[ (ar218) — s, OF + il 0)
yi(z,t)]?)dr < Me™H;

3) fEAEFHEM, u > 0ffif]

e(t)] = [y (1,8) = gut(8)] < Me, ¢ > 0

4) Lyrer(£) =d(t) = 0, IR RGAS)KIE(y, ye,
2, 2, U, Gp) T AR TRBRE M.

iIE wp(z,t) = v(x, t)—y(x, ) Mz(z,t) = (x
) =y, £), MR R (45) et T
Pe(2,t) + Proaa(@,t) = 0, 2 € (0,1), £ >0,
p(0,1) = p.(0,1) =0, >0,
pa(1,1) =0,
Paax(1,1) = copi(1,1),
21(2,t) + Zpawo (x,6) =0, z € (0,1), t > 0,
2(0,t) = 2,(0,t) =0, t >0,
zea(1,1) = =@z (1, 1) + pua(1, 1),
Zewe (1, 1) = coze(1, 1),
et (T, 1) + Ypwaw(z,t) =0, z € (0,1), t > 0,
9(0,t) = 9.(0,t) = 0, t>0,
9(1,8) = Yrer (1),
Jaa(1,8) = =qfae (1, 1) + vaa(1,1) + quae(1, ),
dﬂZ%a—%mz%ﬂﬂ—yﬂJ)

(46)
B IR (p, 2) BB 5X JUSL T gER 4y, R4k € B3, 551 (p,
z)ﬁﬁﬁj\ﬁfﬂﬁ*ﬁﬁk, AR 7€ B3R G B 70 A7 1L ME— fiff,
MR GE (A5 FFAEME—fiF. 53— 7T,
y(z,t)\ (=1 0\ (z(z,t) n y(z,t)
v(z,t) -1 1) \p(z,t)
FRIE B3, SFIEHELG, AT 1) KA. Hp(x, t)=v(x,
t) —y(x,t), z(x,t) = y(x,t) — y(z, t)F & E3EPE
Ji2) AT FEHRAAE Sobolev i A e BRA 5 2) H1TE 14 it
3L, e fa TR 4) B e BRO 1T 2], UEEE.
5 4
ASCIE L0 S BT 754543 18 T Euler-Bernoulli
R P AR [F) A7 PR ST Pk PR e . R
PUHOTE R T B T 2R LAl TH AR RS B
(W BB FI N ER LB 2 ), S8 J5 M A T R LA
PR R GE, HAR R AL BN LR 3242 R 4.

B Je AR A I R 48, 4 L 42 1 PR B ) B A
RIS AT 1 BRER IR ZE 5 PR R GE AR E PRI 1k
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