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Abstract: In this paper, event-triggered output feedback finite-time bounded control of linear systems is investigated.
Unlike asymptotic stability which only requires qualitatively that the system is bounded during inter-sample, for finite-time
boundedness, it is necessary to estimate the upper bound of the trajectory to ensure that the system meets the quantitative
requirements. Based on Lyapunov-like function, sufficient conditions are given to ensure finite-time boundedness of the
resultant closed-loop system and to avoid Zeno behavior in an emulation context. The conditions can be transformed into
linear matrix inequalities such that they are easy to be verified and used in practice. Moreover, an event-triggered rule with
variable parameters, which can improve the flexibility of design, is also proposed, aiming at conserving sources. Simulation
results are employed to verify main results proposed in this paper.
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1 Introduction

With the development of wire and wireless tech-
nologies, modern control systems have been operated
by digital communication networks. In standard con-
trol books such as [1-2], periodic control is presented
as the only choice for implementing feedback control
laws on digital platforms. However, classical sampled-
data control is based on performing sensing and actu-
ation periodically. For a type of large-scale resource-
constrained wireless embedded control systems, it is
desirable to limit the sensor and control computation
and communication to instances that the system needs
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attention. Hence, an aperiodic digital control called
event-triggered control (ETC) [3-8] has been proposed
to avoid the waste of sources and the congestion of com-
puting devices or communication networks.

Up to present, for research on event-triggered con-
trol, most existing literatures focus on asymptotical sta-
bility (AS) [9-14]. It is well known that asymptotical
stability of a system is a qualitative analysis over an in-
finite time interval. However, in many practical appli-
cations, such as missile systems, analog computer sys-
tems, active and parametric networks, the main concern
is the quantitative behavior of the system over a fixed
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finite-time interval [15-19]. In these cases, finite-time
stability, which focuses its attention on the system be-
havior over a finite-time interval, is more practical than
asymptotical stability analysis of a system. In recent
years, finite-time stability was extended to finite-time
boundedness (FTB) [16, 18]. Most of existing result-
s focus on conventional feedback control or classical
sampled-data control and FTB of dynamical systems vi-
a event-triggered control is still in its embryonic stage.

ETC scheme, which is reactive and generates sen-
sor sampling and control actuation when the trigger-
ing condition based on current measurements is vio-
lated [6], has been widely applied to deal with many
control issues, such as state or output feedback con-
trol [5, 11-13,20], because it can efficiently reduce the
update number of control signal so that communication
resources can be saved significantly. The first important
issue is that ETC schemes should guarantee a positive
minimum inter-event time (MIET) which is the mini-
mal time distance between any two consecutive even-
t time instants. Otherwise, Zeno behaviour occurs. It
was proven that for state feedback control of linear sys-
tems without external disturbances the positive MIET is
guaranteed to exist [5]. While, for an output feedback
controller in a similar setup, the positive MIET may
not exist [21]. Moreover, it was theoretically proven
that with arbitrary small external disturbances, the pos-
itive MIET possibly becomes zero even though it can
be ensured in the absence of external disturbances [22].
Hence, it is not an easy task to ensure that finite-time
boundedness of the closed-loop systems in ETC output
feedback scheme to avoid Zeno behaviour because for
FTB, the presence of external disturbances is a indis-
pensable part of the definition, which motivates this s-
tudy.

For ETC schemes, the joint design of the feedback
controller and the triggering condition is another impor-
tant issue. In asymptotical stability of the closed-loop
system via event-triggered control, emulation-based ap-
proaches are the common choice in practice [5, 9-10,
14]. Hence, in this paper, an emulation-based approach
is also used to consider the triggering condition with
a priori that the output feedback controller is given to
make the closed-loop system finite-time bounded. How-
ever, as everyone knows, the disadvantage of such an
emulation-based approach is that it is impossible to ob-
tain an optimal joint design of the feedback controller
and the triggering condition [10-11]. Hence, in this pa-
per, to overcome this disadvantage, a free parameter is
introduced in the design process of the triggering con-
dition to minimize the update number of control signals
while finite-time boundedness of the resultant closed-
loop system is still guaranteed.

Main contribution and innovation of this note are
listed as follows: 1) Event-triggered output feedback

finite-time bounded control for linear systems is dis-
cussed, and the ETC strategies, including the trig-
gering condition which can be tuned by regulating a
free parameter, is proposed for the first time, to the
best of authors’” knowledge. 2) Sufficient conditions for
finite-time boundedness of linear systems under event-
triggered control are presented by virtue of Lyapunov-
like function. The conditions are transformed into linear
matrix inequalities such that it is easy to be verified and
applied.

Notations: In this paper, N, R", R™*™ respective-
ly represent the sets of natural numbers, n-dimensional
vectors and n X n matrices. The superscript 1" stand-
s for matrix transposition. Ap,(+) and Apax () denote
the minimum and maximum eigenvalues of a real sym-
metric matrix.

2 Problem formulation and preliminaries
Consider the following linear system:

#(t) = Az(t) + Bu(t) + Dw(t),
y(t) = Cx(t),

where z(t) = [x(t) z2(t) z,(t)]" € R is the
state, u(t) € R™ is the control input, w(t) € R? is
the disturbance input, y(t) € RP? is the output signal.
The matrices A, B, C, and D are system matrices with
appropriate dimensions.

An observer-based state feedback controller is as
follows:

ey

9(t) = Cz(t), (2
u(t) = K&(t),

where 2(t) € R™ and y(t) € RP are the state and the
output of the observer, L € R™*? and K € R™*" are
the observer and controller gains respectively.

Lete(t) = x(t) — &(t). Then, é(t) = (A + LC)-
e(t) + Dw(t). On the other hand, the dynamics of
the observer with the state feedback controller u(t) =
K(t) is given by 2(t) = (A+ BK)z(t) — Le,(t),
where e, (t) = Ce(t) is the output estimation error.

In this paper, the control input u is updated at cer-
tain instants {f; } ey instead of continuing implemen-

tation. Thus, the closed-loop system can be represented
by
= Ax(t) + Bu(ty) + Dw(t),
= Az(t) + Bu(ty) — Le,(t),
ty) = K&(ty), Vt € [tr, tis1)-
Let5(t) = u(ty) —u(t) = K (2(ty)—2(t)), which
can be viewed as a measure of the difference between
sampled control input and continuous-time ones. Thus,

the closed-loop system (3) can be expressed in terms of
Z and e as follows:

3)

u
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z(t) = Ax(t) + Bi(t) + BKz(t) + Dw(t),
Z(t) = (A + BK)i(t) + Bo(t) — Le,(t).
4)
In order to discuss the event-triggered output feed-
back finite-time bounded control of linear systems,
the following standard assumptions and definitions of
finite-time boundedness, which are cited from [18-19,
23-24], are listed as follows.
Assumption 1 [18-19,23-24]
bances w(t) s
T
jo "W (Hw(t)dt
time interval.
Definition 1 [18-19,23-24]  Given positive con-
stants ¢, co, Ty with ¢; < ¢, and a positive-definite
matrix R. If €* (o) Re(tg) < ¢1, wehave €' (t) Re(t) <
co,Vt € [0,TY], then linear system (1) is said to be

finite-time bounded with respect to (c1, ¢, T, dy, R),
where €(t) = (z"(t) 27 (t))".

3 Main results

External distur-
time-varying and  satisfies

< dy,dyy > 0,[0,T%] is the fixed

In this section, finite-time boundedness of linear
system (1) via event-triggered output feedback control
is to be discussed.

Theorem 1 For linear system (4), given con-
troller and observer gains K and L, and a positive s-
calar T'. If there are matrices P, > 0, P, > 0, Q5 > 0,
S1 > 0,5 >0,Q. > 0, constants ay > «a; > 0,
B2 = (1 = 0 and the event-triggered sampling rule
with a parameter 7 defined by t;; = min{t > ¢, + 7T,

s.t. f(8(¢), (2(t) ey, (t))™) = 0}, such that
P11 P12 P13 P14

*

¢ = P22 P23 P24 <0,
* * P33 P34
* * * (O
Y11 Pla Pz Pla

o—| " 2> gpég 90%‘ <0,
* ¥ P33 P3y

* * *  QOh

()\2 + )\3)01 + ()\4/81 4 )\5,82)dw+
[ 1509, (#(6) e,(s)T)ds <

Arege (et )

then linear system (4) is finite-time bounded with re-
spect to (c1, ¢o, T, dy,, R), where

o1 =A"P + PA—a P,

013 = PLBK — CTL'P,,

13 = P1B, 10 = P1D, 23 = P,B, 24 =0,
©22 = (A+ BK + LC)T P+

Py(A+ BK + LC) — oy P,
¢33 =0, P34 =0, aa = =151,
i = ATP + PLA — ay P + CTQusC,
¢, = PLBK — CTL"P, — CTQ.sC + CTQJ,,
13 = P1B, p1s = PD,
oty = (A+ BK + LC)T Pyt
Py(A+ BK + LC) — ap Py—
Q2C = QL + C" Q30 + Qu,
Pa3 = PaB, 3, =0, 33 = —Qs,
P34 = 0, piy = =25,
FQO(), (2(t) ey(t)") =
3T (1)Qs0(t) = (7(t) e, (1)Q=(2(t) e,(t))" —,
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Proof The proof procedure can be divided into t-
WO parts:

Part I Upper-bound estimation of Lyapunov-like
function.

Choose a Lyapunov-like function

v = () (3 9) () o

Taking derivative of V' (x(t), Z(t)) yields
V=
T t Plfl?( )

K-

()Plx()
2T (t) P (t) + 2" (1) P (t) =
THO[ATP, + P AJx(t) +

[

(t)

(t)

(t) wh () DT Pra(t)+
2" (t)[P.BK — CT LT P)&(t)+

(t)

(t)

(t)

8

()P Bo(t) + 2 (t) P, Dw(t)+
#T(t)[KTBT P, — P,LC)x(t)+

#T(H)[(A+ BK + LC)' P+

Py(A+ BK + LO))z(t)+

2T (t)P,Bo(t) + 6 (t) BT P (t)+

5T (t)BT Pyi(t). (7

For ETC design, the event-triggered time is sepa-
rated at least by T which is used to avoid Zeno phe-
nomenon. During [t, ¢ + T'), the control is not updat-

8
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ed. After t;, + T, event condition determines when the
control should be updated guaranteeing system perfor-
mance. Hence, upper-bound estimation in [ty, ¢, + 1)
and [ty + T, t;41) should be done respectively.

Step 1

Based on (6) and (7), it yields

V- oV <

ot ()[ATP + P A — ay Px(t)+

w' () DT Pyx(t) + 2" (t)[PLBK —

CTLTP)a(t) + 2 (t) P B (t)+

2T (t)P,Dw(t) + 27 (t) K" BT P,—

P,LC)x(t) + 2T (t)[(A + BK + LC) " P+

Py(A+ BK + LC) — a, Py))&(t)+

2T (t)P,Bo(t) + 67 ()BT Pl (t)+

§T(t)BT P (t) + Brw™ (t)Siw(t)—

Biw™ (t)S1w(t) =

CHOEC(t) + Brw (8) Shw(t), ®)
where ((t) = (z"(t) 27(t) 07 (t) w'(¢))".

Thus, we have V — ay V' < Byw™ (¢) S w(t). Inte-
grating both sides of this inequality for t € [ty ¢, +T),

V(t) < eV (t) + | " B (5) S, w(s)ds.
©)

Step2  Upper-bound estimation in [t + 7, tj41)-
As that of Case 1, it is not difficult to get that
V=V = f(8(1), (2(t) ,(1)") <

2T ()[AT P+ PLA — o Py + CTQ30)x(t)+
wr (t)DTPix(t) + 2 (t)[P.BK — CT LT P+
CTQz — C"Q=sCla(t) + 2 (1) PLBI(t)+
2T (t)P,Dw(t) + 27 (t)[K" B P, — P,LC+
Q=20 — CT Q502 (t)+

#T(H)[(A+ BK + LC)" P+

Py(A+ BK + LC) — asPy — Q.2C—
CTQY, + CTQusC + Quii (1) +

2T (t)P,Bo(t) + 6 ()BT Pl (t)+

1 (1) BT Pyt (t) — 67 (£)Qs0(t)+

Baw™ (£)Saw(t) — Bow™ (t)Sxw(t) +n =
CHOPC(L) + Bow™ () Saw(t) + .

Hence, one obtains V — a,V — f(8(t), (&(t)-
e, (1)) < Bow™ (t)Saw(t) 4 0. Integrating both sides
of this inequality for ¢ € [t 4+ T, t1), it holds that

V(t) < GQQ(t—(tk-i-T))V(tk + T)_|_

Upper-bound estimation in [ty t, + T).

(10)

t ~
|G ONCIORNCDE
Bow™ (t)Syw(t)]ds. (11)
Part I Finite-time boundedness analysis.
Using the iterative method, for ¢ € (0,7%) and
t >t + T, based on (9) and (11), it yields
Vt) <
etV (1 4 T+
t r - T
| CONCORNOIDE
Bow™ (5)Ssw(s)]ds <
eaz(t—(tk+T)) OélTV(tk)

tk—‘rT

002 (t—(t+T)) f w” (s)S1w(s)ds+

! £ S T
LHT[f@(s)?(x(s) e,()))+
Bow™ () Syw(s)]ds <
eo2(t=(tetD) g gaz (=t 4TV (¢, 4 T4

eaz(tf(tk+T))ea1T X

L):iﬁT[JE((S(S)’ (2(s) e,(s) ")+

Bow™ () Saw(s)]ds+
T
eaQ(t*(tlﬁ”T)) Jj - 61U)T(S)Slw(8)ds+

JZJFT[JZ((S(S), (2(s) ey(s) ")+
Baw™ (5)Syw(s)]ds <

e NI Teos (NN (1) +
Brhmas(51) fon w" (s)w(s)ds+

Ty

52)\max(52)f0 wr (s)w(s)ds+

[ 7(5(). (3(5) e,(s))")ds] <
elontaz)Ty [V (to) + (BiAs + BaXs)duw+

[ F6(5), (3(5) e,(s)")as],
orfort € (0,7f)andt < t; + T,
V(t) < e TV (1) 4+ (Bids + Bos)duw+

[ F6(3), (0(5) ey (s))ds),
where N, ?7T denotes the maximum number of events trig-
gered with respect to parameters 1" and 7.
In summary, one obtains V (t) < e(®1Fe2)Tr [V (¢)
F Bt BNt [ F(5(s), (2(5) () ")
Meanwhile,

V(t) = 2T (t)Px(t) + 27 (t) Pyi(t) >
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)\min P
VT OR) = MR, (12 )
and
)\max P A A
Vi(to) < 2 1) R(r) + 87 (1) R 1)+
)\mln (R)
)\max P A A
Amm(( R2)) [z" (to) Rz (to) + 2" (to) R2(to)] <
(A2 + As)ey, (13)
- R 0
where R = <* R).

Thus, it yields

€7 (1) Re(t) < VA(T’) <

eloataz)Ty
By virtue of equation (5), it is not difficult to get

Y
T(HRe(t) < ;62 x e

1
Thus, Theorem 1 is proved. O

Remark 1 It is well known that asymptotic sta-
bility is a qualitative analysis but finite-time bounded-
ness is a quantitative one, and AS of the system does not
mean FTB of the system and vice visa [15,18,23]. But,
in the framework of event-triggered control, the differ-
ence of AS and FTB should be noted extraordinarily.
For AS, the overall energy trend needs to be downward
to guarantee asymptotical stability of the system, for
example, during the period between two updated time
such as [tx, tx11) the energy V (z(t)) of the system is
required to decline [5] or be bounded during [ty., . +71")
and comes down during [t + T, tx41) [11]. Fig. 1(a)
shows the case as that in [11]. During [tx,tx + T),
the energy V' (z(t)) of the system is only required to
be bounded but not declined, the system is AS but not
FTB. However, for FTB, the energy V' (x(t)) of the sys-
tem does not need to decline, but the upper-bound esti-
mation of the Lyapunov-like function V' (z(t)) should
be known to guarantee finite-time boundedness of the
closed-loop system, Fig. 1(b).

~(a1+az)T +a2)T
(arta)Ty o glan az)fgc}

Remark 2  From Theorem 1, it is not difficult to
see that the event-triggered sampling rule designed in
this paper includes two parts, time condition and even-
t condition. Time condition can effectively avoid Zeno
phenomenon for the sampling time separated at least by
T. Event condition is proposed to coordinately deter-
mine the next update time of control signal. It is worth
mentioning that the free parameter 77 in event condition,
which is used to coordinately regulate the number of up-
dates of the controller, is put forward for the first time,
to the best of our knowledge.

(a) Asymptotic stable

V(@ A

\ —  m—

X(tk+1) X(t +71)

()
(b) Finite-time bounded

Fig. 1 Difference between asymptotic stable and finite-
time bounded

Remark 3  For update ways of control signal, it
is mainly affected by the adjustment of two free param-
eters in the event triggered sampling rules, which are T'
in time condition and 7 in event condition, respective-
ly. In terms of the update forms of control signal, it can
be divided into periodic update and aperiodic update,
e.g. see Fig. 5(a): aperiodicity and Fig. 5(c): periodici-
ty. On the other hand, according to the update influence
of control signal on the finite-time boundedness of sys-
tem, it can be regarded as effective control signal and
invalid control signal. In Fig. 3, for Case 1 and Case
2, the system is Un-FTB (UFTB), so the corresponding
updated control signal is invalid control signal. Howev-
er, for Case 3, the system is FTB, so the updated control
signal at this time is the effective control signal.

4 Illustrative example
In this section, simulation results are presented to
show the validity of the method proposed in this paper.
Example 1
with an event-triggered output feedback controller:

Consider the following linear system



1502 Control Theory & Applications

Vol. 39

0 10 (14)
1 0

where u(ty) = Kiz(ty), £(0) = 0 and w(t) =
(0.35sint 0.25cost)T.

Let oy = 0.1, ap = 0.3, 51 = 0.2, 5, = 0.6,
d,=10,Tf=9s,R=1,c; =0.2,¢c, = 1.0.

As will be readily seen from Fig. 2(a), Case 1, linear
system (14) is AS, but it is not FTB. To make linear sys-
tem (14) FTB,let K = (3 —6)and L = (—0.5 —6)™.
With n = 0.2, statuses of control signal are exhibited
in Table 1, and responses of =" (t) Rz (t) are shown in
Fig. 2. From Fig. 2(a), Case 2, it can be seen that with
the initial control values un-updated, linear system (14)
is still not finite-time bounded, which means that con-

T T T T T T T T
25F ’.)-“"‘\\. 7
/ N
/ \— Case 1
2.0F / \ e
/ AN
/ ,
= 15F / , /"4
§ l"‘ ﬁw%ﬂ . \"‘wzouﬁ"'
= 5,
= L()gfclff'z;ff,,,,jt/,jsffffi
8 i3 * A
;¥ *&Wgﬁ*
05F .Lfiwwx E
2 %, Case 3 .=
»* :/ M
O'O 1 1 1 1 1 1 1 1
0

(a) Three cases of responses of z:* (t) Rz (t)

trol input needs more updation. If control signal updates
according to an appropriate event-triggered condition,
the closed-loop linear system is finite-time bounded, see
it in Fig. 2(a), Case 3. So, the effectiveness of the pro-
posed method is proved.

Table 1 Control signal with n = 0.2

K T/s  Control signal

Casel (3 -6) 9 u(t) =0
Case2 (3 -6) 9 u(t) = K(tp)
Case3 (3 —6) 15 w(t)=Ki(ty), k=1,---,6

Moreover, based on numerical calculation, maxi-
mum effective values of 7" and 7, T..ax and Tmax, can
be found. For linear system (14) with K = (3 —6) and
L= (=05 —6)T, Tha =225 and My = 17.1.
Linear system (14) is FTB as longas 0 < 7" < 2.2 s
andn < 17.1. Andin Fig. 3, T = 1.5s, 7 = 0.18 and

T =2.0s,n = 10 are respectively chosen.

5 T T T T T

4k -

Case 3 N});: 5

Control input
[\S)
T
1

Case 2 Ngg =0

/

—1 I I I I I

0.0 1.5 3.0 45 6.0 7.5 9.0

t

(b) Three cases of control signals

Fig. 2 State response and control input

0.8 T T T

T
x](t)
0.61 .fJM"\ T
w,ef\fr — 2 ,xf .
0.4 ot ——— AN T, ]
§ ,(8)
s 02f .
7]
5
5 00r
a ® \
. %) # "
-0.2} e : .
WM‘/ 0]
L
04r X%z" W f T
_06 1 1 1 %f 1 1 1 1

0 1 2 3 4 5 6 7 8 9
t
(a) Response of states (7' = 1.5 s, n = 0.18)

0.8 T T T T T T T T

0.7F .

0.6f //\ i
05t Y, \ |

0.4+ [~ \ / ]

o/ Vo
02k / \ Vd i

01 1 1 1 1 1 .71 1 1
6

2T ()Rx(t)
(ﬁ
AN

(b) Response of =T (£) Rx(t) (T = 1.5 s, 1 = 0.18)
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0.8 T T T T T T T T
()

N W
0.4 \ |

(1)

System states

(c) Response of states (' = 2.0 s, n = 10)

2T ()R (t)

09 T T T T T T T T

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1 1 1 1 1 1 1 1 1
0

(d) Response of =T (t) Rz (t) (T = 2.0's, 7 = 10)

Fig. 3 System response with different parameters

For linear system (14) with K = (3 — 6) and
L= (-0.5 —6)", in case of continuous control, the
system is not FTB, as shown in Fig. 4(a) and Fig. 4(c),
but with an appropriate event-triggered control strate-
gy, the system may achieve FTB as shown in Fig. 4(b)
and Fig. 4(d) with " = 1.0s, n = 15. On the other

16 T T T T T T T T

1.4 7

1.2

1.0

(1 T TR, TP TR AR

0.6

2T(ORx(1)

0.4

1 1 1 1 1 1 1 1
0'00 1 2 3 4 5 6 7 8 9

T
1

1.1
0 b
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1 ; ! - - : : L L

T
1

2T ()Rx(t)

(c) Response of 2T (¢) Rx:(t) (Appropriate ETC strategy)

hand,

(0.1

for linear system (14), and the parameters ¢y, co
and K changed to be ¢; = 0.04, c; = 1.0. and K =
— 10), then the system is FTB with continuous
control, as shown in Fig. 5(a) and Fig. 5(c), but for in-
appropriate ETC, the closed-loop system is not FTB, as

shown in Fig. 5(b) and Fig. 5(d).

Control signal

Control signal

(b) Control signals (Continuous control)

T T T T T T T T

(d) Control signals (Appropriate ETC strategy)

Fig. 4 State response and control input with continuous and appropriate ETC strategies
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Fig. 5 State response and control input with continuous and inappropriate ETC strategies

5 Conclusion

Finite-time boundedness of linear systems via
event-triggered output feedback control have been ad-
dressed. Based on Lyapunov-like function, sufficient
conditions have been presented to ensure FTB of the
resultant closed-loop system via ETC. Moreover, an
appropriate event-triggered rule with tunable parame-
ters has been proposed to avoid Zeno behavior and to
guarantee system performance. How to extend the pro-
posed method to switched linear systems needs further
research.
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