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Finite element approximations of impulsive time optimal control
problems for heat equations
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Abstract: The time optimal control problem is a kind of typical optimal control problem, which has attracted the
extensive attention of researchers. Impulsive control has been widely used in engineering control. The convergence of
numerical approximations of optimal control problems for the systems governed by partial differential equations provides a
qualitative basis for the feasibility of the numerical method. In this paper, the convergence of finite element approximation
for the impulsive time optimal control problem of heat equations is studied. By making use of the properties of the projection
operator and the error estimates of the system state, we prove that the optimal time of the approximation problem converges
to the optimal time of the original problem. Furthermore, the convergence of the optimal control is proved by means of the

Vol. 39 No. 9
Sep. 2022

bang-bang property of the optimal control for the original problem.

Key words: optimal time; impulse; optimal control; finite element approximation; convergence analysis

Citation: HUANG Jingfang, LIU Kangsheng, YU Xin. Finite element approximations of impulsive time optimal control
problems for heat equations. Control Theory & Applications, 2022, 39(9): 1619 — 1623

1 515

I T g D0 % ] i) R — S L AR ) e I 42 ) i)
R T B2 NS SR, IR R A
VE RIS (] [X 8] 5% T Rikpdas il i) T R 4 ek (1]
B A 1) 1) R A B A 520, Duan flWang ™ % — S
B) S LRk rp I O 2R P E IO R GedE AT TSR, 158 T
B 32 ) A7 76 P4 Albang-bang P, LA /N [E]VZ
PR 5% -4 1) 20 R RN ik prp st 2 1 7% . Wang U O1xf
— SIS A] e P Rk 4 i 0 2 e M R S T REREAT T

WehE E A 2021—10—15; 536H H#H: 2021—12—30.

TiE{E{E# . E-mail: ksliu@zju.edu.cn.
ARG mZE: FEk.

WEFT, A3 T R /N ) 5 I ik e 2 ) ) BRI AR /N Y 5
Bk s ) il R S

i3 5 R e ) v R B 1 5 538 v
FEITAERARH I IR AU, (B2, 22 T T IR 4k R Gih
VF1) 5 I 4% 1) i) RO ) A IS 4 3 3T O R D E 7 B e /D
Knowles! WA 70 7 EA 1 A il O L& M I A i 3
5 PRI B A A 4 ] ) R A R G, 1531 T Bl
) R 2= Al i, Herp a2 BUE T/ PR4E = 0], R
PUEIT. Lasieckal MW 50 17 B AT W S 4z il 2k 9o

5K SR LRI (2018 AAA0100902), LA HOARH#E4:15 H (LY 19A010024, LZ21A010001), Hi LA HE T AR H (Y202044208) .
Supported by the National Key Research and Development Project (2018AAA0100902), the Natural Science Foundation of Zhejiang Province
(LY19A010024, LZ21A010001), and the General Project of Education Department of Zhejiang Province (Y202044208).



1620 oA R 5 N A

39 %

AU 70 7 R 1) g 0 42 ] ) et ) A PR Jca@ i, ik W
T S A TR R A5 A 42 o) PR W S . Wang I Zheng!'!
B FT T 2 M AL 505 2 (1D B TR) S A Py 358 4 i) 1) At 11
A IR eig i, F i Pontryagindi A E JF B A5 3 # At i
(B iR Z A5 1. Huang! ™ FI-GVEE R IT T 2R i e
37 MR IR [R] g e 478 ] e ) AT PR JGa&@ e, W R
WHMEA 2] T S T R R ZE Al . Lint UG AR & f
Fo T R0 ZR G5 1) )R] i DA A2 ] ) A PR A A0
() e DN TR) R iR ZE Ak v, SR, 3 STk rép 4 sl 4
N[5 8 75 T 25 1) Ik 1] X ). AE AR ST, FE i T it
7RI e 1] g P A o] e et ) A PR TaE T,
S N AE R ks Z1. Yul ORI S AR B A T R
A IR TYAR RN K e ) R AL T 7 R R AR ) i)
A IR TCIE L, 45 TR ZEfhTh. X T 3L 37
F1R) Pk e ] e A4 ) P PR @@ e AR AL sk, ok
DB FESCHR, AR SRR I #At 5207 R ik b s 1] S 0
2 ] ) R P A R 7 33U ) e D0 A R e A 42 ] B Wiz
Shtk.

LONRY (d=1,2,3)F BAIFARONINA
FHMTFIX . 2w N QIHETTE T4 80 R ik
P P AL S T2

Oy — Ay =0, FE82 % (0,+00) \ {7} H,
Yy = 07 E@Q X (0, +OO)J:,
y(0) = vo, FEQH,

y(t) = y(7_) + Bu, 1EQH.
(1)
X By, € L2(92), 7 > Ok %), u € L2 (w) A
Bkl y(r ) RRIELA(Q2)HyfEt = 7 B IR.
HYBe L(L*(w), L*(2)).
Hy (-5 90, w) T 7 REKI . IS (1) %R AFE
L2 ()RR, A TR T R oyt
(t U) . S(t)y07 t e [0, 7'),
s S(t)yo + S(t — 7)Bu, t € [1,+00).
(2)
Lr >0, M > 03598 € B £ FEARSCH, 5390
HH| - [[A(-, )R 23 E] L2 (02) HR R Ta £ AR, 251
R r2w) B, +) 22 () T s 25 T8 L2 (w) H 8 HOR
PR, 25 RE T B T s e kv ) )
(TP) nf{T;T > 7,y(T; yo,u) € B(0,r),u € U},
o 2 RN
U = {u;[lull 12y < M},
HIrEEN
B(0,7) = {w € L*(2); ||w| < 7}

R
T &inf{T;T > 7,y(T; yo,u) € B(0,r),u € U}
RV (T P) 0 S A 8], %S F B Lrs [T, & 50T
< +oo. TEARNH, fBX
{S(T)yo+ Bu;u e U} N B(0,7) =2. (3)

W R G L, W T = 7. A, 78 G R
W R, BT > 7. iR u e U [H75200) g 2
y(T*;yo,u*) € B0, r), WIFRu* [0 @ (TP)H)—1
I ] 52 D0 Ik g 42 ) (87 B A28 1)), 2% B 6 i ) R
(TP) iz il 2 A7 E B CTHR 9151 BE3.1).

AR (T P) A FRJGIE L. 8 Q1 — ik
= MIEE T, GRl o BLARR) LA Ro ] — R = T2 &
gy GRlar BARD, 1 IS i e A TR o437 %)
PRAS 75 [ A i) 23 TRLEA T B Ek, S i [A) e A kg
AT ) (TP ). A B B AT [l st
B[] A B fIe 42 il PR Ae Sl

AL EER AN A2 56 2 B -2 (R AR ka2
il i) B A BR eI T fEEE3 T g E LS R —iE
JT ) R A o T R B e 2 | (A S
2 AMRuEix

FEIX — 15 1, g LA Sl B[] o A0 ik v 42 ) i) 800
(TP)WIA R ICIEIT. Nk, % EQW — ik = f T4
55 T, 5T EAR

h = maxdiam(T), 0 < h < 1.

TETh
WS TCRVEE i = 2Bt d = 3). I H, e
il 2 IR EL2 40— 2.
TE =I5 Ty b, SRS 5) Fr 8 1 eR 50R)
IR RITE VY (2)
V) (2) = {v, € Hy(2) N C(2);
onfET L NAAEESL, VT € Tr).
AP L*(2) — VI Q)R> FHT, © N
(PPv,wy) = (v,wy), Yo € L*(2),w, € V;'(£2).
4)
A2 T 18-
o = Poll < Chllolngion, o € HY(2).
FET R, kw2 AR s B AL A B X
. SRARL b, A4 o 1) I WU R — B 43 T G4 B
81,0 <1 < D). T L, RAARTEEV (W)
Vi(w) = {v € C(w);
ufETY FoREZEREL, VTV € T2}
HIEA L, Vi(w) € HY(w). &P, : L2 (w) = Vi(w) R
L5, ® SUN: Yo € L (w), w; € Vi(w),
(P, wi) 2wy = (U, W) £2(w)- (6)



%9 4 U7 R T RERIIN AL e k42 ] 17 R ) A BR eI 1621

DU R AN 21200
v — Pl r2w) < Clv| 1), Yo € HY (w).  (7)
BUAE, ReaQ(D)FREE 2] T 1 HIA PRAERL > TR
Oyn(t) — Apyn(t) = 0, t € (0,+00) \ {7},
yn(0) = Py,
yu() = yulr_) + PO Bu,
(8)
Hordru, € Vi(w), BT =4, : V(2) = V2(02) X
wr:
(—Apvp,wy,) = L} Vo, - Vwde,
Yo, wy, € VIH(0).
T YL (- yo, w)Ron FIR IR
Oyn(t) — Apyn(t) =0, t € (0,400) \ {7},
yn(0) = Py,
yn(7) = yn(7_) + PP Bu,
Hbu € L2 (w). yn (s yo, w) RoRTTRE@)HIXT LT
35 il wy A WIE Pyo BB, 2 Sy (8) WAL 4 1) 23,
2 @) I AT s

Y (t; Yo, w) =
Sh(t) P yo, telo,7),
{Sh(t)Pigyo + Su(t — 7)PY?Buy, t € [1,+00).
)
7E X

U = {w;u € Vi(w), lwill2w) < M}
Pl
Bu(0,7) = {wy, € V;)(2); lwn|| < 7}
T, 008 (TP v B F5E 5 8 1 IR B ) e e ik 42
i)
(T’Phl) 1nf{T7 T 2 T,
yh(T, yo,ul) c Bh(O, 7’), u; € Z/[l}
G
T = inf{T;T >,
yn(T5 90, w) € Br(0,7), w € Uy}
R (TP B E LR R Z JRMEE R b, 1> 0,
Ty, < 4o00. Ll Ruy, € UAER ﬁ(g)%%{%/%yh(T]fla
Yo, uj;) € Bp(0,7), WMIFRw;, 900 @ (TP, B iz
. 25 2 BAE W (TP ) W B L A7 AE .
RIS &y iR IR SEy Rt il L6 ¢
TEIX — 15, 1018 8 (T P) A (T Py ) s LBy
[B] A B AL F2 ] S S . FH CRAR AR TR AL —

FRIEH L.
N T AR SO 18] WSS, 7 2R RS T e
RTINS IRZEAG THEE R CUIR (21 € #E3.2).

131 AMEEMv € L2(2)Mt > 0, f7EC >
07
|S(t)v — Sy (t)Plv|| < Ch? t~HJv]. (10)

i H, $HMEERv € L2(2)MT > 0,
sup ||S(t)v — Su(t)PPv|| — 0, 2k — 0. (11)

t€[0,T)
N TR AR S, 1A i N AR
CCHR[91EH2.1).
51 2 RERG) ML, Bu 2 W B (TP)
feazEl. W 2E—), 3+ HZbang-bang% i, E[I
[ L2y = M.
PULELE H S [a] e St
EE 1 BR@)r. ST ATy 5 5 )
(TP)F(T Py (rss RS 18] A4
lim Ty, = T*.

h,l—0+
I RFEIRHER D > 0, fA4 5 Ml
BIHEERO < h < h,0< 1<,
T <T*+e (12)
DL
T < Ty +e (13)
SR DI R (12). St (T P) i 4
IS
1y(T; yo, w) || < 7, (14)
JEH,
lyn (T + € yo, Pru™)|| <
lyn(T™ + € yo, Pru”) — y(T™ + € yo, Piu”) ||+
(T + € yo, Pu”) — y(T™ + € yo, u") |+
|y(T* + € yo, u)|]. (15)
FEEHT > 7, HAQ2)(9)-(10%
yn(T™ + € yo, Pu”) — y(T™ + € yo, Pu”)|| <
1Sk (T* + €) Pyo — S(T™ + €)yo|l+
|Su(T* + € — 7)P) BPu*—
S(T*+e—T1)BPu*|| <

2 h2
C C‘ P * 2(w <
——lwoll + O | P 2o
2 2

h
Corr—— M 0
ol + Ot M —0,

C
T* +¢€



1622 oW OS5 MM 39 %
b — 0t oz, - H, wci(17), 7S

1M H., R4 BB 1, A
1y(T™ + € yo, Pu”) — y(T™ + €90, u”) || <
[S(T" +e—7)B(u" — Pu’)| <
Cllu* — Pu*|] — 0, 41 — 0.

H B AN AE R SFEER, > 0,1 > OfEAXMTE
B0 < h < hy,0 <1 <1y, HOL

yn(T™ + € yo, Pu”) — y(T™ + € yo, Pru’) ||+
ly(T™ + € yo, Pu™) — y(T™ + € yo, u”)|| <
r(1 —e M), (16)
Horp N\ I8 — AT T4 W55 IR, Dirichletid 5 i) 25—
/\%{HE. RHE(14), A1 E]
ly(T* + & yo, u")|| <
e M|y(T™; yo, u) || < re™ e,
mt, 454 15)F(16), 7T
lyn(T* + & yo, P)|| <
BRI, R& STy 2 W (T Py, ) B I 1H], 7T LAHERS
Ty, <T " +€ YO<h<hy, 0<I <y,
XEMAE A (12) L.
BNk, BERHE(13). Nk, Aul, N (T P,)
(s Azl )
lyn (Thy yo, up )|l < 7 (17)
WA, up, e U, LUK
1y(Thy + € Yo, up) || <
ly(Thy + € Yo, uny) — yu(Thy + € Yo, upy) [+
lyn (T + € Yo, up) |l (13)
HRAT, >7, 8
1y (T + € Yo, uhy) — yn (T + € yo, upy)|| <
1Sk (Tyy + €) Pyyo — S(Ty; + €)yol I+
1Sn (T, + € — T)PSBUZl_

ST + € = 7)Buy| <
2 2

C +C
T;lJrellyoll i

[hall 2 () <

h? h?
C—|lyol| + C—M — 0, Hh — 0.
€ €
DRI, FEAERRIH L0 < h < haFI0 < 1 < 1y, (6750
FERO<h<h O0<l<l B
||y( € yoauhl) yh(Tijl + 63%:“21)” <
r(1 —e M)

lyn (T + € Yo, up) || <
e Nyn(Ths yo, up) || < re
B BRI ANEE A (18), AT
(T + € yo, up) | < 7
R(TP)H) s AEE, AT RIXHE R IO < h

7)\16

FH T % 3 7] 7
<h0<l<l,
T < Ty, +e

BP3(13) Az, 52 B AIIE B 58 L. TEEE.
SR A I AU S
EE 2  BQG)ERAL. Bul, € USH(TPr)i
s gE] MAEEF5{u;, b, Flu* € U, 1§13
wy, — W EL? (w) s, “h, 0 — 07T,
1M H., w* NaE (T P) f s dz il
WE ATy A, 53 BN RR (T Py ) W s B TA) A
setgEl. A4
Ny (Thys Yo, upy) || < (19)
mH, e {u;, }, Flu* € UMTE
wy, — wHEL? (W) TSR, Mh, 0 — 0T, (20)
PR, FUEHu € U8 (T P) stz =
ES
lim T, =T~

h,l—0t
AT > 7, WXSFE5r /NI RAL, A
T + 71
2

R, #H55K(20), FIEHTREMe € L3(£2),
(y(T*;yO,u*) - y(T*;907UZl>7<P) =
(S(T" = 1)B(u™ — up,), p) =
(u* —wupy, B*S™(T" — 7)¢) 2(0) — 0,
Mh,l — 0" (22)

T, >

> 7. 1)

LA
Y(T"5 90, upy) — Y(Tiys Yo, upe), ) =
(S(T")yo + ST — 7)Bugy, — S(Ty)yo
S(Ty — 7)Buyy, ) =

(S(T")yo — S(Ty)yos )+
(Upys B*S™(T" — 7)o~
B*S* (T, — 7)¢) 12wy — 0, 4h, 1 — 0. (23)

IH, mRaofRenHE

(T vos wni) — yu (T Yo, upy)l| <



oM TOROTAE: L ST AR R R SOkl 1o AR A R TiE i 1623
2 2
H + 00— H ut HL2 [71 WANG L, WANG G. The optimal time control of a phase-field sys-
hl hl hl (W) tem. SIAM Journal on Control Optimization, 2003, 42(4): 1483 —
1508.
2h2 2h2
Cor Hy0|| + C M — 0, [8] WANG G, ZUAZUA E. On the equivalence of minimal time and
T minimal norm controls for internally controlled heat equations. SIAM
i—flh, l —_— 0+, (24) Journal on Control Optimization, 2012, 50(5): 2938 — 2958.

45 (22)-(23)A124), WXHEREM e € L3 (),
(Y(T"5 90, u™) — yn(Thys vo, upy)s ) =
(T y0,u") — y(T™5 yo, upy), )+
(YT 90, wny) — Y(Thys Yo, upy), )+
(T Yo, wnt) — Yn(Thps Yo, wpy)s ) — 0,

2h,l — 0. (25)
Ht, 85519
(T sy )l < L [y (T o, i) < 7
(26)
BRI T 0 A2 [0 @ (TP ) Wy e g il

ALV
up, — wEL? (w)HhsRIsL, “h,l — 07,

FRAE(20)FiH) B (TP) B ez il u* /& bang-bang s
H(513#2), 115

up — w720y =
(up, —u™,up, — U*)LQ(w) =

(uhys UZI)Lz(w) — 2(ujp, U*)L2(w)+

(u",u") 2 <
M? = 2(ujy, u*) 2@y + M? —
M? = 2(u*,u*) 2y + M? =0,
b, — 0T,

SE P UE I 58 B ==

SEHk:

[11 BARBU V. Analysis and Control of Nonlinear Infinite Dimensional
Systems. Boston: Academic Press, 1993.

[2] FATTORINI H O. Infinite Dimensional Optimization and Control
Theory. Cambridge, UK: Cambridge University Press, 1999.

[3] LIONS J L. Optimal Control of Systems Governed by Partial Differ-
ential Equations. Berlin: Springer-Verlag, 1971.

[4] LIX, YONG J. Optimal Control Theory for Infinite Dimensional Sys-
tems. Boston, MA: Birkhduser Boston, 1995.

[S] WANG G. L°° null controllability for the heat equation and its con-
sequences for the time optimal control problem. SIAM Journal on
Control Optimization, 2008, 47(4): 1701 — 1720.

[6] WANG G, WANG L. The bang-bang principle of time optimal con-
trols for the heat equation with internal controls. Systems & Control
Letters, 2007, 56(11/12): 709 — 713.

[9] DUAN L, WANG L, ZHANG C. Minimal time impulse control of an
evolution equation. Journal of Optimization Theory and Applications,
2019, 183(3): 902 - 919.

[10] WANG L. Minimal time impulse control problem of semilinear heat
equation. Journal of Optimization Theory and Applications, 2021,
188(3): 805 — 822.

[11] KNOWLES G. Finite element approximation of parabolic time opti-
mal control problems. SIAM Journal on Control Optimization, 1982,
20(3): 414 — 427.

[12] LASIECKA I. Ritz-Galerkin approximation of the time optimal
boundary control problem for parabolic systems with Dirichlet
boundary conditions. SIAM Journal on Control Optimization, 1984,
22(3): 477 - 500.

[13] WANG G, ZHENG G. An approach to the optimal time for a time op-
timal control problem of an internally controlled heat equation. SIAM
Journal on Control Optimization, 2012, 50: 601 — 628.

[14] HUANG]J, YU X, LIU K. Semidiscrete finite element approximation
of time optimal control problems for semilinear heat equations with
nonsmooth initial data. Systems & Control Letters, 2018, 116: 32 —
40.

[15] LIU Kangsheng, HUANG Jingfang, YU Xin. Error estimates of finite
dimensional approximations for the time optimal control of parabol-
ic systems. Journal of Systems Science and Mathematical Sciences,
2019, 39(2): 311 - 325.

CRURREAE, BT, TR, b 5 Geis 1a) st il i) R B A @A
WEMTT. KGR S5HE, 2019, 39(2): 311 -325.)

[16] YU X, HUANG J, LIU K. Finite element approximations of impul-
sive optimal control problems for heat equations. Journal of Mathe-
matical Analysis and Applications, 2019, 477(1): 250 — 271.

[17] PAZY A. Semigroups of Linear Operators and Applications to Partial
Differential Equations. New York: Springer-Verlag, 1983.

[18] BRENNER S C, SCOTT L R. The Mathematical Theory of Finite
Element Methods. New York: Springer-Verlag, 1994.

[19] GONG W, YAN N. Finite element approximations of parabolic op-
timal control problems with controls acting on a lower dimensional
manifold. STAM Journal on Numerical Analysis, 2016, 54: 1229 —
1262.

[20] QUARTERONI A, VALLI A. Numerical Approximation of Partial
Differential Equations. Berlin: Springer-Verlag, 1994.

[21] THOMEE V. Galerkin Finite Element Methods for Parabolic Prob-
lems. Berlin: Springer-Verlag, 2006.

e R

R W, UHM, HATREFCT IR T R Al e R
1H4J71%, E-mail: huangjf@zju.edu.cn;

XA B, B, BT OT A A S R G R H L,
E-mail: ksliu@zju.edu.cn;

Tk E, R, BRI R S R G R S K
HAT5, E-mail: yuxin@zju.edu.cn.



