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Trajectory-tracking control for

free-floating flexible space robots with bounded inputs

ZHAI Yan-xia, HU Qing-lei, XU Liang, HUO Xing
(Department of Control Science and Engineering, Harbin Institute of Technology, Harbin Heilongjiang 150001, China)

Abstract: This paper is concerned with the trajectory-tracking of free-floating flexible space robots. By means of La-
grange’s equations and the mode-assumption method, the dynamical equations of the space robot are derived and analyzed.
These equations are transformed into a fully controllable form with the flexible vibration disturbance based on the char-
acteristics of the underactuated dynamical control and the flexible vibration. In considering the physical limitations of the
actuator, we develop a robust control approach with adaptive state feedback to reduce the uncertain dynamic disturbance.
A complete analysis on the stability and the performance are performed by using Lyapunov theory. Simulation results of
the application to a two-link free-floating flexible space robot show the feasibility of the proposed controller.
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2 (Mathematical model)
1 ,

B0 B1, B2 , O−
XY , Oi−xiyi(i = 0, 1, 2)

Bi .

1

Fig. 1 Free-floating flexible space robot

,
[14–16]

M(q)q̈ + C(q, q̇)q̇ + Kq = Q, (1)

: q = (xs, ys, θ0, θ1, θ2, q1, q2)
T

, xs, ys, θ0 , θ1, θ2

1, 2 , q1, q2 1, 2
; M(q) ; C(q, q̇)q̇

; K = diag{0, K̄e} ;
Q . ,

, Euler-
Bernoulli [1, 17].

υi = υi(xi, t) = ΦT
i (xi)qi(t), i = 1, 2, (2)

: Φ=[φ1 φ2 · · · φN ]T , qi(t)
= [qi1 qi2 · · · qiN

]T , N

. Euler-Bernoulli

φj(xi) = sin(
jπ

li
xi), i = 1, 2, j = 1, 2, · · · , N.

(3)

, ,
, N = 1, (2)

υi(xi, t) = φ(xi)qi(t), i = 1, 2. (4)

K̄e = diag{k1, k2},

kk =
� lk

0
EIk(

d2φ(xk)
dx2

k

)dxk, k = 1, 2.

F = (fx, fy, τ0, τ1, τ2, f1, f2)
T, fx,

fy

; τ0 ; τ1, τ2

; f1, f2

. [16], Q F :
Q = GF , G .

3 (Dynamic analysis)

(1)
. q = [qT

r qT
e ]T,

Q = [QT
r QT

e ]T, : qr = (xs, ys, θ0, θ1, θ2)
T

, qe = (q1, q2)
T

, Qr, Qe . (1)
[16]

Mr(qr)q̈r + Cr(qr, q̇r)q̇r + de(q, q̇, q̈) = Qr, (5)

Me(q)q̈e + Ce(q, q̇)q̇e + Ke(qr, q̇r, q̈r)qe +

dr(qr, q̇r, q̈r) = Qe, (6)

: de, dr , de qe, q̇e, q̈e

, Mr M , Cr C

, Me M , Ce C

. (5), (6) ,
(6) dr

; (5) de

. (5) [16].
τp =[fx fy τ0]

T =0, τa =[τ1 τ2]
T, (5)

M̄r(qr)q̈r+C̄r(qr, q̇r)q̇r+ d̄e(q, q̇, q̈) =

[
τf

τa

]
, (7)

: M̄r, C̄r, d̄e Mr, Cr, de

. qr =[qT
p qT

a ]T, : qp =[xs ys θ0]
T

, qa = [θ1 θ2]
T ,

τf . (7)

Mppq̈p+Mpaq̈a+Cppq̇p+Cpaq̇a+dep =τf , (8)

Mapq̈p+Maaq̈a+Capq̇p+Caaq̇a+dea =τa, (9)

: Mpp M̄r , Mpa

M̄r , Map

M̄r , Maa

M̄r , Cpp C̄r

, Cpa C̄r

, Cap C̄r

, Caa C̄r , dep

d̄e , dep d̄e

.

Mpp , (8) (9)

Ma(qr)q̈a + Ha(qr, q̇r) + da = τa, (10)

:

Ma = Maa − MapM
−1
pp Mpa,
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Ha = (Cap − MapM
−1
pp Cpp)q̇p +

(Caa − MapM
−1
pp Cpa)q̇a,

da = dea + MapM
−1
pp (τf − dep).

(10)
,

, [13].

1 Ma(qr) ,

m1‖z‖2 � zTMa(qr)z � m2‖z‖2
, ∀z ∈ R

2, (11)

: m1, m2 , ‖·‖ .

2 – Ha(qr, q̇r)

‖Ha(qr, q̇r)‖ � λh‖q̇r‖2
, (12)

λh .

3 τa

‖τa‖ � τmax. (13)

4 ψ(t) = M−1
a (qr)da, da

,
ψ(t) � τmax, (14)

: ψ(t) ∈ R
2 . ψ̂(t) ∈ R

2 ψ(t)
, ψ̃(t) ∈ R

2 ψ(t) ,

ψ̃ = ψ − ψ̂. (15)

4 (Control design)

(10) ,

.

1 qad

‖q̇ad‖ � λdv, ‖q̈ad‖ � λda, (16)

λdv, λda . e =
qa − qad.

1 Tanh(·) ∈ R
n Cosh(·)

∈ R
n×n

Tanh(z) = [tanh z1 · · · tanh zn]
T
,

Cosh(z) = diag{cosh z1, · · · , cosh zn},
z = [z1 · · · zn]T ∈ R

n.
[13]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z � Tanh(z),

z2 �
n∑

i=1

ln(cos zi) �
n∑

i=1

ln(cos zi) � 1
2
tanh2(z),

z + 1 � z

tanhz
,

zTTanh(z) � TanhT(z)Tanh(z) =

Tanh2(z) � tanh2(z).

(17)

2 σ(t) ∈ R
2:

σ = ė + βTanh(e), (18)

: β = diag{β1, β2}, βi > 0(i = 1, 2).

σ

σ̇ = Ma
−1(τa − Ha − da) − q̈ad +

βCosh−2(e)(σ − βTanh(e)). (19)

τa = Maq̈ad+Maψ̂+MaβCosh−2(e)βTanh(e)+

Had−Ma(KpTanh(e) + KvTanh(σ)), (20)

: Kp = diag{kp1, kp2}, kpi > 0(i = 1, 2); Kv =
diag{kv1, kv2}, kvi > 0(i = 1, 2); Had = Ha(qrd,

q̇rd), qrd qr .

˙̂
ψ = −Γσ, (21)

: Γ = diag{r1, r2}, ri > 0(i = 1, 2)
. (20) (19)

σ̇=−ψ̃+X(e, σ, t)−KpTanh(e)−KvTanh(σ),
(22)

X ∈ R
2 ,

X = βCosh−2(e)σ + Ma
−1(Had − Ha).

1 1 2 (17) [18]

‖X‖ � ζ1 ‖x‖ + ζ2‖x‖2,

: ζ1, ζ2 ,
; x(t) ∈ R

4

x = [TanhT(e) TanhT(σ)]
T

. (23)

1 (10), 1.
(20) (21),

Kp, Kv

λk > ζ1 + ζ2 ‖X‖ , (24)

λk = λmin(Kpβ, Kv), λmin

. ,

lim
t→∞

e(t) = 0.

Lyapunov

V =
1
2
σTσ +

2∑
i=1

kpi ln(cosh(ei)) +
1
2
ψ̃TΓ−1ψ̃.

(25)
(17)

1
2
λ1tanh2(‖ω‖)�λ1 ln(cosh(‖ω‖))�V �λ2‖ξ‖2

,

(26)
: ω=[eT σT]T, ξ=[eT σT ψ̃T]

T
.

λ1, λ2:
λ1 =min{λmin(Kp),

1
2
},
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λ2 =max{λmax(Kp),
1
2
,
1
2
λmax(Γ−1)},

λmax .

V

V̇ = σTσ̇ + TanhT(e)Kpė + ψ̃TΓ
˙̃
ψ. (27)

˙̃
ψ = − ˙̂

ψ, (21)−(22)

V̇ =σTX−σTKvTanh(σ)−TanhT(e)KpβTanh(e).
(28)

(17)

V̇ � ‖σ‖ ‖X‖ − λmin(Kpβ)tanh2(‖e‖) −
λmin(Kv)tanh2(‖σ‖). (29)

(23) , (24)

V̇ � −(λk − ζ1 − ζ2 ‖X‖)‖X‖2 � −α‖X‖2
, (30)

α . , lim
t→∞

e = 0.

. .

2 Kp, KV, β,

m2(λda + ζψ + ζe + λmax(Kp) + λmax(Kv)) +

λhλdv
2 � τmax, (31)

(20)
(10) , : m2, λh 1, 2 ;

λda, λdv (16) ; ζψ, ζe ,

ζψ = sup ‖ψ̂‖,
ζe = sup ‖βCosh−2(e)βTanh(e)‖.

5 (Simulations)

(20)
. [15]
, m0 = 600 kg,

O1 b0 = 3.0m,
m1 = m2 = 1.5075 kg, l1 = l2 = 4.5m,

EI1 = EI2 = 1676 (N · m2).
:

θ1d =
π

2
(

t

10
− 1

2π
sin(

π

5
t)),

θ2d =
π

2
(1 − t

10
+

1
2π

sin(
π

5
t)).

(20) , PID .
:

θ1(0) = 0.4 rad, θ2(0) = 1.2 rad, τmax =10N · m,

:

β = diag{1, 1}, Kp = diag{1, 1},
Kv = diag{1.5, 3}, Γ = diag{0.1, 0.1}.

ASF(adaptive state feedback) (20),

, .

5.1 (Simulation
analysis without carrier’s disturbance)

, 2−5
. PID

(20) ,
;

; ,
. ASF(adaptive state feedback)

(20) .

2
Fig. 2 Input control torque
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3
Fig. 3 Joint position tracking trajectory

4
Fig. 4 Joint position tracking error

5

Fig. 5 Flexible mode coordinate

5.2

(Simulation analysis without carrier’s attitude
disturbance)

, t = 20 s ,
(32)

(33):

τf1 = [0 0 2 + 0.5 sin(2πt)]T, (32)

τf2 = [0 0 10σ(td)]
T
. (33)

td .

6−7 . ,

, (20)
, , (20)

.

6

Fig. 6 Tracking error with constant and sinusoidal disturbance
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7
Fig. 7 Tracking error with impulse disturbance

6 (Conclusions)

,

,
,
,

. ,
,

,
.
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