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干扰与控制非同位一维薛定谔方程的输出跟踪
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摘要: 本文研究了干扰与控制非同位一维薛定谔方程的输出跟踪. 首先, 利用系统的无穷维结构与输出设计了用
于估计干扰的无穷维干扰估计器. 其次, 建立自适应伺服机制使得跟踪误差ũ(1, t) ∈ L2 (0, ∞), 且闭环系统的所有
子系统有界. 最后, 对闭环系统进行数值模拟, 模拟结果表明控制方案的有效性.
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Output tracking for one-dimensional Schrödinger equation with
boundary control unmatched disturbance
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Abstract: This paper considers the output tracking for one-dimensional Schrödinger equation with disturbance via noncollocated boundary control. Firstly, we design an infinite-dimensional disturbance estimator to estimate the disturbance
by virtue of the output and infinite structure of the system. Secondly, the adaptive servomechanism is designed to achieve
the performance output tracking and the tracking error ũ(1, t) ∈ L2 (0, ∞) and all the internal-loops are bounded. Finally,
we present some numerical simulations to illustrate the effectiveness of the proposed scheme.
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1 Introduction
Output tracking problem is one of the important
contents of control theory research. The main idea of
the output tracking problem is to design a controller to
make the output signal converges to a given reference
signal and, at the same time, all the internal systems
are required to be bounded. Compared with finitedimensional output tracking, the output tracking results
about infinite-dimensional systems are relatively few
and have attracted the attention of researchers in recent
years. Some results can be found in [1–3] and [4–13],
where performance output tracking for wave equation,
heat equation are considered, respectively. In this paper,
we are concerned with the performance output tracking
for a one-dimensional Schrödinger equation with a general boundary disturbance at one end and a boundary
control at the other end. Different from [6–7,12,14–15],

the disturbance is non-collocated to the controller and
the performance output is non-collocated to the disturbance in the considered problem. This non-collocation
configuration gives rise to new difficulty in the controller design because the control action must propagate
through the entire spatial domain to compensate for the
disturbance, which requires a deep understanding about
the control plant. The considered problem is described
by the following equation:

ut (x, t) = −juxx (x, t), x ∈ (0, 1), t > 0,





t > 0,

 ux (0, t) = jc0 u(0, t) + d(t),
ux (1, t) = U (t),
t > 0, (1)



u(x, 0) = u0 (x), x ∈ [0, 1],




yout (t) = {u(0, t), u(1, t)},
where u(x, t) denotes the state of system, j is the imaginary unit, yout (t) is the output, U (t) is the control,
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c0 is a positive constant, u0 (x) is the initial value, and
d ∈ L∞ (0, ∞) is the external disturbance. System (1)
is closed to the Euler-Bernoulli beam model [16] , whose
physical background is clear in [17]. In this paper, we
will design an output feedback controller U (t) such that
the performance output u(1, t) and the reference signal
uref (t) satisfy u(1, t) − uref (t) ∈ L2 (0, ∞).

2 Main results
In this section, we will give the process of the controller and the main results.

Step 1 An infinite-dimensional disturbance estimator for system (1) is proposed by virtue of output.
Inspired by [18], the estimator is designed as

t > 0,

 ût (x, t) = −jûxx (x, t), x ∈ (0, 1),
û(0, t) = u(0, t),
t > 0,

 û (1, t) = U (t) + jc (u(1, t) − û(1, t)), t > 0,
x
1
(2)
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where ûx (0, t) − jc0 û(0, t) comes from the disturbance
estimator (2) and is used to compensates for the disturbance d(t).
Moreover, system (9) can be rewritten as

ẑt (x, t) = −jẑxx (x, t), x ∈ (0, 1), t > 0,




ẑx (0, t) = d(t) − εx (0, t) +

jc0 ẑ(0, t),
t > 0,



ẑ(1, t) = uref (t),
t > 0.
(10)
Let

ũ(x, t) = u(x, t) − ẑ(x, t),
then the error ũ(x, t) between (1) and (9)
by


 ũt (x, t) = −jũxx (x, t), x ∈ (0, 1),
ũx (0, t) = εx (0, t) + jc0 ũ(0, t),


ũx (1, t) = U (t) − ẑx (1, t),

the error ε(x, t) is governed by


 εt (x, t) = −jεxx (x, t), x ∈ (0, 1), t > 0,
ε(0, t) = 0,
t > 0,


εx (1, t) = −jc1 ε(1, t),
t > 0,

(3)

0

Define the operator A0 : D(A0 ) ⊂ H → H by

′′

 A0 f = −jf , ∀f ∈ D(A0 ),
D(A0 ) = {f ∈ H 2 (0, 1) f (0) = 0,


f ′ (1) = −jc1 f (1)}.

(4)

U (t) = −jc1 ũ(1, t) + ẑx (1, t) =
−jc1 [u(1, t) − uref (t)] + ẑx (1, t). (13)
(5)

(6)

When initial value ε(·, 0) ∈ D(A0 ),

|εx (0, t)| 6 M e−ωA0 t , ∀t > 0,

(7)

where M is a positive constant independent of t (Proposition 2.2[14] ). Again, combining (1)–(2) and (4), we get

εx (0, t) = jc0 u(0, t) − ûx (0, t) + d(t) =
jc0 û(0, t) − ûx (0, t) + d(t).

t > 0,
t > 0,
t > 0.

Owing to our construction (9), ũ(1, t) = u(1, t) −
uref (t) happens to be the tracking error. As a consequent, it is sufficient to stabilize the system (12) to
achieve output tracking. So, the controller can be designed naturally

[19]

which is exponentially stable .
Let H = L2 (0, 1), the norm is given by
w1
f (x)f (x)dx, ∀f ∈ H.
∥ · ∥2H =

is governed

(12)

where c1 is a positive tuning parameter. In fact, let

ε(x, t) = u(x, t) − û(x, t),

(11)

(8)

It can be seen from (7), (8), ûx (0, t) − jc0 û(0, t) can be
considered as an approximation of disturbance d(t).

Step 2 Design a controller such that u(1, t) −
uref (t) ∈ L2 (0, ∞). By (2) and (8), we are able to
construct a servo system by estimation and cancelation
strategy.

ẑt (x, t) = −jẑxx (x, t), x ∈ (0, 1), t > 0,



 ẑ (0, t) = û (0, t) − jc û(0, t) +
x
x
0
(9)

jc0 ẑ(0, t),
t > 0,



ẑ(1, t) = uref (t),
t > 0,

Under the controller (13), we get the following
closed-loop system of (1):

ut (x, t) = −juxx (x, t), x ∈ (0, 1), t > 0,





ux (0, t) = jc0 u(0, t) + d(t),
t > 0,





ux (1, t) = −jc1 [u(1, t) − uref (t)] +





ẑx (1, t),
t > 0,





ût (x, t) = −jûxx (x, t), x ∈ (0, 1), t > 0,





t > 0,

 û(0, t) = u(0, t),
ûx (1, t) =



−jc1 [u(1, t) − uref (t)] + ẑx (1, t) +





jc1 [u(1, t) − û(1, t)],
t > 0,





ẑt (x, t) = −jẑxx (x, t), x ∈ (0, 1), t > 0,





ẑx (0, t) = ûx (0, t) − jc0 û(0, t) +





jc0 ẑ(0, t),
t > 0,




ẑ(1, t) = uref (t),
t > 0.
(14)
We will consider the closed-loop system (14) in state space X ∈ H3 with the norm given by, for any
(fi , gi , hi ) ∈ X , i = 1, 2,

⟨(f1 , g1 , h1 ), (f2 , g2 , h2 )⟩X =
w1
[f1 (x)f2 (x) + g1 (x)g2 (x) + h1 (x)h2 (x)]dx.
0

(15)
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Theorem 1 Suppose initial value of the closedloop system (14) (u(·, 0), û(·, 0), ẑ(·, 0)) ∈ X , d ∈
L∞ (0, ∞), uref ∈ W 1,∞ (0, ∞). Then the closedloop system (14) admits an unique boundedness solution (u(·, t), û(·, t), ẑ(·, t)) ∈ C(0, ∞; X ). Moreover,
the tracking error satisfies that
|u(1, t) − uref (t)| ∈ L2 (0, ∞).

(16)

More specially, if d(t) ≡ 0 and uref (t) ≡ 0, then,
the closed-loop system (14) is exponentially stable, i.e.
there exist two constants L > 0 and ω > 0 such that

∥(u(·, t), û(·, t), ẑ(·, t))∥X 6 Le−ωt , t > 0. (17)

3 The proof of main result
By (4) (12) and (13), this section first considers the
well-posedness and exponential stability of the following transformed system:

εt (x, t) = −jεxx (x, t), x ∈ (0, 1), t > 0,





ε(0, t) = 0,
t > 0,



 ε (1, t) = −jc ε(1, t),
t > 0,
x
1

ũt (x, t) = −jũxx (x, t), x ∈ (0, 1), t > 0,





ũx (0, t) = εx (0, t) + jc0 ũ(0, t),
t > 0,



ũx (1, t) = −jc1 ũ(1, t),
t > 0.
(18)
System (18) can be written abstractly as
d
(ε(·, t), ũ(·, t)) = A (ε(·, t), ũ(·, t)), (19)
dt
where the operator A : D(A ) ⊂ H2 → H2 is defined
by

A (f, g) = (−jf ′′ , −jg ′′ ), ∀(f, g) ∈ D(A ),



 D(A ) = {(f, g) ∈ [H 2 (0, 1)]2 |f (0) = 0,

f ′ (1) = −jc1 f (1), g ′ (0) = f ′ (0) + jc0 g(0),


 ′
g (1) = −jc1 g(1)}.
(20)

Lemma 1 The operator defined by (20) generates a C0 -semigroup of contractions eA t in H2 .
Proof For any (fi , gi ) ∈ H2 , i = 1, 2, the inner
product of system (18) in H2 is defined by

⟨(f1 , g1 ), (f2 , g2 )⟩H2 =
w1
w1
K
f1 (x)f2 (x)dx + 2
g1 (x)g2 (x)dx −
0
0
w1
[f1 (x)g2 (x) + f1 (x)g2 (x) + g1 (x)f2 (x) +
0

g1 (x)f2 (x)]dx,
(21)
1
1
where K > , 0 < ε < . It is easy to see that
ε
2
the above inner product is well-defined. Indeed, for any
(f, g) ∈ H2 , we have
⟨(f, g), (f, g)⟩H2 =

w1

K

0

w1

f (x)f (x)dx + 2

0

w1
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g(x)g(x)dx −

f (x)g(x)dx >
w1
1 w1
(K − )
|f (x)|2 dx + (2−4ε)
|g(x)|2 dx > 0.
0
ε 0
(22)
4Re

0

For any (f, g) ∈ D(A ), a straightforward computation
shows that

Re⟨A (f, g), (f, g)⟩H2 =
w1
Re{K (−j)f ′′ (x)f (x)dx +
0
w1
2 (−j)g ′′ (x)g(x)dx −
0
w1
[(−j)f ′′ (x)g(x) + (−j)f ′′ (x)g(x) +
0

(−j)g ′′ (x)f (x) + (−j)g ′′ (x)f (x)]dx} =
−c1 K|f (1)|2 − 2c1 |g(1)|2 − 2c0 |g(0)|2 +
2Re(f ′ (0)g(0)j) −
Re{−2c1 Ref (1)g(1) + 2Re(f ′ (0)g(0)j) +
w1
f ′ (x)g ′ (x)dx) − 2c1 Ref (1)g(1) +
2Re(j
0
w1
f ′ (x)g ′ (x)dx)} 6
2Re(j
0

−c1 K|f (1)|2 − 2c1 |g(1)|2 − 2c0 |g(0)|2 −
4c1 Ref (1)g(1) 6
1
−c1 (K − )|f (1)|2 − 2c1 (1 − 2ε)|g(1)|2 −
ε
2
2c0 |g(0)| < 0,
which implies that A is dissipative in H2 . On the other hand, for any (fˆ, ĝ) ∈ H2 , we solve the equation
A (f, g) = (fˆ, ĝ) to get

wxw1

 f (x) = −jc1 xf (1) − j[
fˆ(u)duds],
0
s
wxw1

 g(x) = −jc1 xg(1) + g(0) − j
ĝ(u)duds,
0

s

(23)
where

f (1) =

−j

w1w1
0

s

fˆ(u)duds

1 + jc1

(24)

and

w1w1

 (1 + jc1 )g(1) = g(0) − j
ĝ(u)duds,


0
s

(25)
jc1 g(1) = −jc0 g(0) + jc1 f (1)−


w1



j (ĝ(u) − fˆ(u))du.
0
−1

This shows that A
∈ L(H2 ) is compact on H2 . By
the Lumer-Phillips Theorem (Theorem 1.4.3 [20] ), the
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operator A generates a C0 -semigroup of contractions
on H2 . The proof is complete.

Lemma 2 For any initial value (ε(·, 0), ũ(·, 0)) ∈
H2 , the system (18) admits an unique solution
(ε(·, t), ũ(·, t)) ∈ C(0, ∞; H2 ) and such that
∥(ε(·, t), ũ(·, t))∥H2 6 L̂1 e−ω̂1 t , ∀t > 0,

(26)

where L̂1 > 0 and ω̂1 > 0 are constants that are independent of t.
Proof The existence of solution for (18) is obtained due to Lemma 1. We only prove the exponential
stability of the system (18). Obviously, the system (18)
is a cascade system from ε-subsystem and ũ-subsystem.
The exponential stability of ε-subsystem is obvious due
to (4). The exponential stability of ũ-subsystem can also be proved by the transformation:

ũ(x, t) = z(x, t) + ε(x, t),

(27)

where z(x, t) is governed by


 zt (x, t) = −jzxx (x, t), x ∈ (0, 1), t > 0,
zx (0, t) = jc0 z(0, t),
t > 0,


zx (1, t) = −jc1 z(1, t),
t > 0.
(28)
Define the operators A1 : D(A1 ) ⊂ H → H by

′′

 A1 f = −jf , ∀f ∈ D(A1 ),
D(A1 ) = {f ∈ H 2 (0, 1)|f ′ (0) = jc0 f (0),


f ′ (1) = −jc1 f (1)}.
(29)
It is well known that the the operator A1 generates an
exponentially stable C0 -semigroup eA1 t in H [21] : there
exist two constants LA1 > 0 and ωA1 > 0 such that

e A1 t

H

6 LA1 e−ωA1 t , ∀t > 0,

(30)

which shows that system (28) admits a unique solution
z(·, t) ∈ C(0, ∞; H) such that

∥z(·, t)∥H 6
LA1 e−ωA1 t ∥z(·, 0)∥H , z(·, 0) ∈ H, t > 0.

(31)

By (4) (31) and (27), ũ(x, t) is exponential stable.
Therefore, (26) holds true. The proof is complete.

Remark 1 Lemma 2 can also be proved by the
method of Riesz base, whose proof is similar to Proposition
2.3 of paper [14].
Proof of Theorem 1 We first introduce the following invertible transformation:

 

 

u(·, t)
0 I I
ε(·, t)
uref (t)
 û(·, t)   −I I I   ũ(·, t)   u (t) 

=

 +  ref  .
ẑ(·, t)
0 0 I
V (·, t)
uref (t)
(32)
Then the closed-loop system (14) is converted into


ε (x, t) = −jεxx (x, t), x ∈ (0, 1),


 t


ε(0, t) = 0,





ε (1, t) = −jc1 ε(1, t),


 x


ũ (x, t) = −jũxx (x, t), x ∈ (0, 1),


 t



 ũx (0, t) = εx (0, t) + jc0 ũ(0, t),
ũx (1, t) = −jc1 ũ(1, t),



Vt (x, t) = −jVxx (x, t) − u̇ref (t),





x ∈ (0, 1),





V
(0,
t)
=
jc

x
0 V (0, t) − εx (0, t) + d(t) +




jc0 uref (t),




V (1, t) = 0,
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t > 0,
t > 0,
t > 0,
t > 0,
t > 0,
t > 0,
t > 0,
t > 0,
t > 0,
(33)

which can be rewritten as an evolution equation in H3 :
d
(ε(·, t), ũ(·, t), V (·, t)) =
dt
A(ε(·, t), ũ(·, t), V (·, t)) + (0, 0, r1 (t)) + Br2 (t),
(34)
where B = (0, 0, δ(·)) with the Dirac distribution
δ(·), the operator A is defined by (20) and the operator A : D(A) ⊂ H3 → H3 , is given by

[A(f, g, h)](x) = (A (f, g), h′′ ),






 ∀(f, g, h) ∈ D(A),
D(A) = {(f, g, h) ∈ [H 2 (0, 1)]3 ,
(35)


′

(f, g) ∈ D(A )h (0) =




jc0 h(0) − f ′ (0), h(1) = 0}.
By Lemma 2 and the method of Riesz base, the operator A generates an exponentially stable C0 -semigroup
on H3 (see e.g. Lemma 5.1[14] ). Moreover, the operator
B is admissible to the semigroup eAt [6–7, 9] . Hence, the
solution of system (33) can be written as

(ε(·, t), ũ(·, t), V (·, t)) =
eAt (ε(·, 0), ũ(·, 0), V (·, 0)) +
wt
wt
eA(t−s) (0, 0, r1 (s))ds + eA(t−s) Br2 (s)ds,
0

0

(36)
where r1 (t) = u̇ref (t) and r2 (t) = d(t) + jc0 uref (t).
By the assumptions d ∈ L∞ (0, ∞) and uref ∈ W 1,∞ (0,
∞), both r1 and r2 are bounded in L∞ (0, ∞). By the
admissibility of B for eAt and the exponential stability of eAt , we conclude the uniform boundedness, there
exist two constants LA > 0 and ωA > 0 such that

∥(ε(·, t), ũ(·, t), V (·, t))∥H3 =
LA e−ωAt ∥(ε(·, 0), ũ(·, 0), V (·, 0))∥H3 +
LA ∥r1 + r2 ∥L∞ (0,∞)
.
(37)
ωA
Then by (32) and (37), the closed-loop system (14) is
well-posed and uniform bounded.
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Now, we prove (16). In fact, if we define
1w1
E1 (t) =
|ε(x, t)|2 dx,
2 0
1w1
E2 (t) =
|z(x, t)|2 dx.
(38)
2 0
Then, the time derivative of E1 (t) and E2 (t) along the
trajectory of systems (4) and (28) are, respectively,

Ė1 (t) = −c1 |ε(1, t)|2 < 0

(39)

and

Ė2 (t) = −c0 |z(0, t)|2 − c1 |z(1, t)|2 < 0. (40)
For any τ > 0, there exist two positive constants M̂
and M̃
w such that
τ

0

parameters and the initial values:

c0 = 10, c1 = 2,



1
u(x, 0) = (1 − cos(2πx)) + 1 + 0.3xj,

2


û(x, 0) = ẑ(x, 0) = 0.
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(47)

Figs. 1–3 display the displacements of the closed-loop
system (14). Fig. 4 shows the total disturbance estimation. Fig. 5 shows that the performance u(1, t) tracking
reference signal uref (t). It can be seen from the simulations that all the states of the involved systems are
bounded and the performance output tracks the reference signal.

|ε(1, t)|2 dt < M̂ E1 (0) = M̂ ∥ε(x, 0)∥2H

(41)
and

wτ
0

|z(0, t)|2 + |z(1, t)|2 dt <

M̃ E2 (0) = M̃ ∥z(x, 0)∥2H ,

(42)

which imply that

ε(1, t) ∈ L2 (0, ∞), z(1, t) ∈ L2 (0, ∞).

(43)

Combining (27) and (43), we obtain

ũ(1, t) = z(1, t) + ε(1, t) ∈ L2 (0, ∞).

(44)

Fig. 1(a) Real part of displacements for u(x, t) in
closed-loop (14)

Notice that

u(1, t) − uref (t) = ũ(1, t),

(45)

(16) can be obtained by (44) and (45) easily.
More specially, if d(t) = 0 and uref (t) = 0, the
overall system (14) can be transformed as

εt (x, t) = −jεxx (x, t), x ∈ (0, 1), t > 0,





ε(0, t) = 0,
t > 0,




εx (1, t) = −jc1 ε(1, t),
t > 0,






 ũt (x, t) = −jũxx (x, t), x ∈ (0, 1), t > 0,
ũx (0, t) = εx (0, t) + jc0 ũ(0, t),
t > 0, (46)



ũx (1, t) = −jc1 ũ(1, t),
t > 0,





V
(x,
t)
=
−jV
(x,
t),
x
∈
(0,
1),
t
> 0,

t
xx




Vx (0, t) = jc0 V (0, t) − εx (0, t)), t > 0,



V (1, t) = 0,
t > 0.

Fig. 1(b) Imaginary part of displacements for u(x, t) in
closed-loop (14)

Repeating the above process, it yields that the system
(46) is exponentially stable. Then (17) holds true by
(32). The proof is complete.

4 Numerical simulation
In this section, some numerical simulations of control system (14) are presented to illustrate the effectiveness of our control scheme by us. The finite difference scheme is adopted to discretize the system directly. We take the time step is 2 × 10−5 and the space step is 0.1. The external disturbance is chosen
as d(t) = sin(2t) + j cos t. The reference signal is
uref (t) = sin(5t) + j cos(3t). Moreover, we take the

Fig. 2(a) Real part of displacements for û(x, t) subsystem
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Fig 2(b) Imaginary part of displacements for û(x, t)
subsystem

Vol. 38

Fig. 4(b) Imaginary part of displacements for
ûx (0, t) − jc0 û(0, t) tracking d(t)

Fig. 3(a) Real part of displacements for ẑ(x, t) subsystem
Fig. 5(a) Real part of displacements for performance output
u(1, t) tracking uref (t)

Fig. 3(b) Imaginary part of displacements for ẑ(x, t)
subsystem
Fig. 5(b) Imaginary part of displacements for performance
output u(1, t) tracking uref (t)

5 Concluding remarks

Fig. 4(a) Real part of displacements for ûx (0, t) − jc0 û(0, t)
tracking d(t)

In this paper, we consider the output tracking for
one-dimensional Schrödinger equation with a general
boundary disturbance, where the control and the disturbance are non-collocated. An infinite dimensional
disturbance estimator based controller is designed to
achieve output tracking. Meanwhile, all the states of
the closed-loop system are uniformly bounded. Future
work is to extend this result to the multi-dimensional
Schrödinger equation and other PDE-ODE system.

ZHANG Xiao-ying et al: Output tracking for one-dimensional Schrödinger equation with
No. 3

boundary control unmatched disturbance
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