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Stability analysis of networks of wave equations with
boundary switch feedback controls

XIAO Qif, XU Gen-qi
(College of Science and Technology, Tianjin University, Tianjin 300072, China)

Abstract: We consider the system with two different kinds of switch controls. The system is described by the wave
equations with the structure of binary tree, of which one end is fixed and the other two ends are damped by the velocities
feedback controls a(t)usz(x,t), B(¢)ust(x, t) respectively, where the a(t), 3(t) are both Heaviside-type functions of pe-
riodic 27". According to two different cases, we analyze the stability of the closed-loop system. The first one is that the two
controls are on-off simulatively, the other case is that there is only one controller working at anytime. Using the D’ Alembert
formula, we get the explicit expression of the solution for the closed loop system. And then, we analyze the spectrum of
the iterate matrices, from which we obtained the properties of the solution. Finally, we get the exponential stability and the

decay rate.
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u' +a(t)u +u=0, 0
u(0) = ug, u'(0) = vo.
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*w(x,t)
o)y dutest)
O*w(x,t ow(x,t
oz a( )T + w(z,t),
w(0,t) = w(l,t) =0,
w(z,0)=wp(x), awg?o):wl(a:), z € (0,1),

Bt SRR ARE AR, G0, a(t) 2 — 2T N
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)1, tef0,1),
alt) = {o, t € [T,27),

HERD, REGFERZ O TEMES TR 7L
f;oo a(t)dr = 0o, Y. |IL,|? = oo,

BERG M aENARAETO, Ko, = (2nT, (2n +
1)T).

N T 4 B X Al 1) S K 7 ¥, Haraux 25 ABFST
T RA—BUFR BB i Bk R T RS L, IF
BT R TRguifa e a0, =)
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IE SR B — R 5% (R 7 AR B BRE P 1), RGETTHE
i

wy (2, 1) = Wy (z,t), z € (0,1),

w(0,t) =0,

w(l,t) = —a(t)w(1,¢),

w(z,0) = wo(x), w(z,0) = w(z).
FIRE B VUR DT, BT rH AR, 148 H T R
ZReE R ERE R, AR BB FRE R, MhATIE
BT, R T RELUF IR IET ME, ARSI RER 2
AT I ARG, — N E. BN, REMEE
FRECERE)0.

ek, Gugatishie T BAG S I AR N IR SE ) —
YRR TR BUE M, I HAR R T T RERFEEES
SE 5 R0

ET EIRFIFUE R, A TR EA AR R HE S
—ARBZX AV OLHET B Z AR ARG L, A SORE 18 —4EE
J7REFTHER I BA MR BL ) M 2% R 48, Horh — I [ E
T340 S T 0 PR AN [ B 5 S B D) 3R il oo (€) woe
FB(t)uae, Foa(t)FB(t) #B A2 LA2T y J 1 (i Heavi
side BRI E. EIXAPIHIL T, AL E] T RGiASEVER)
S5, W54 T 128 Bz AR 8], RKub T 1)
T, B T TRERCR.
2 P& HNIR(Preliminaries)
2.1 ZRGHEd K] i (Description of the system

and its solution)

Way, By € RT, & H3M5ZLH B — X R4,

LRGN, RELHWME 1R

1 XS5 2% R G

Fig. 1 The network system with the structure of binary tree

Wug(x,t), i = 1,2, 3RINFMRIZ ¢ BZIE . x &b

P B~ AL B AL R, B R G IR TS r ] e, i
RAEBHEP, WARKREZ3) ™ RE R R
PR TR EIA
(it (0, ) —Uipe (2, 1) =0, 2€(0,¢;), i=1,2,3,

u1(0,t) =0,

uy(€1,t) = ug(0,t) = uz(0,t),

Uy (01, t) — U, (0,1) — uz,(0,¢) =0,

Uy (Ua, 1) = —a(t)ugs(la, t), alt)

usy (ls,t) = —B(t)us(l3,t), B(t)

2 0,
= 0.
2

RO EREUE T
B =5 > [ e 0 + e )

HER LG

dE

) 1)l )P B0 s, )P < 0.
BR, RGHIRE R R I A RGO AN Y.

N T WHRAEVIAES T REMREN, R EIRAR
G a(t), B(t) #ZLL 2T 4 I #f Heaviside ! B 3,
AR 73 LLT PR OL 1

1) BAEIBR TR S M5, Bsen(a(t))
= sgn(B(1)), Hrh:

o a0>0,t€[O,T),
alt) = {0, t e [T,27),

B ﬁo>0,t€[0,T),
plt) = {0, t € [T,27T).
2) TEAERERIE B R — Ml a7 TERIE
. Blsgn(a(t)) - sgn(A(t)) = 0, B
alt)=ay >0, 5(t) =0, t€[0,7T),
a(t) =0, B(t) =6 >0, t € [T,27).
TEARICH, FEWTRITARIEKL =l =0 =T
1B
& B A
3
V = {U = (ul,UQ,Ug)T S H HI(O,&-),
u1(0) = 0, uy(€1) = uz(0) = u3(0),
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AR Gt—2)=fi(t—2+T)— fi(t—x—-T)— fo(t—x),
L= 1] £2(0,4), gs(t—x) = fi(t—z+T)— fi(t—2—T)— fs(t—2).
1=1 JH:

HAHL(0, 4,)ZXH]0, ¢;] _ESobolevZ[H].

EXH =V x LM F: ux(@,t) =

v(u v) (fg)EH f2(t+x) fQ(t_x)+fl(t_x+T)

(), (f, 9))re = At —e—T),

> ([ wgal@) Fol@da + [ 0y(@)a(x)da) ) =

24, Ujz\T) [jz ()AL 0 v;(T)gi(T)ax). fg(t—l—.%')—fg(t_$)+fl<t_m+T)_
BAR, HZHilbert=¥[H]. fHlt—z—T).

HEH, EXHTAR F R L.

D(A)={(f,9) eV x L[ f(T)=
CTf'(0) = I'g(T)},

A(f,9) = (g(z), f"(2)),¥(f.9) € D(A).
M LR EIRATRS B R G Q) FEAEME— A,
It HE

u € C([0,00]; V)N C'([0,c]; L).
22 REMEIKIE B N /RE R (D’ Alembert form

solution of the system)

A THIR ARG RIBERARAL, X BLE I £
B DURTNER S R SR IE I DURTE K

EFHEH1 REQ)MMERIEIIUREL W T:
ur(z,t) = filt + 2) — fi(t — o), 3)
uz(x,t) =

peN

Ll+z)— ot —2)+ it —z+T)—

filt =2z =1T), @

us(w,t) =

fl+az) = fst—2)+ it —2+T)—

fit - -T),

Horp B f BB AR R B S AT ) B A
W XNFERER (2, t) € [0,T] x [0,00), %
ui(x,t) = fi(t+ )+ g:(t —x), i =1,2,3.

B ] vt p 4w (0, ) = OR] LTS3

fi(t) +9:(t) = 0, vt > 0,

T2, AR R g (x, ) RIE:

ui(z,t) = filt +z) — fi(t — ).

FIERS A u (T, 1) = uz(0,t) = usz(0,t)%0

fLlt+T) - fit =T) =

fo(t) + g2(t) = f3(t) + g3(D).

HEH L, REGVEE0) R T:
E(0) =

SN 0)[? 0)[*)dz =
2 2 Jo (i, 0) + e, 0)P)dor =

[UA@P + i -T)P +
|f5(@) [P+ | f'3(2)]*)da +
[ 1£i@) — file = 2T) — fy(a — T)Pda +

[T 1@ = file —2T) ~ fife ~ T)Pda
FE5E B HFEA_E, XF R G0(2) ik B TR T8 2 10 e gk
— o0, BB SR

#it1 REQMMERPEMIUREXARFWNT
AR AR

Fi(t +2nT) o
fo+2nT+T) | =A@) | fo+T) |,

f:,')(t +2nT+1T) f:,')(t +T)

Horp A(t) RIEHGERE, BT

1 2 2
-2 —& 2¢
=2n 2n -—n

¢ - 1—at)  1-p()
T1ta@t) T 1480
W 7R 4 R A B TURTE R E,

WY 2% 28 48 N 3% B U1K ) P 4 4% 4, B Neumann-
Kirchhoff£&/4::

Uy (T, t) - UQI(O, t)
CE U
Filt)= 3 fi(t —2T) + S fit -

— U3I(0, t) = O,

T)+ - filt-T)
(5)

FH A 3 3 15 4% Phua, (T, 1) = —a(t)us, (T, t) F
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usa(T,1) = —B(t)us (T 1), 135 p(=1) = 5(&n —1) <0, p(0) = &n,
[t +T) = 2
2eRt—oT) - LU - T) 4 e T) P DT =0
37 37 37" ;Q HH T AT PR e — SRR, € (—1,1).
) A TR HARBAMEN,, \s FITE N, B4 N
ﬁg+T*: ) 1 ST p(\) B I 3
fgnf{ (t—2T) + gnfé(t ~T)— gnfé(t -T), SIE1 ST e C,p(\)HsArL
(7) D WREHRLMn e (—1,11-6V3), £ €
EEF'Z (6/,1)32%‘77 S [11_6\/§71)7 g € (_171)’ JH\UP()‘)ZE%

B, & ne (—1,1], vt > 0.
¥R () —(7)E Ben T HIFEFEE

fi(t) fi(t=2T)
L+T) | =A@ [ LE=T) [, ®
f5(t+T) f5(t=T)

HpA() BERE T, B F:

o 2 2
A(t)=§ =26 —& 26 |.
=2n 2n -—n

RIRE, nERRA2T 4 R, d=l(8)mr4n

fi(t+2nT)
ft+2mT+T) | =
fi(t+2nT+T)

n fi®)
[1 A(t+25T) | f3(¢+T) | =
= Fi(t+T)

( ﬁ@))
A"(t) | fa(t+T) ] ©)
f5(t+T)

AR S B VUR ISR T i B AR e 2 O0HF)
H ARG SAFAE] T RGIE B TURTE R AR
KA, THPRE )= A RIS ARAE R A (£) EAT 143
B
3 A(t)B1i% 4 Hr(Spectral analysis of A(t))

AN EEGHEREFEA(H) HE, I B4 21
vk,

X TAEREKA e C, it Hdet(M — A(t)), 15 2
A(t)FIFFIEZ T

PO) = N4 (€4~ DN +

L€t n—emrtan

™

FAS ERE A

2) Ry (—1,11 — 6v/3), £€(—1,£), Mp(N)
FE(—1,21) U (22, 1) LRI, 78 (21, 2,) LHIRIE
Pk, o

11(1 — ) — /IT77% — 198y + 117

£ = . ,
— 1‘ ]
r= (=) -
%\/§2+11(77—1)€+"72—1177+1,
332:_$(f+77_1)+

%\/52 + 1 = 1DE+n* —11n + 1,
HE 2,20 € (—1,1).
E ) K )
P =3+ (€ - DA+ 3 (647 - ).
S/
A=—gE+n-1eELY, a0
MDY

P (=g (E+n—1)) = —5-h(),

1
9
Hrp
hE) = (E+n—1)7°=9(E+n—¢&n) =
E4+11(n—1Dé+n* —11n+ 1.
4y N PR LTI R
1) h(§) <0.
FEXFEIT, B, p'(\) > 0. T2, p(\) 2™
2) h(£) > 0.
EXFEOT, HREp'(\) = 0BHAZ S, &Hh

T1,T2:

o= —5(E+n—1) - 5 VA,
v = —5(€+n 1)+ 5 VA,
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ZENN ¢ =
P(=1) = é(” Ct—n—fn) >0 11(1— 1) — %1127712 “I T
Y1) = @+ €+ n) +5(1- ) >0, b
giaR10), B S, 2, € (—1,1). TR, p(\K sgn(h(¢)) = {17 13 (—/175’),
PR LR S5 -1, ¢ (€, 1).

p(A) N\, WRX € (z1,22).
TEIXFBLL T, p(\) KRB E 24 FT7R.

vANawi
VA

2 PrARIRER S, BAE (-1, 1)
Fig. 2 All roots are real and in (—1, 1)

{p()/diu%Ae(—LngJ@%1%

B3 AR, BAE(-1,1)F

Fig. 3 There is only one real root and in (—1, 1)

/ x, & 1

B4 AR, BAE(-1,1)F

Fig. 4 There is only one real root and in (—1, 1)

T, XA (&) IR ST,
v € (=1, 1], h(&) KX FREHRZ

~11(1—n)
&= 2
HA=117? —198n + 117 > 0. T2

h(1) =n*-9<0,
sgn(h(—1)) = sgn(n® — 22n + 13) =
1, ne(-1,11-6v3),
—1, n € (11 — 6v/3,1].
B, %5 Fn € (—1,11 — 6v/3), h(&) RE—MRE":

2 0,

xHFvn € (11-6v/3, 1], Hh(€) < 0, V€ € (—1,1].

gx Bora, AT LAS 35 H.

A R aT AR Blp () AR R B R :

SIEE 2 Hp(\) A& I G B p () AN 3 1
B2p(xy) - p(xe) > OB, p(\) B —/NER, HINH
AMRAIEH R S 4

p( N ATERGIEREEp(2,) - p(22) < OB, p(N)
A3INMEARALE(-1, 1),

FHERIEERLS H A () IR A

EH2 X FVEne (1,1, Alt) 3% 2 12
r(A) = max{|\;],i =1,2,3} < L.

UEE G ERUR2E, 0 R p () BR300 SE L
LARBEGRBNA) G EA2r(A) = max{|\;|,i =1,
2,3} < 1451

Lp(N) B —NER, PINERRINHE, 4 T e H
PR EZAR N, A5 RS TE R, 25 R an T PG o

1) &n = 0. ARk, B = 0. TR

1 , 1
p(A)Z/\3+§(€ — DN 6N

R, ARSI N = 0] = |2 1e] < 1.
2) € 0. HHS FH KR
A )\2)\3 = )\1‘)\2’2 = —fT] (11)
TR - 5”+N'm£ﬁanﬂ%m ) =
sgn(&n). ﬁT%%Al +§nﬁ"]ﬁ% T
p(—=¢n) =

—&n[(én)? — *(5 +n)én+ 5 (é +1n—3)].
(&n)* — @+nkn+ @+n 3) <0,
VE,n € ( 1,1],

LR, sen(p(—&n)) = sgn(én).
T, HEp () e S e

i) p(X) LR, 1
A1 > 03 Hop(—¢n) >0=

R €y > 0,76 4
pOV). o > Ay, i < 0, Bl

Al
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AR En < 0, FFREIX:] = [As] < 1.

i) p(A) A2 ).

HE3AEE], e >0, Bl—-X\ >0Hp(—£&n) >
0. F2—en>Ar. ltt€77+)\1<0 BT Ao = g < 1.

wWRen <0, [FFE, ﬁ|/\2’ =[] < 1.
[RIEE, % T4, p(\) RAE—NSERIIFL, 7T LS
B A| = [N| < L.
gx bR, Tikp(N) = O SSHOE R E 5, #
IIATAE P R AR B Y, R U, A () Rk
AT L
4 R 41 f# 1 P B(The solution’s properties
of system)
AT JRTEAGTHRER R OL, FEAT AT £ (E+
2nT), f3(t +2nT + TR f5(t 4+ 2nT + T)FIHER.
EHE 3 SHTEENte 0,2T), 8
Tim fit+2nT) = Tim fot+2nT+1T) =
nhjr; fit+2nT +T) =0,

I H eI BERE R B T
2+ )T
R T (RT |
S U+ 2+ DT +T)]
At 200+ DT+ 7))
H~ € (0,1).
UE ARIEARKIEEL, Ko LR e B st
1) BHIH KB, BIN # N, @ # 5.
EXFMELL T, XHEERn € N, TS NRAL:
AT = g(A)p(Ai) +r(N) =
r(\) = aVA2 +a@ N, +a?,
Hod: pO)ET & X, r(\) (@ = 1,2, 3) Rk B
22T, ald) (5 = 1,2, 3) KBTI REL H
£z CIIRCEI RN E v %

=7,

O A; ., W
T (A=A (A=) ()\1—)\2)()\3—)\2)
A3
(A1 = A3)( A2 — A3)’
o~ ANy (A4 Ag) A2

T ) )
—(A1+ A)AE

(A1 = A3)(A2 — Ag)’

o AN
T (A=A (A=)

(A1 =A2)(As—A2)

M
(A1 =A2)(Az—A2)

SV
(A = A3) (A2 — A3)
H Caylay-Hamilton g 2,

A" = a 1)A2+a A+a3)I—
(o
- (n) _(n) _(n)
Ag1” Qoo Ggg )
afy afy afy

/\*'
alP = (1 — 4 — 4p)alV) + 30 + 9aP,
aiy = (2~ 46 + 4n)a) + 6a?,

agg) = (2+4¢ —2n)aV) + 6a(2)
agy) = (—26 +26* — 4¢n)all) — 602,
at) = (—4¢ + & + 4¢n)alV) — 3¢a? + 9a®),
afy = (—4¢ - 26 — 26n)all) + 6a?,
= (=2 — 4&n +2n°)all —
a32 = (—4n—2{n—2n )agzl) +677G£L2)a
(=

aly) = (—4n + 4€n + nP)ald — 3na® + 94,
(12)

a3y = 677&512 )

B (12)MK(9)FF
fi(t 4+ 2nT) = 1A} + 205 + 2307,
Lt +2nT +T) = yi AT + 1o A5 +ysAy, (13)
fat4+2nT + T) = 21 \] 4 2205 + 237,
Hrhw,, yi, 26,0 = 1,2, SAMMOB T I R %L, HEZ
WEASL(E), [+ T), f5(t + T)getkdl s
RIFEH2MLER, || < 1, RAESHERW KR

¥
lim f{(t+2nT) =
lim fy(t+2nT+T) =
lim fi(t+2nT +T) =0.
Wr(A)=max{|\;],j=1,2,3}, TR 3FhlFE
WA |fit+2(n+1)T)] |fjt+2(n+1)T+T)|
[fit+2nT) T (2T T

J =2, 3B oL
WRPAEKIN, © = 1,2, 3HGESLEL, A,
BN

HIRIE

it +2(n+1)T)
V(T | R
[fit+2n+1)T+T)|
e |f}(t+ 20T + T)]
max{|\;|} = 7(4), j = 2,3,

€ (0,1).

Hr(A)
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ERVE

RN = [Aa] < [Aa], FH: Ao, \SAEEL A A
SEH. [RIFE, WA R R RIS R
it 2(n+ DT
T
L M 2 DT T
nos |fit+enT+T)
| =r(A), j =23,
Hrhr(A) € (0,1).
RN = [As] = [Aa], Herb: Ao, A HEEL M h

w
N = Tim ]fl(t/+2(n+1)T)| _
A [Fi(E + 2nT))
— |fift+2n+1)T+T
limlf}( +2(n+1)T+T)| =93

n—oo |fi(t+2nT +T)|
THHBHERy € (0,1).
by b, iy > 1, WA, FE—HFFIn 2
|f3(t + 2ny T+ T)|
\fst+2n,T+T) =~ 7
I T 52 ko, 2k > koY,
[f2(t 4+ 2na T+ T)| 2 [ f3(t + 20, T + T)),
A Tim. [ £ (¢ + 20T + T)| = 0FJ&.
TR, HEHCH LR, EBE3AHE.
2) HEHCN2MAR.
AR, BEAy = g # Ay FERXMEILT, B
A IR S
FolHh, H
A= bINZ b\, b3 i =1,2,3.
H T A FIEHCH2, A N AU
nALh =200\, + b,
H BT FR, ATRASRAS RN T
(n — DAZ — n At A7

1
b;) == ()\2 — )\1)2 )
yo _ BT AT = 2a0,
n ()\2 _ Al)Q )
b9 -
—nAS T2 (n — 2)A AT (n— 1AM+ AT A2
(A2—A1)? .

HiHamilton-Caylay x& BE 4
A" = bV A% +bP A+

[F 2, 555 1M BSR4, FFH Hamilton-Caylay & B AJ
DAIE B & BE3 1 (R 45 1.

3) MRETEHCES, BN, = X = A3 € R
FERXAIELLT, A EAREO 72
A=A+ PN + P,
nAT = 2¢D )\ + )
n(n — HAT? = 2.
fif LR TS H

Cg) = AT,

c? = (2n — n?)A7 7,
—-3n?+5 2
= i+
) 2R, 7T PASK A5 A" i) 238 03T HiHamilton-Caylay &
PR3
i L+ 20+ 07)]
n—oc | f{(t + 2nT)|
— |f/t+2(n+1)T +T)| .
I — 2.3,
wiee |f/(t+ 20T + 7)) 7
H~ €(0,1).
TREHGE. U
E 1 EE R, ?E@Efﬂjﬁnlimm ugt (T,

dEW) o
t

n(n—1)

A7

t+2nT) = nli_'moo ust(T,t+2nT) = 0. LHjtlim

W, REMRERREE T MEREE.. A T2
W R GERERAITEIRIGE DL, T R 735000 RGAEPIFA R
VI HI T 734 RE R34,

5 RZGHIFEE DT (Analysis of the system’s

stability)

51 FIRITRIKIEL T, REMTEN (The
analysis of the stability when the on-off is si-
multaneous)

AR H 7 R V117 1 4% R I I [R] I SR O 19 L, B
sgn(a(t)) = sgn(B(t)) i, RGHIFRE MR, Horp

{Mw:%,mw:m»emjx
a(t) = B(t) =0, t e [T,27),

FFHa ()6 (t)#AA2T 2 IR e 4L
XIS T, RN RS T:

EH 4 REMREEEIRECERN, 3 HIEnok
zwm}““” Hry(4y) € (0,1), A

1 1 2 2
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