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Abstract: In this paper, a data-driven model-free adaptive iterative learning control (MFAILC) scheme is proposed
based on a novel dynamic linearization approach along the iteration axis for a class of repetitive discrete-time single input
single output (SISO) nonlinear systems. The MFAILC is essentially a data-driven control method that designs controller
merely using the measured input and output data of the controlled plant. Theoretical analysis shows that the MFAILC
guarantees the monotonic convergence of the iteration maximum error. Numerical example and freeway trafﬁc control
application are given to illustrate the effectiveness of the MFAILC.
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1

Introduction

Iterative learning control (ILC) was originally proposed as an intelligent learning mechanism for robot
manipulators[1] . The basic idea of ILC is to update the
control signal of the present operation cycle by feeding back the tracking error from the previous cycle for
improving the control performance. Because of its simplicity and efﬁciency, ILC has attracted much attention
in the past two decades[2–6] .
The convergence analysis of ILC is an important
theoretical issue. Up to now, three typical analysis
methods, namely contraction mapping based ILC, composite energy function (CEF) based ILC, and optimization based ILC, have been formulated. Most ILC methods utilize the contraction mapping and ﬁxed point theory to design linear iterative learning algorithm[7–8] .
And the pointwise convergence property of tracking error over ﬁnite time interval is achieved in the sense of
λ norm with the requirements on global Lipschitz and

identical initialization conditions. CEF based ILC relaxes the global Lipschitz condition by introducing the
information the system states[9–11] . For local Lipschitz
nonlinear systems, the asymptotic convergence of tracking error along the iteration axis is guaranteed by Lyapunov analysis method under the identical initialization
conditions. The ﬁrst two methods do not require the
information of the state space model. Thus, they can
be regarded as the data-driven or model free control approach. However, the limitation of these two methods
lies in the fact that the transient performance of the system output along the iteration axis becomes poor sometimes. Consequently, the application of these two methods is limited. Optimization based ILC is proposed for
the known linear systems[12–16] . The explicit optimal
cost function is given and minimized to design optimal ILC algorithm, and monotonic tracking error convergence along the iteration axis is guaranteed. Compared with the ﬁrst two methods, optimization based
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ILC overcomes the limitation of poor transient performance along the iteration axis. However, it requires the
accurate known linear model of the controlled plant and
identical condition for designing ILC algorithm. As we
know, the model of practical plants is very difﬁcult to
establish, and sometimes it is impossible in the view of
cost. Thus, the study of data-driven model-free optimal
iterative learning control for the unknown discrete-time
nonlinear systems has important signiﬁcance. Then, we
can enjoy not only extra good properties of the norm
optimal ILC, but also the little requirements on the system dynamic model of the prototype of the ILC as well.
Here, the ’data-driven model free control’ means that
the controller design is merely using measured input
and output (I/O) data of a plant without explicitly using any information from mathematical model of the
controlled plant, and whose stability, convergence and
robustness can be guaranteed by rigorous mathematic
analysis under certain reasonable assumptions.
Now, a few data-driven control approaches could
be found, such as: iterative feed-back tuning, virtual
reference feedback tuning, and iterative learning control, model-free adaptive control, etc[17–18] . Model-free
adaptive control (MFAC) was proposed for a class of
discrete-time nonlinear systems[19–22] based on a series
of the dynamic linearization methods. The main feature of the approach is that the controller design depends merely on measured I/O data of the controlled
plant. The theoretical analysis and comparison experiments show that the approach guarantees the bounded
input and bounded output (BIBO) stability and tracking
error monotonic convergence[21–22] . MFAC approach
has been successfully implemented in many practical
applications[23–28] .
In this paper, a data-driven model-free adaptive ILC
(MFAILC) is proposed to deal with repetitive discretetime SISO nonlinear systems. The main contributions
of this paper are that: 1) The controller design depends
merely on the measured I/O data of the controlled plant,
while the existing norm optimal ILC methods are based
on the known model. 2) MFAILC relax the identical
initial condition, while the majority of ILC schemes require the identical initial condition. 3) The monotonic
convergence of MFAILC in maximum-norm sense is
proved. 4) The effectiveness of the proposed MFAILC
is veriﬁed by numerical example and freeway trafﬁc
control application.
This paper is organized as follows. In Section 2,
partial form dynamic linearization (PFDL) approach is
proposed for a class of repetitive discrete-time SISO
nonlinear systems. In Section 3, MFAILC scheme is
designed based on PFDL approach, and its properties
are discussed. In Section 4, the numerical example and
freeway trafﬁc control application are given to verify
the effectiveness of the proposed scheme. Finally, some
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conclusions are drawn in Section 5.

2

Dynamic linearization approach for repetitive discrete-time SISO nonlinear systems

Consider the following repetitive discrete-time
SISO nonlinear system:
yk (t + 1) = f ( yk (t), · · · , yk (t − ny ),

uk (t), · · · , uk (t − nu )),

(1)

where yk (t), uk (t) are the output and input at time instant t of k -th iteration, respectively. t = 0, 1, · · · , N −
1, k ∈ Z+ , N is a ﬁnite positive integer. ny , nu are two
unknown integers. f (·) is an unknown nonlinear function.
Denote Uk (t) as a vector consisting of all control
input signals within a moving time window [t−L+1, t],
Uk (t) = (uk (t), · · · , uk (t − L + 1))T
with Uk (t) = 0 for t < 0. The integer L is called control input linearization length constant, and 0 is the zero
vector of dimension L.
Two assumptions are made on system (1) before
partial form dynamic linearization (PFDL) approach is
elaborated.
Assumption 1 The partial derivatives of f (·) with
respect to control inputs uk (t), · · · , uk (t − L + 1) are
continuous.
Assumption 2 Suppose that ∀t ∈ {0, 1, · · · ,
N − 1} and ∀k ∈ Z+ , when ΔUk (t) = 0, system
(1) satisﬁes generalized Lipschitz condition, that is
|Δyk (t + 1)|  bΔUk (t),
(2)
where Δyk (t+1) = yk (t+1)−yk−1 (t+1), ΔUk (t) =
Uk (t) − Uk (t − 1), and b is a ﬁnite positive constant.
Remark 1 From a practical point of view, these
assumptions imposed on the plant are reasonable and
acceptable. Assumption 1 is a typical condition for
many control methods which a general nonlinear system should satisfy. Assumption 2 imposes an upper
bound limitation on change rate of the system output
driven by changes of the control inputs. From an energy viewpoint, the energy change inside a system cannot go to inﬁnity if the change of the control input energy is at a ﬁnite level. Many practical systems, such as
servo control system, temperature control system, pressure control system, trafﬁc control system, etc., satisfy
this assumption.
Lemma 1 Consider nonlinear system (1) satisfying Assumption 1−2. For any ﬁxed L, if ΔUk (t) =
0, then there exists an iteration-dependent time-varying
parameter θk (t), called pseudo gradient (PG), such that
system (1) can be transformed into the following PFDL
data model in iteration domain,
Δyk (t + 1) = θkT (t)ΔUk (t),
(3)
with bounded θk (t) = [θ1,k (t) · · · θL,k (t)]T .
Proof From Eq.(1) we have
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Δyk (t + 1) =
f (yk (t), · · · , yk (t−ny ), uk (t), · · · , uk (t−nu ))−
f (yk (t), · · · , yk (t−ny ), uk−1 (t), · · · ,
uk−1 (t−L+1), uk (t−L), · · · , uk (t−nu ))+
f (yk (t), · · · , yk (t−ny ), uk−1 (t), · · · ,
uk−1 (t−L+1), uk (t−L), · · · , uk (t−nu )) −
f (yk−1 (t), · · · , yk−1 (t−ny ),
uk−1 (t), · · · , uk−1 (t − nu )) =
∂f ∗
Δuk (t) + · · · +
∂uk (t)
∂f ∗
Δuk (t−L+1) + ψk (t),
(4)
∂uk (t−L+1)
∂f ∗
represents the partial derivative
where
∂uk (t − i)
value of function f with respect to uk (t − i) at some
point in the interval [uk (t − i), uk−1 (t − i)], i =
0, 1, · · · , L − 1, and
ψk (t) = f (yk (t), · · · , yk (t − ny ), uk−1 (t),
· · · , uk−1 (t − L + 1), uk (t − L),
· · · , uk (t − nu )) − f (yk−1 (t), · · · ,
yk−1 (t−ny ), uk−1 (t), · · · , uk−1 (t−nu )).
Consider following equation with a variable ηk (t):
ψk (t) = ηkT (t)ΔUk (t).
(5)
Since ΔUk (t) = 0, there at least exists a solution ηk∗ (t) to Eq.(5).
Let
θk (t) = [θ1,k (t) · · · θL,k (t)]T =
∂f ∗
∂f ∗
···
]T + ηk∗ (t). (6)
[
∂uk (t)
∂uk (t − L + 1)
Eq.(4) can be rewritten as
Δyk (t + 1) = θkT (t)ΔUk (t).
This gives the main conclusion of the theorem. And
the secondary concern of the boundedness of PG is
guaranteed directly by using Assumption 2 and Eq.(3).
Remark 2 Lemma 1 is an extension of the results
of references[19–21] . From the proof of the Lemma 1,
we can see that θk (t) is related with input and output
signals till time instant t of (k − 1)-th and k -th iterations. Thus, it is an iteration-dependent time-varying
parameter. On the other hand, θk (t) can be considered
as a differential signal in some sense and it is bounded
for any t and k . If ΔUk (t) is not too large, θk (t)
may be regarded as a slowly iteration-varying parameter. Consequently, we can implement adaptive iterative
learning control of the original system by designing a
parameter estimator to estimate the parameter.
Remark 3 Consider the linear time-invariant
(LTI) system

x(t + 1) = Ax(t) + Bu(t),
(7)
y(t) = Cx(t),
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where t = 0, · · · , N − 1.
The system output in k -th iteration is
t−1

yk (t + 1) = CAt+1 xk (0) +
CAt−i Buk (i), (8)
i=0

and the system output in (k−1)-th iteration is
t−1

yk−1 (t+1) = CAt+1 xk−1 (0)+ CAt−i Buk−1 (i).
i=0

(9)
Obviously, if xk (0) = xk−1 (0), system (7) can be
rewritten as
t−1

Δyk (t + 1) =
CAt−i BΔuk (i),
(10)
i=0

where Δyk (t + 1) = yk (t + 1) − yk−1 (t + 1) and
Δuk (i) = uk (i) − uk−1 (i).
In this case, the PG θk (t) is just the Markov sequence of the system if L = N , that is θk (t) =
[CB CAB · · · CAN −1 B]T . It is same as [12–15].

3 MFAILC system design and stability analysis
For a given desired trajectory yd (t), t = 0, 1, · · · ,
N − 1, the control objective of ILC is to design a sequence of appropriate control inputs uk (t) such that the
tracking error ek (t + 1) = yd (t + 1) − yk (t + 1) converges to zero as the iteration number k approaches inﬁnity.
Deﬁne the optimization design problem for the ILC
controller as follows:
min Jk (uk (t)) = min(|ek (t+1)|2 +λΔUk (t)2 ),
uk (t)

uk (t)

(11)
subjected to
ek (t+1) = ek−1 (t + 1)−θkT (t)ΔUk (t),

(12)

where λ > 0 is a weighting factor.
Remark 4 The use of optimization objective in
iterative learning control is not new to this paper. In
[12], an optimization objective introduced explicitly for
repetitive discrete-time system.
∂J
= 0, we have
Using the optimal condition
∂uk (t)
ρ1 θ1,k (t)ek−1 (t + 1)
uk (t) = uk−1 (t) +
−
λ + |θ1,k (t)|2
L

ρi θ1,k (t)θi,k (t)Δuk (t−i+1)
i=2
, (13)
λ + |θ1,k (t)|2
where 0 < ρi  1, i ∈ {1, · · · , L} is the step-size
factor added.
Since θk (t) is unknown, the following cost function
of parameter estimation is used to derive the estimator:

J(θ̂kT (t)) = |Δyk−1 (t + 1) − θ̂kT (t)ΔUk−1 (t)|2 +
T
(t)2 ,
μθ̂kT (t)− θ̂k−1

(14)

where μ > 0 is a weighting factor, θ̂k (t) is the estima-
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tion value of θk (t).
The minimization of above criterion function gives
estimation algorithm
ηΔUk−1 (t)
θ̂k (t) = θ̂k−1 (t) +
×
μ + ΔUk−1 (t)2
T
(Δyk−1 (t + 1) − θ̂k−1
(t)ΔUk−1 (t)), (15)

where η ∈ (0, 2) is a step factor added.
Correspondingly, the learning control law (13) is
rewritten as
ρ1 θ̂1,k (t)ek−1 (t + 1)
uk (t) = uk−1 (t) +
−
λ + |θ̂1,k (t)|2
L

ρi θ̂1,k (t)θ̂i,k (t)Δuk (t − i + 1)
i=2
. (16)
λ + |θ̂1,k (t)|2
In order to endow the parameter estimation algorithm (15) with a strong ability to track time-varying
parameter, we present a reset algorithm as follows:

θ̂k (t) = θ̂0 (t), if sgn(θ̂1,k (t)) = sgn(θ̂1,0 (t)) or
θ̂k (t)   or
ΔUk−1 (t)  ,

(17)

where  is a small positive constant, θ̂0 (t) is the initial
value of θ̂k (t).
Remark 5 PFDL data model based MFAILC
(PFDL-MFAC) scheme for nonlinear system (1) is constructed by integrating learning control law (16), parameter updating law (15), and reset algorithm (17). The
proposed scheme has L-dimensional vector to be updated on-line, and is quite different from the traditional
adaptive control system, in which there are usually 2n
model parameters to be estimated on-line, where n denotes the order of the controlled plant.
Remark 6 PFDL-MFAILC scheme only utilizes
I/O data of the controlled plant to design the controller.
So it is regarded as a data-driven control approach. It
is worth pointing out that the PG estimation θ̂k (t) affects the learning gains in control law (16) virtually and
can be iteratively calculated by estimation law (15) and
reset algorithm (17), which is quite different from standard ILC, where its learning gain is ﬁxed and cannot be
tuned automatically and iteratively.
Theorem 1 Suppose Assumptions 1−2 hold, system (1) is controlled by learning control law (16), parameter updating law (15) and reset algorithm (17), then
θ̂k (t) is bounded for all t ∈ [0, N − 1] and k ∈ Z+ .
Proof If sgn(θ̂1,k (t)) = sgn(θ̂1,0 (t)), or θ̂k (t)
  or ΔUk−1 (t)  , then the boundedness of
θ̂k (t) is obvious.
In other case, deﬁne PG estimation error as
θ̃k (t) = θ̂k (t) − θk (t).
(18)
Subtracting θk (t) from both sides of Eq.(15) and
using Eq.(3), we have

θ̃k (t) =
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(I −

T
ηΔUk−1 (t)ΔUk−1
(t))θ̃k−1 (t)
μ + ΔUk−1 (t)2

θk−1 (t) − θk (t).

+
(19)

From Lemma 1, we can see that θk (t) is bounded
by a positive constant b̄, which leads to θk−1 (t) −
θk (t)  2b̄.
Taking norms on both sides of Eq.(19), yields
T
(I −ηΔUk−1 (t)ΔUk−1
(t))θ̃k−1 (t)
+
μ + ΔUk−1 (t)2
2b̄.
(20)

θ̃k (t)  

T
(I − ΔUk−1 (t)ΔUk−1
(t))θ̃k−1 (t)
,
μ + ΔUk−1 (t)2
computing Ξk (t)2 yields

Let Ξk (t) =

T
ηΔUk−1
(t)θ̃k−1 (t)2
×
μ + ||ΔUk−1 (t)||2
η||ΔUk−1 (t)||2
).
(21)
(−2 +
μ + ||ΔUk−1 (t)||2

Ξk (t)2 = θ̃k−1 (t)2 +

Since θk (t) is an iteration dependent column vector
and 0 < η < 2, μ > 0, we have

Ξk (t)2 < θ̃k−1 (t)2 .

(22)

Apparently, there exists 0 < d1 < 1 such that
θ̃k (t)  dk1 ||θ̃0 (t)||+2b̄(1−dk1 )/(1−d1 ). (23)
Note that, we only need the existence of constant d1
instead of its exact value.
Eq.(23) implies θ̃k (t) bounded. From Theorem 1,
we have θk (t) is bounded, so θ̂k (t) is bounded.
For the stability and convergence of the MFAILC
scheme (15) and (17), another assumption should be
made.
Assumption 3 The ﬁrst element of PG θ1,k (t) >
ξ (or θ1,k (t) < −ξ) for all k , where ξ is a positive
constant. Without loss of generality, we consider
θ1,k (t) > ξ .
Remark 7 This assumption is similar to the limitation of control input direction in reference [29]. In
fact, many practical systems can satisfy this assumption. For the freeway trafﬁc control system in following
section, the trafﬁc ﬂow density will increase (or not decrease at least) when the on-ramp metering trafﬁc volume increases in practice.
⎤
⎡
a1 a2 · · · aL−1 aL
⎢ 1 0 ··· 0 0 ⎥
⎥
⎢
⎥
⎢
Lemma 2[30] Let A = ⎢ 0 1 · · · 0 0 ⎥. If
⎢ .. ..
.. ⎥
..
⎣ . .
. ⎦
.
L

i=1

0 0 ···

1

0

|ai | < 1, then s(A) < 1, where s(A) is the spectral

radius of A.
Theorem 2 If nonlinear system (1), satisfying
Assumptions 1−3, is controlled by PFDL-MFAILC
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scheme (15)−(17), then there exists λmin > 0 such that
the following two properties hold for any λ > λmin :
a) The maximum learning error emax (k) =
max ek (t) converges to zero as k approaches to
t∈{1,··· ,N }

k→∞

b) uk (t) and yk (t) are bounded for all t ∈ {1, · · · ,
N } and k ∈ Z+ .
Proof From Lemma 1, we can see that θk (t)
is bounded by a positive constant b̄, which leads to
θk (t)  b̄. There exists λmin > 0, such that following inequalities (24)−(27) hold when λ > λmin ,
θ̂1,k (t)
θ̂1,k (t)
|
|<
|| √
λ + |θ̂1,k (t)|2
2 λ|θ̂1,k (t)|
0.5
1
√
,
= M1 <
(24)
b̄
2 λmin

θ1,k (t)θ̂1,k (t)
λ + |θ̂1,k (t)|2

|

θ̂1,k (t)
b̄
|< √
b̄| √
< 0.5,
2 λmin
2 λ|θ̂1,k (t)|
θk (t)v  M3 ,
L

θ̂1,k (t)θ̂i,k (t) L−1
1
|
|)
 M4 .
2
i=2 λ + |θ̂1,k (t)|

(

Selecting
L

i=2

max

i∈{2,··· ,L}

ρi |

λ + |θ̂1,k (t)|2

(25)
(26)
(27)

|

i∈{2,··· ,L}

i∈{2,··· ,L}

ρi )M4L−1 . (31)

Inequality (31) implies that
1
|z|  ( max ρi ) L−1 M4 < 1.

(32)

Note that, there exists an arbitrary small positive
constant 1 such that the following inequality holds:
Ak (t)v  s(Ak (t)) + ε1 

( max

i∈{2,··· ,L}

1

ρi ) L−1 M4 + ε1 < 1,

(33)

where s(Ak (t)) is the spectral radius of Ak (t), and
Ak (t)v is the consistent matrix norm of Ak (t).
1
Let d2 = ( max ρi ) L−1 M4 + ε1 . Taking norm
i∈{2,··· ,L}

on both sides of Eq.(29), we have
ΔUk (t)v 

Ak (t)v ΔUk (t − 1)v +
θ̂1,k (t)

||ek−1 (t + 1)| <
λ + |θ̂1,k (t)|2
d2 ΔUk (t − 1)v + ρ1 M1 |ek−1 (t + 1)| <
..
.
t+1
d2 ΔUk (−1)v + dt2 ρ1 M1 |ek−1 (1)| +
· · · + ρ1 M1 |ek−1 (t + 1)| =
t

dt−i
(34)
ρ1 M 1
2 |ek−1 (i + 1)|.

yd (t + 1) − yk−1 (t + 1) − θkT (t)ΔUk (t) =
(28)

Let

⎡
⎤
ρL θ̂1,k (t)θ̂L,k (t)
ρ2 θ̂1,k (t)θ̂2,k (t)
···−
0⎦
−
Ak (t) =⎣ λ + |θ̂1,k (t)|2
λ + |θ̂1,k (t)|2
I
0
and C = [1 0 · · · 0]T , then Eq.(16) can be rewritten as

ΔUk (t) = Ak (t)ΔUk (t − 1) +
ρ1 θ̂1,k (t)
λ + |θ̂1,k (t)|2

Cek−1 (t + 1).

(29)

The characteristic equation of Ak (t) is
ρ2 θ̂1,k (t)θ̂2,k (t) L−1
zL +
z
+ ··· +
λ + |θ̂1,k (t)|2

λ + |θ̂1,k (t)|2

|  ( max

From the deﬁnition of tracking error, PFDL data
model (3), and Eq.(29), we have
ek (t + 1) = yd (t + 1) − yk (t + 1) =

ρi )

ρL θ̂1,k (t)θ̂L,k (t)

λ + |θ̂1,k (t)|2

i=0

L

θ̂1,k (t)θ̂i,k (t)
|
|
i∈{2,··· ,L}
i=2 λ + |θ̂1,k (t)|2
( max ρi )M4L−1 < 1.

( max

θ̂1,k (t)θ̂i,k (t)

ρ1 |

ρi such that

θ̂1,k (t)θ̂i,k (t)

i=2

ρi |
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i∈{2,··· ,L}

inﬁnity, that is lim |emax (k)| = 0.

0 < M2  |

L


z = 0.

(30)

From Eq.(28) and Lemma 2 we have |z| < 1. Thus,
the following inequality holds
L

θ̂1,k (t)θ̂i,k (t)
|z|L−1 
ρi |
||z|L−i 
λ + |θ̂1,k (t)|2
i=2

ρ1 θ1,k (t)θ̂1,k (t)

)ek−1 (t + 1) −
λ + |θ̂1,k (t)|2
θkT (t)Ak (t)ΔUk (t − 1).
(1 −

(35)

Taking norm on both sides of Eq.(35), we have
ρ1 θ1,k (t)θ̂1,k (t)
|ek (t+1)| < |1−
||ek−1 (t+1)|+
λ + |θ̂1,k (t)|2

d2 θkT (t)v ΔUk (t − 1)v .

(36)

Selecting 0 < ρ1  1 such that
θ1,k (t)θ̂1,k (t)
θ1,k (t)θ̂1,k (t)
|1−ρ1
| = |1−ρ1 |
|| 
λ+|θ̂1,k (t)|2
λ + |θ̂1,k (t)|2
1 − ρ1 M2 < 1.
Let d3 = 1 − ρ1 M2 . Using Eq.(26), Eq.(36) can be
rewritten as
|ek (t + 1)| < d3 |ek−1 (t+1)|+

d2 M3 ΔUk (t − 1)v .

(37)

Substituting Eq.(34) into Eq.(37) yields
|ek (t+1)| < d3 |ek−1 (t + 1)| +
t−1
 t−1−i
d2
|ek−1 (i + 1)|. (38)
ρ1 M 1 M 3
i=1
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Assume emax (k) = ek (τ1 ), then the following inequality holds:

|emax (k)| = |ek (τ1 )| <
d3 |ek−1 (τ1 )|+ρ1 M1 M3

τ
1 −2
i=1

dτ21 −2−i |ek−1 (i + 1)| 

d3 |emax (k − 1)| +
τ
1 −2
d2τ1 −2−i emax (k − 1) <
ρ1 M1 M3
i=1

d2
)|emax (k − 1)|.
(39)
1 − d2
Selecting 0 < ρ1  1, · · · , 0 < ρL  1 such that
d2
d 3 + ρ1 M 1 M 3
=
1 − d2
d2
=
1 − ρ 1 M 2 + ρ1 M 1 M 3
1 − d2
ρ1 M1 M3
=
1 − ρ1 (M2 + M1 M3 ) +
1 − d2
1 − ρ1 (M2 + M1 M3 ) +
ρ1 M1 M3
< 1.
1
1 − ( max ρi ) L−1 M4 − ε1

(d3 + ρ1 M1 M3

i∈{2,··· ,L}

d2
. It is obviously that
1 − d2
lim |emax (k)| < lim d4 |emax (k − 1)| <

Let d4 = d3 + ρ1 M1 M3
k→∞

· · · < lim

k→∞

k→∞
k−1
d4 |emax (1)|

= 0.

(40)

As yd (t) is bounded, the convergence of emax (k) implies that yk (t) is also bounded.
From Eqs. (34) and (40), we have

Uk (t)v 
k

ΔUh (t)v + U1 (t)v <
h=2

ρ1 M1

k 
t

h=2 i=0

dt−i
2 |eh−1 (i + 1)| + U1 (t)v <

k
ρ1 M 1 
emax (h − 1) + U1 (t)v <
1 − d2 h=2
ρ1 M1 emax (1)
+ U1 (t)v .
(1 − d2 )(1 − d4 )
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4.1

Numerical simulation
Consider the nonlinear system
⎧
5y(t)y(t − 1)
⎪
⎪
+
⎪
⎪
2
⎪ 1 + y(t) + y(t − 1)2 + y(t − 2)2
⎪
⎪
⎪
⎪
⎪
u(t) + 1.1u(t − 1),
t  50,
⎪
⎪
⎪
⎨ 2.5y(t)y(t − 1)
y(t+1) = 1 + y(t)2 + y(t − 1)2 +
⎪
⎪
⎪
⎪
⎪
1.2u(t) + 1.4u(t − 1)+
⎪
⎪
⎪
⎪
0.7 sin(0.5(y(t) + y(t − 1)))·
⎪
⎪
⎪
⎪
⎩ cos(0.5(y(t)+y(t−1))), t > 50.

The ﬁrst subsystem in this example is taken from
[31], and the second one is taken from [32]. Here the
two subsystems are used to represent the unknown nonlinear system in a different time interval, where the
structure, order and parameter of the controlled system are time-varying. Moreover, the ﬁrst subsystem
has not good performance using the neural network control method for its nonlinearity and non-minimum phase
characteristics.
The desired trajectory is given as follows
tπ
tπ
yd (t + 1) = 5 sin
+ 2 cos
.
50
100
The initial output value yk (0) is randomly varying in the interval [−0.05, 0.05] when the iteration i
evolves. The control input of the ﬁrst iteration is equal
to 0. The parameters of the proposed scheme are L =
2, ρ1 = ρ2 = 0.9, λ = 1, μ = 1.
In order to show that the proposed algorithm can
overcome the limitations on the identical initial condition of traditional ILC, random varying initial value
yk (0) is used. Fig.1 shows the proﬁle of the initial value
yk (0) over 100 iterations. Fig.2 shows the maximum
learning error, where the horizon is the iteration number
and the vertical axis is max |ek (t)|. The effectivet∈{1,··· ,N }

ness of the proposed ILC can be seen from Figs.1−2.
Despite the random initial values (Fig.1) along the iteration axis, the tracking error converges asymptotically
to zero along the iteration axis (Fig.2).

(41)

This implies that uk (t) is bounded.
Compared with the existing results of norm optimal
ILC, the proposed MFAILC scheme provides a more
general and comprehensive framework for quadratic
criterion based ILC, and has three distinct features:
1) coping with discrete-time SISO nonlinear system;
2) the system dynamic model is not required; 3) the
strict identical initial condition is not required.

4

Simulations

In this section, two simulations are provided to verify the effectiveness of the proposed scheme.
Fig. 1 The proﬁle of random initial value
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Fig. 2

max

t∈{0,100}

ek (t) with the proposed MFAILC

4.2 Freeway trafﬁc ﬂow process
The macroscopic trafﬁc ﬂow patterns usually show
repeated behavior on a daily or a weekly basis[33–34] . In
this work, the freeway trafﬁc ﬂow process is simulated
to verify the effectiveness of MFAILC. The macroscopic trafﬁc ﬂow model[33–34] for a single freeway with
one on-ramp and one off-ramp on each section is as follows:
T
ρi (t + 1) = ρi (t) + (qi−1 (t) −
Li
qi (t) + ri (t) − si (t)),
(42)
qi (t) = ρi (t)vi (t),
(43)
vi (t + 1) =
T
vi (t) + (V (ρi (t)) − vi (t)) +
τ
νT (ρi+1 (t) − ρi (t))
T
vi (t)(vi−1 (t) − vi (t)) −
,
Li
τ Li (ρi (t) + κ)
(44)
ρi (t) l m
V (ρi (t)) = vfree (1 − (
)) ,
(45)
ρjam
where T is the sample time interval, t ∈ {0, · · · , N −
1} is t-th time interval, and i ∈ {1, · · · , I} is i-th section of the freeway, and I is the total section number.
Model parameter variables are listed below:
ρi (t):
density in section i at time tT ,
(veh·(lane·km)−1 );
vi (t): space mean speed in section i at time tT ,
(km·h−1 );
qi (t): trafﬁc ﬂow leaving section i and entering section i + 1 at time tT , (veh·h−1 );
ri (t): on-ramp trafﬁc volume for section i at time
tT , (veh·h−1 );
si (t): off-ramp trafﬁc volume for section i at time
tT , (veh·h−1 ), which is regarded as an unknown disturbance;
Li : length of freeway in section i, km;
Vfree /(km·h−1 ) and ρjam /(veh·(lane·km)−1 ) are the
free speed and the maximum possible density per lane,
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respectively.
τ /h, ν /(km2 ·h−1 ), κ/(veh·km−1 ), l and m are constant parameters which reﬂect particular characteristics
of a given trafﬁc system and depend on the freeway geometry, vehicle characteristics, drivers’ behaviors, etc.
Eq.(42) is the well-known conservation equation,
Eq.(43) is the ﬂow equation, Eq.(44) is the empirical dynamic speed equation, and Eq.(45) represents the
density-dependent equilibrium speed.
We assume that the trafﬁc ﬂow rate entering section
1 during the time period tT and (t + 1)T is q0 (t) and
the mean speed of the trafﬁc entering section 1 is equal
to the mean speed of section 1, i.e. v0 (t) = v1 (t). We
also assume that the mean speed and trafﬁc density of
the trafﬁc exiting section I +1 are equal to those of section I , i.e. vI+1 (t) = vI (t), ρI+1 (t) = ρI (t). Boundary conditions can be summarized as follows:

ρ0 (t) = q0 (t)/v1 (t),
v0 (t) = v1 (t),
ρI+1 (t) = ρI (t),
vI+1 (t) = vI (t).

(46)
(47)
(48)
(49)

Due to the highly nonlinear and uncertain nature
of trafﬁc ﬂow model, a control proﬁle cannot be calculated directly from the model. The MFAILC will be
employed just depending on the input ri (t) and output
ρi (t) data of the freeway trafﬁc system.
Consider a long segment of freeway that is divided uniformly into 12 sections. The length of each
section is 0.5 km. The initial trafﬁc volume entering
section 1 is 1500 (veh·h−1 ). The desired density is
ρd (t) = 30 (veh·(lane·km)−1 ). The initial density and
mean speed of each section are shown in Table 1 and
the parameters used in this model are also listed in Table 1[33–34] .
Table 1 Initial values and parameters associated with
the trafﬁc model
Parameter
vfree
ρjam
κ
τ
T
α

Value
80
80
13
0.01
0.00417
0.95

Parameter
ν
q0 (t)
ri (0)
l
m

Value
35
1500
1.8
0
1.7

There exist an on-ramp with known trafﬁc demands
in Section 7 and an off-ramp with unknown exiting trafﬁc ﬂow in Section 4. The trafﬁc demand pattern (onramp) and the outﬂow pattern (off-ramp) are shown in
Fig.3. They were chosen to simulate a trafﬁc scenario
during rush hour. Note that the queuing demands actually impose a constraint on the control inputs of ramp
metering, i.e., the on-ramp volumes cannot exceed the
current demands plus the existing waiting queues at on-
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ramp 7 at time t, thus

r7 (t)  d7 (t) + l7 (t),

(50)

where l7 (t) denotes the length (in vehicles) of a possibly existing waiting queue at time t at the 7th onramp, d7 (t) is the demand ﬂow at time t at 7th onramp(veh·h−1 ).

Fig. 5

max

t∈{0,500}

ek (t) with the proposed MFAILC

5 Conclusions

Fig. 3 Trafﬁc demand in on-ramp 7, entering ﬂow in
on-ramp 7, and unknown exiting ﬂow in
off-ramp 4

On the other hand, the waiting queue is the accumulation of the difference between the demand and actual
on-ramp, i.e.,

l7 (t + 1) = l7 (t) + T (d7 (t) − r7 (t)).

(51)

In order to show the proposed algorithm can overcome the limitations on identical initial condition of
traditional ILC, a random varying along iteration axis
ρ7 (0) is used (Fig.4). In the simulation we choose
L = 2, ρ1 = ρ2 = 0.9, λ = 0.001, μ = 1.

In this work, MFAILC has been proposed based on
a new PFDL approach in the iteration domain. The
monotonic convergence of the iteration maximum error
can be guaranteed by theoretical analysis when the initial conditions are randomly varying along the iteration
axis. The main feature of the proposed control scheme
is that the controller design only depends on the I/O
data of the controlled plant, so MFAILC is essentially
a data-driven control method. The effectiveness of the
proposed MFAILC is veriﬁed by the extensive numerical simulations.
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