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Abstract
With the rapid deployments of the active disturbance rejection control (ADRC) as a bonafide industrial technology in the
background, this paper summarizes some recent results in the analysis of linear ADRC and offers explanations in the frequency
response language with which practicing engineers are familiar. Critical to this endeavor is the concept of bandwidth, which
has been used in a more general sense. It is this concept that can serve as the link between the otherwise opaque state space
formulation of the ADRC and the command design considerations and concerns shared by practicing engineers. The remarkable
characteristics of a simple linear ADRC was first shown in the frequency domain, followed by the corresponding analysis in time
domain, where the relationship between the tracking error and the ADRC bandwidth is established. It is shown that such insight
is only possible by using the method of solving linear differential equations, instead of the more traditional techniques such as
the Lyapunov methods, which tend to be more conservative and difficult to grasp by engineers. The insight obtained from such
analysis is further demonstrated in the simulation validation.
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1 Introduction
As the object to be controlled, physical plants in real
world are not just nonlinear and time-varying but also
highly uncertain. As the well-known control theorist
Roger Brockett puts it: “If there is no uncertainty in

the system, the control, or the environment, feedback
control is largely unnecessary” [1]. For much of its history, however, mathematical control theory has been
developed largely based on the premise that a physical
plant behaves rather closely as its mathematical model
describes. Serving as the point of departure in control
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system design, this assumption does not reflect either
the necessity of feedback control, nor the physical reality. The premise of model has stimulated in the last few
decades lively debates and rapid new developments,
such as those under the umbrella of robust, adaptive,
and nonlinear control. But the dependence on the model
proves difficult to shake loose even though the engineering practice of automatic control has taught us that PID,
with over a hundred years of history, is still the king,
and that engineers by and large have little use of design
techniques premised on a detailed mathematical model
of the physical process to be controlled.
The practicality of a model-based design can be problematic in two regards: 1) it could be rather expensive to
obtain a detailed mathematical model; 2) even if such a
model is obtained, the uncertainties in the process, particularly the changes in the system dynamics, could easily render such model obsolete during operation. Such
problems prove to be hard to overcome even with the
most advanced techniques such as those known as robust control, where the controller is made tolerant of uncertainties to some degree but still requires nonetheless
a fairly detailed and accurate mathematical model of the
plant. For example, the robust control design methodology based on the small gain theorem does allow a
small amount of uncertainties in plant dynamics, but
not anywhere near the magnitude often encountered in
practice. The problem of controlling a process of a large
amount of dynamic uncertainties remains unsolved until a new paradigm, namely active disturbance rejection
control (ADRC), came to the scence.
The ADRC resonates with practical minded researchers from the very beginning when Han argued
that there must be a way to control a process independent of its mathematical model. The framework
and conceptual underpining gradually took shape in the
span of two decades between 1989 and 2009, as explained in [2–11]. They fundamentally differ from other
disturbance-centric design methods in the very concept
of disturbance, which has been widely taken as forces
external to the process to be controlled. Han inherited
the notion of disturbance from H. S. Tsien that is more
general and inclusive, including both the internal as well
as the external disturbance. Tsien coined the term internal disturbance but Han took it to the next level, namely
the total disturbance, which could very well be a function of the states of the process. In doing so, Han found
a way to deal with the problem of large amount of dynamic uncertainties and to escape from the suffercating
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hold of the model-based design methodology.
The solution turns out to be a simple one: treat the
process dynamics and external disturbance alike; lump
them into a whole called the total disturbance; and then
find a way to estimate and cancel it, reducing the process
dynamics to an ideal, disturbance-free form. It is therefore obvious that whole enterprise comes down to the
question of if such disturbance can be indeed estimated
and cancelled. To this end Han left us with the extended
state observer (ESO) [4], in a manner of experimental
science: daring hypothesis followed by two decades of
meticulously constructed tests, both in simulation and
experimentations. In fact, Han pioneered the method of
investigation in search of effective control mechanisms
using computer simulation as the main tool [11].
To be sure, disturbance estimation and cancellation
has been studied by many researchers over the years
and many solutions have been offered, such as the unknown input observer (UIO) [12–19], the disturbance
observer (DOB) [20–27], and the perturbation observer
(POB) [28–31]. Two recent surveys can be found in
[32, 33]. The key difference from ADRC is that they
are intended to compliment the existing model-based
paradigm rather than replacing with a new one. The new
ADRC paradigm started slowly but picked up speed recently, largely propelled by its large scale adoption as
a viable industrial solution, threatening the dominance
of the PID solution. What was for a long time an experimental solution all the sudden acquired the attention
of researchers intending to grasp its stability properties.
This paper summarizes some recent results in the analysis of linear ADRC (LADRC) and offers explanations in
the frequency response language with which practicing
engineers are familiar.
The first attempt at the rigorous study of stability of
the ADRC solution can be found in [34], where, for the
sake of ease, the nonlinear gain structure of the original
ADRC is replaced with a linear one. For the first time the
convergence of the ESO and the bound on the tracking
error in the ADRC were established, which lent support
to the engineering success of the ADRC and further stimulated research interests on the subject. The research
has grown more intensely and fruitfully since then, as
can be seen in the more recent publications in [35–40].
But there is one nagging problem that refuses to go
away: the more rigorous study of ADRC has done little
to provide guidance to its engineering applications. This
paper intends to address this issue, as one of the languages. In particular, we believe that the language of the
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time domain analysis based on solving differential equations must be intimately connected with the language of
frequency responses with which engineers are familiar.
This can be done, as shown earlier in [34], by solving
the differential equation and examining the properties
of the solutions directly, instead of using the Lyapunov
type of methods that tend to be rather conservative and
cubersome.
The paper is organized as follows. The time domain
formulation of the ADRC is presented in Section 2. The
engineering insight from frequency responses is discussed in Section 3. The time domain and frequency
domain connection is given in Section 4. The time domain validation is shown in Section 5. The paper ends
with a few concluding remarks in Section 6.

where x = [x1 x2 · · · xn+1 ]T ∈ Rn+1 , u ∈ R and y ∈ R are
the state, input and output of the system, respectively.
Any state observer of (2), will estimate the derivatives
of y and f since the latter is now a state in the extended
state model. Such observers are known as ESO.
In many real world scenarios, the plant dynamics represented by f is mostly unknown. The ESO design for a
system with dynamics largely unknown is shown below.
With u and y as inputs, the ESO of (2) is given as

2 Time domain formulation of the ADRC

where x̂ = [x̂1 x̂2 · · · x̂n+1 ]T ∈ Rn+1 , and li , i =
1, 2, . . . , n + 1, are the observer gain parameters to be
chosen. In particular, let us consider a special case
where the gains are chosen as

The ADRC was originally proposed as a combinatin of
a tracking differentiator (TD) plus an ESO with a nonlinear form [3]. The key of the ADRC is the ESO. In [41], the
ADRC was proposed to be realized with a PD controller
and a linear extended state oberser (LESO), formulating
a LADRC. In this paper, the presented ADRC approach
refers to LADRC.
First the ESO design is presented. Consider a generally nonlinear time-varying dynamic system with singleinput, u, and single-output y,
y(n) (t) = f (y(n−1) (t), y(n−2) (t), . . . , y(t), w(t)) + bu(t), (1)
where w is the external disturbance and b is a given constant. Here f (y(n−1) (t), y(n−2) (t), . . . , y(t), w(t)), or simply
denoted as f , represents the nonlinear time-varying dynamics of the plant that is unknown. That is, for this
plant, only the order and the parameter b are given.
The ADRC is a unique method designed to tackle this
problem. It is centered around estimation of, and compensation for, f . To this end, assuming f is differentiable
and let h = f˙, (1) can be written in an augmented state
space form
⎧
⎪
⎪
ẋ = x2 ,
⎪
⎪ 1
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎪
⎪
⎪
⎪
⎨ ẋn−1 = xn ,
⎪
⎪
⎪
⎪
ẋn = xn+1 + bu,
⎪
⎪
⎪
⎪
⎪
⎪
ẋn+1 = h(x, u, w, ẇ),
⎪
⎪
⎪
⎪
⎩ y = x1 ,

(2)

⎧
⎪
x̂˙ 1 = x̂2 + l1 (x1 − x̂1 ),
⎪
⎪
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎪
⎨
⎪
x̂˙ n−1 = x̂n + ln−1 (x1 − x̂1 ),
⎪
⎪
⎪
⎪
⎪ x̂˙ = x̂ + l (x − x̂ ) + bu,
⎪
n
n+1
n 1
1
⎪
⎪
⎪
⎪
⎩ x̂˙ n+1 = ln+1 (x1 − x̂1 ),

[l1 l2 · · · ln+1 ] = [ωo α1 ω2o α2 · · · ωn+1
o αn+1 ]

(3)

(4)

with ωo > 0. Here αi , i = 1, 2, . . . , n + 1, are selected such that the characteristic polynomial sn+1 +
α1 sn + . . . + αn s + αn+1 is Hurwitz. For simplicity, let
sn+1 + α1 sn + . . . + αn s + αn+1 = (s + 1)n+1 where αi =
(n + 1)!
, i = 1, 2, . . . , n + 1. Then the characteristic
i!(n + 1 − i)!
polynomial of (6) is
λo (s) = sn+1 + ωo α1 sn + . . . + ωno αn s + ωn+1
o αn+1
= (s + ωo )n .

(5)

and ωo , the observer bandwidth, becomes the only tuning parameter of the observer.
When a system model is known, then with the given
function h, the ESO of (2) now takes the form of
⎧
⎪
x̂˙ = x̂2 + l1 (x1 − x̂1 ),
⎪
⎪
⎪ 1
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎪
⎨
(6)
⎪
⎪ x̂˙ n−1 = x̂n + ln−1 (x1 − x̂1 ),
⎪
⎪
⎪
⎪
⎪
x̂˙ n = x̂n+1 + ln (x1 − x̂1 ) + bu,
⎪
⎪
⎪
⎪˙
⎩
x̂n+1 = ln+1 (x1 − x̂1 ) + h(x̂, u, w, ẇ).
Assume that the control design objective is to make
the output of the plant in (1) follow a given, bounded, reference signal r, whose derivatives, ṙ, r̈, . . . , r(n) , are also
bounded. Let [r1 r2 . . . rn rn+1 ]T = [r ṙ1 · · · ṙn−1 ṙn ]T .
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Employing the ESO of (2) in the form of (3) or (6), the
ADRC control law is given as
u = [k1 (r1 − x̂1 ) + k2 (r2 − x̂2 ) + . . . + kn (rn − x̂n )
−x̂n+1 + rn+1 ]/b,

(7)

where ki , i = 1, 2, . . . , n, are the controller gain parameters selected to make sn + kn sn−1 + . . . + k1 Hurwitz. The
closed-loop system becomes
y(n) (t) =( f − x̂n+1 ) + k1 (r1 − x̂1 ) + k2 (r2 − x̂2 ) + . . .
+ kn (rn − x̂n ) + rn+1 .

(8)
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plemented in an inner loop to produce a well-behaved
plant, which is then regulated by another controller in
the outer loop. In [44], the ESO is brought into the frequency domain to show to what degree it forces the
plant to behave like cascaded integrators and what can
be done to improve the performance when the ESO
is bandwidth limited. Some rigorous analysis for the
frequency domain properties of ADRC has been given
in [45].
3.1 Frequency response analysis
Consider a linear time-invariant second-order plant:

Note that with a well-designed ESO, the first term in the
right hand side (RHS) of (8) is negligible and the rest of
the terms in the RHS of (8) constitutes a generalized PD
controller with a feedforward term. It generally works
very well in applications but the issues to be addressed
are: 1) the stability of the closed-loop system (8); and 2)
the bound of the tracking error. Note that the separation
principal does not apply here because of the first term
in the RHS of (8).

3

Engineering insight from frequency responses

Most of the development and analysis of the ADRC
have only been shown in time domain. In [42],
frequency-domain analysis of the ADRC is performed
to quantify its performance and stability characteristics.
In [43], it is shown that the amount of uncertainties can
be reduced by way of active disturbance rejection, im-

ÿ = −a1 ẏ − a0 y + bu

(9)

with a0 and a1 unknown, f = −a1 ẏ−a0 y in this particular
case. Since both the plant and the controller are linear,
the robustness of the control system can be evaluated
using frequency response. If ADRC indeed estimates f
and cancels it out, then we should see very little change
in bandwidth and stability margins when a0 and a1 vary.
The Bode plots of the loop gain transfer function are
shown in Fig. 1. With ωc = ωo = 100 rad/s, b = 206.25,
a1 = 3.085, and a0 = [0 0.1 1 10 100], Fig. 1 (left)
shows that, remarkably, gain margin, phase margin and
cross-over frequency are almost immune to changes in
a0 . Similarly, with ωc = ωo = 100 rad/s, b = 206.25,
a0 = 0, and a1 = [0.1 1 3.085 10 100], Fig. 1 (right)
demonstrates that gain margin, phase margin and crossover frequency are just as insensitive to changes in a1 as
to those in a0 .

Fig. 1 Loop gain Bode plots at different a0 and a1 . (a) and (c): a0 = 0, 0.1, 1, 10, 100. (b) and (d): a1 = 0.1, 1, 3.085, 10, 100.
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The results show that the active disturbance rejection
based control system possesses a level of robustness
that is rarely seen. The bandwidth and stability margins,
in particular, are kept almost unchanged as the plant
parameters vary significantly.
3.2 Uncertainty reduction through active disturbance rejection
The theme of modern control is how to get around the
unknowns, i.e., model uncertainties and disturbances,
so that they do not degrade what is valued: stability and
performance. In [43], it is demonstrated that the uncertainty stemming from both the external disturbance and
the unknown internal dynamics, which is the subject
of intense research efforts in the last few decades, can
be greatly reduced through active disturbance rejection.
Accordingly, it is demonstrated that control of uncertain system can be carried out in two steps: 1) reducing
the uncertain plant, via active disturbance rejection, to a
class of cascaded integral plants; and 2) design the front
end controller for these compensated plants.
To demonstrate the effectiveness of the ESO in uncertainty reduction, consider a second order plant with
200
. The unknown
a nominal transfer function: G =
s(s + 3)
τs + r0
,
dynamics is characterized in the form of Wud = τ
r∞ s + 1
where r0 is the modeling error in steady state, r∞ is an
uncertainty scalar at high frequency, and τ−1 is the frequency at which the system is completely unknown.
Here r0 = 1, τ−1 = 0.2π, and r∞ = 5. The perturbed
plant is of the form:
Gp = G(1 + Wud Δ), |Δ|  1.

(10)

If the ESO can fairly estimate the total disturbance, then
the purtubed plant (10) can be reduced to ÿ = u0 . Bode
plots of the transfer function for the plant ÿ = u0 from
u0 to y are shown for different observer bandwidths
in Fig. 2. It demonstrates the amount of uncertainty reduction by the ESO. Clearly, the quality of uncertainty
reduction is directly correlated to the bandwidth: the
higher the ωo , the closer the compensated plant is to the
ideal double integral plant. From Fig. 2 it is concluded
that the plant from u0 to y is reduced to a pure double
integrator with very small error up to the frequency of
0.1ωo . That is, the control design problem is reduced to
dealing with a pure double integral plant at or below the
frequency of 0.1ωo .

Fig. 2 Magnitude plot of the compensated plant.

3.3

The enhanced ADRC design with a low observer
bandwidth

In [44], a more delicate case is considered when the
bandwidth of ESO is quite limited, posing the question of
how to best compensate for the lack of high bandwidth
in the ESO. Such problems are approched from the frequency domain, assuming the plant is represented by a
transfer function Gp (s). The ESO in the estimation of f ,
is shown in Fig. 3, where the ESO is respectively represented by the transfer functions from u to fˆ and y to fˆ
(denoted as Fu and F y , respectively).

Fig. 3 Single integral plant acting as double integral.

By assigning all poles of the observer to ωo , denoted as
the observer bandwidth, the process of selecting gains
in ESO becomes one of simply tuning ωo . The modified
plant, i.e., the transfer function from u0 to y, can be
shown as

Ḡp (s) =

y(s)
=
u0 (s)

Gp (s)b0 −1
1+

Gp (s)b0 −1 sn − 1

.

(11)

(s/ωo + 1)n+1

Note that the denominator contains a low-pass filter
of order n + 1 with a corner frequency of ωo . If this is
imagined as an ideal filter, where it acts as unity gain at
and below the corner frequency but zero gain above it,
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the frequency response of (11) can be expressed as
⎧ 1
⎪
⎪
ω  ωo ,
⎪
⎨ (jω)n ,
Ḡp (jω) ≈ ⎪
⎪
⎪
⎩ Gp (jω)b−1 , ω  ωo .
0

(12)

It can be seen from (12) that the modified plant acts as
perfect integrators of order n within the bandwidth of
the observer. At high frequencies, it will instead follow
the response of the plant. It can be assumed that if an
infinite bandwidth could be selected in an ideal world
without noise or sampling, then the plant would indeed
act as a perfect integral of order n regardless of Gp . By
rearranging (11) as (13), the transition from the desired
integral form at low frequency to the original plant at
the high frequency can be captured by the transfer function of Ḡp (s) in the form of (13), where a low-pass filter
shapes the plant into the integral form at low frequency
and a high-pass filter shapes the plant at high frequency.
Ḡp (s)
=


sn

1
(s/ωo + 1)n+1



1
−1

+ Gp (s)b0



(s/ωo + 1)n+1 − 1

.

(s/ωo + 1)n+1
(13)

As ωo is tuned, the poles and zeros, as well as the
shape of the frequency response of Ḡp (s), change with
b0
it. With n = 1, Gp (s) =
, and the second order
s+3
ESO in the form of (3), the pole movements of (13) are
shown graphically in the root locus plot of Fig. 4, where
the observer bandwidth is varied between 0 and whatever value that causes one of the poles to reach a radius
of 10 from the origin.
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This pattern is the same for any stable first-order
plant. By monitoring how the poles of the modified plant
move, it can be better understood how ADRC forces the
plant to behave like cascaded integrators. The information about the imperfection can be used in the control
design to better accommodate the remaining dynamics
beyond the cascaded integrators.

4 Time domain and frequency domain
connection
In [41], the ESO and the associated controller were parameterized, thusly LESO and LADRC were formulated.
In that paper, the observer bandwidth and controller
bandwidth, which engineers are familiar with, were first
connected to ESO and ADRC as the tuning paramters.
The parameterization of ESO and ADRC makes the concept very easy to understand and implement by engineers, therefore widely used in practice [46–48]. Critical to the connection between time domain formulation
and frequency domain insights is established through
the use of bandwidth in time domain analysis.
With the parameterized ADRC, the first attempt at the
rigorous study of stability of the ADRC solution can be
found in [34]. For the first time the convergence of the
ESO and the bound on the tracking error in the ADRC
were established by solving differential equations. The
detailed derivations are given in [49].
4.1 Convergence of the ESO error dynamics
First, consider the ESO with the given model of the
plant. Let x̃i = xi − x̂i , i = 1, 2, . . . , n + 1. From (2) and
(6), the observer estimation error for the system with a
given model can be shown as
⎧
⎪
x̃˙ 1 = x̃2 − ωo α1 x̃1 ,
⎪
⎪
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎪
⎨
(14)
⎪
⎪ x̃˙ n−1 = x̃n − ωon−1 αn−1 x̃1 ,
⎪
⎪
⎪
⎪
n
⎪
x̃˙ n = x̃n+1 − ωo αn x̃1 ,
⎪
⎪
⎪
⎪˙
⎩
x̃n+1 = h(x, u, w, ẇ) − h(x̂, u, w, ẇ) − ωn+1
o αn+1 x̃1 .
Now let εi =
rewritten as

Fig. 4 Closed-loop poles for the 1st order plant as ωo varies.

x̃i
, i = 1, 2, . . . , n + 1, then (14) can be
ωi−1
o

ε̇ = ωo Aε + B

h(x, u, w, ẇ) − h(x̂, u, w, ẇ)
,
ωno

(15)
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⎤
⎡
⎢⎢ −α1 1 0 · · · 0 ⎥⎥
⎥⎥
⎢⎢
⎥
⎢⎢
⎢⎢ −α2 0 1 · · · 0 ⎥⎥⎥
⎥
⎢⎢
⎢ .
.. ..
.. ⎥⎥⎥⎥
T
where A = ⎢⎢⎢⎢ ..
. .
. ⎥⎥⎥, B = [0 0 · · · 0 1] . Here,
⎢⎢
⎥⎥
⎢⎢
⎢⎢ −αn 0 0 · · · 1 ⎥⎥⎥
⎥⎥
⎢⎢
⎦
⎣
−αn+1 0 0 · · · 0
A is Hurwitz for the αi , i = 1, 2, . . . , n + 1, chosen above.
Theorem 1 Assuming h(x, u, w, ẇ) is globally Lipschitz with respect to x, there exists a constant ωo > 0,
such that lim x̃i (t) = 0, i = 1, 2, . . . , n + 1.
t→∞

The proof of this theorem has been given in [50].
When the plant dynamics is largely unknown, the ESO
is designed as shown in (3). Consequently, the observer
estimation error becomes
⎧
⎪
x̃˙ 1 = x̃2 − ωo α1 x̃1 ,
⎪
⎪
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎪
⎨
⎪ x̃˙ n−1 = x̃n − ωn−1
⎪
o αn−1 x̃1 ,
⎪
⎪
⎪
⎪
˙
⎪ x̃n = x̃n+1 − ωno αn x̃1 ,
⎪
⎪
⎪
⎪
⎩ x̃˙ n+1 = h(x, u, w, ẇ) − ωn+1 αn+1 x̃1 ,
o

(16)

and equation (15) is now
ε̇ = ωo Aε + B

h(x, u, w, ẇ)
.
ωno

(17)

Theorem 2 Assuming h(x, u, w, ẇ) is bounded, there
exist ωo > 0, a constant σi > 0, and a finite T1 > 0 such
that |x̃i (t)|  σi , i = 1, 2, . . . , n + 1, ∀t  T1 . Furthermore,
1
σi = O( k ), for some positive integer k.
ωo
The proof of this theorem has been given in [49].
In summary, when the plant model is given and used
in the ESO, the dynamic system describing the ESO estimation error is asymptotically stable; and in the absence
of such model, the ESO estimation error is bounded
and its upper bound monotonously decreases with the
observer bandwidth. The stability characteristics of the
ADRC, where the ESO is employed, is presented next.
4.2 Stability characteristics of the ADRC
In [49], the stability characteristics of the ADRC are
presented for both the cases of the plant model given
and plant dynamics largely unknow.
Define ei = ri − xi , i = 1, 2, . . . , n. In (7), ki , i =
1, 2, . . . , n, are selected such that the characteristic polynomial sn + kn sn−1 + . . . + k1 is Hurwitz. For tuning simplicity, we just let sn + kn sn−1 + . . . + k1 = (s + ωc )n where

n!
ωn+1−i , i = 1, 2, . . . , n.
(i − 1)!(n + 1 − i)! c
This makes ωc , which is the controller bandwidth, the
only tuning parameter to be adjusted for the controller.
For the case of the plant model given, one has the
following theorem.
Theorem 3 Assuming h(x, u, w, ẇ) is globally Lipschitz with respect to x, there exist constants ωo > 0 and
ωc > 0, such that the closed-loop system (8) is asymptotically stable.

ωc > 0 and ki =

Now we consider the case that the plant dynamics is
unknown and the ESO in the form of (3) is used instead.
Theorem 4 Assuming h(x, u, w, ẇ) is bounded, there
exist ωc > 0, ωo > 0, a constant ρi > 0, and a finite time
T5 > 0 such that |ei (t)|  ρi , i = 1, 2, . . . , n, ∀t  T5 .
1
Furthermore, ρi = O( j ) for some positive integer j.
ωc
The proof of Theorems 3 and 4 can be found in [49]. In
summary, with the given model of the plant, the closedloop system (8) is asymptotically stable; and with plant
dynamics largely unknown, the tracking error and its up
to (n − 1)th order derivatives of the ADRC are bounded
and their upper bounds monotonously decrease with
the observer and controller bandwidths.
The above analyses show that the observer bandwidth
and control loop bandwidth are associated in the time
domain stability analysis with the upper bounds of the
observer error and the tracking error, respectively. This
makes such analysis relevant to the common design
considerations and concerns shared by practicing engineers.

5

Time domain validation

With the convergence of the ESO and the ADRC established, a simulation study of nonlinear plant with partial
model information is presented below.
Consider the following nonlinear system
ÿ = ẏ3 + y + d + u.

(18)

ÿ = f + bu,

(19)

Rewrite (18) as

where f represents the summation of the plant dynamics ẏ3 + y and the external disturbance d.
Note that for a second order plant, the LESO in (6)
and (3) is of the third order, where x̂3 is an estimate of
f . With a well-tuned observer, the control law is given
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by
u=

k1 (r − x̂1 ) + k2 (ṙ − x̂2 ) − x̂3 + r̈
,
b

(20)

where k1 = ω2c , and k2 = 2ωc .
The LADRC tracking performance is shown in Fig. 5
under three different scenarios: 1) f is completely unknown; 2) only partial internal dynamics information of
the plant is given, i.e., fpartial = ẏ3 ; 3) the internal dynamics of the plant fin is completely known, i.e., fin = ẏ3 + y
is given. In this simulation, the tuning parameters are
ωc = 4.5 rad/s and ωo = 20 rad/s. Fig. 5 shows the tracking errors between the reference and the output for
three cases using a step input at t = 1 s as the excitation
and a pulse disturbance with the amplitude of ±20, the
period of 4 s, the pulse width 5% of the period, and the
phase delay of 4 s. From Fig. 5, it can be observed that
the tracking error of the control loop decreases as more
model information is incorporated into the LADRC.
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very simple and straightforward approach. It is easy to
understand by engineers and easy to implement in real
applications. From the above simulation, even f˙, i.e., h
tends to ∞, the ESO gain is still low. Therefore, the ESO
is not a high gain observer.

6 Conclusions
In this paper, the time domain formulation and frequency domain understanding of the ADRC are connected. It is shown that the formulation of the ADRC
in time domain can be easily understood by engineers
with insights in the language of frequency responses,
such as the bandwidth and stability margins. From both
the frequency responses and the time domain validation, it is clear that the ADRC is unique in its ability of
disturbance rejection and in its robustness to large uncertainties in process dynamics. It also shows that the
stability characteistics of the ESO and the ADRC can be
analyzed directly by solving the differential equations,
instead of indirectly by using the standard techniques
such as the Lyapunov methods. In doing so, the relationship between the error bounds and the ADRC bandwidth is disclosed. In the ADRC analysis and validation,
one can see that the ADRC can handle nonlinear systems with large uncertainties and disturbances without
the need of accurate mathematical model of the plant.
Partial model information, if given, can and should be
incoporated into the ESO for better performance, less
noise sensitivity and the reduced bandwidth.
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